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Preface

The boundary properties of derivatives of the Poisson integral for a circle were
investigated in full detail by P. Fatou ([33]). In particular he proved

Theorem A. If there exists a finite derivative f(xg), then the derivative of the
Poisson integral has f'(xg) as its nontangential limit for a function f.

Theorem B. If there exists a finite or an infinite symmetric derivative of first
order f(*l)(xo), then the derivative of the Poisson integral has f(*l)(aso) as its radial
ltmit for a function f.

In this book we investigate the boundary properties of the differentiated Poison
integral for various domains such as circle, ball, half-plane, half-space, bicylinder
and give the application of these properties for the solution of the Dirichlet problem
when the boundary function is measurable and finite almost everywhere.

Chapter I deals with the boundary properties of derivatives of any order of
the Poisson integral for a half-plane when the integral density has a generalized
derivative (in this sense or another) of any order. The boundary properties of
a first order derivative of the Poisson integral for a half-plane, when the integral
density has an ordinary derivative, were investigated by A.G. Jvarsheishvili in [13].
In Section 1.3 it is shown that the existence of a finite symmetric derivative of
the density integral does not ensure the existence of an angular limit of a Poisson
integral derivative. In Section 1.4, the Dirichlet problem is solved in N.N. Luzin’s
formulation for a half-plane.

Chapter II investigates the boundary behavior of derivatives of any order of the
Poisson integral for a circle. It is shown in Section 2.3 that Theorem B cannot be
made stronger in terms of the existence of an angular limit. Various analogues of
the Fatou theorems are proved for generalized derivatives of any order and the fact
that they cannot be strengthened in a certain sense is proved.

In Chapter III consideration is given to the problems connected with the bound-
ary properties of derivatives of the Poisson integral for a ball (of any finite dimen-
sion), where the differentiation operator is a Laplace operator on the unit sphere, i.e.,
an angular portion of the Laplace operator written in terms of spherical coordinates.

For k = 3, the boundary properties of the first and second order partial deriva-

vii



viii Sergo Topuria

tives of the Poisson integral for a ball have been studied by O.P. Dzagnidze in [18-25].

In Section 3.3, we introduce the notions of generalized Laplace operators on the
unit sphere, while in Section 3.5 we prove the theorems on the boundary properties
of an integral DiU(f;p,01,02,...,0k—2,¢) (k> 2, r € N), where U(f;p,01,6,...,
Ox_2, ) is the Poisson integral for the unit ball in R* k > 2, and Dy, is a Laplace
operator on the unit sphere S*~!. In this section it is proved that the obtained
results are non-improvable in a certain definite sense. In Section 3.6 the Dirichlet
problem is solved for a ball when the boundary function is measurable and finite
almost everywhere.

Chapter IV deals with the boundary properties of partial derivatives and dif-
ferentials of arbitrary order of the Poisson integral for a half-space R{frl (k> 1).
In Section 4.2 the existence of a continuous function with first order finite partial
derivatives at the point 20 = (29,29, ..., 2?) is established, while first order partial
derivatives of the Poisson integral of this function have no boundary values at the
same point even with respect to the normal. Hence there arises a question how to
generalize the notion of derivatives of functions of several variables so that Fatou
type theorems be valid for the Poisson integral U(f;x,zr + 1). In Sections 4.1,
4.3, 4.6, 4.8 and 4.10 we introduce the notions of a generalized partial derivative, a
generalized differential and a generalized spherical derivative for functions of several
variables. In Sections 4.2, 4.4, 4.7, 4.9 and 4.11 we prove Fatou type theorems on
the boundary properties of partial derivatives and differentials of arbitrary order
for the Poisson integral in the case of a half-space, when the integral density has
a generalized partial derivative, a generalized differential or a generalized spherical
derivative. The results obtained in this chapter show that in the case of a half-space
the boundary properties of derivatives of the Poisson integral depend essentially on
on a form in which the integral density is differentiable. It is also proved that the
obtained results are non-improvable in a certain sense. In Section 4.5 the Dirichlet
problem is solved for a half-space when the boundary function is measurable and
finite almost everywhere.

Chapter V deals with the boundary properties of the differentiated Poisson in-
tegral for a bicylinder. It is proved that whatever the smoothness of the Poisson
integral density is in the neighborhood of a given point, it does not ensure the
existence of boundary values of partial derivatives of the Poisson integral at the
considered point. Furthermore, the sufficient conditions are found for the existence
of limiting values of first and second order partial derivatives of the Poisson in-
tegral in the case of a bicylinder. It is proved that the obtained results cannot be
strengthened (in a certain sense). In Sections 5.3 and 5.5 we consider the problem os
representing an arbitrary measurable and almost everywhere finite function of two
variables by a double trigonometric series both in the case of spherical convergence
and in the case of convergence in the Pringsheim sense.
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Chapter 1

Boundary Properties of
Derivatives of the Poisson
Integral for a Half-Plane

1.1 Notation, Definitions and the Well-Known State-

ments
We use the following notation: R = R' =] — co; 0o[; L(R) is a set of measurable
functions f(z) such that
f(z) . 2 2. .
1+ 22 € L(R); R+:{(ﬂ?7y)€R, y > 0}

U(f;z,y) is the Poisson integral of the function f(z) for a half-plane B2, i.e.,

U(f;%y):%/%:%/P(t—ﬂﬁ,y)f(t)dt,
R —00
_ Y
P@*%Z/)—m-

The symbol M (z,y) —— P(x0,0) means that a point M (z,y) € R?% tends to
P(z0,0) along the nontangential path, i.e., there exists a positive number C' such
that

|z — o

Y

< C.

M(z,y) — P(x0,0) means that the point M(z,y) tends to P(zp,0) in an arbi-
trary manner, remaining in the half-plane Ri.

1



2 Sergo Topuria

Assume (see [35], p.92) that the function f(x) is defined in some neighborhood

of the point xy and that there exist constants aq, a1, ..., a, such that for small ¢,
tr—l +r
flxo+t) =ap+ ot +---+ap_g CE] + [ar + a(t)]ﬁ,

where (t) — 0 as t — 0. Then that the function f(z) is said to have the generalized
rth derivative f(,)(wo) at the point x¢ and, by definition, f(,)(zo) = a;. It is clear
that ag = f(x0), a1 = f'(z0). Moreover, if there exists f(")(zg), then there likewise
exist f(,) (7o) and ) (z0) = f(r)(z0). The converse statement is not true. This
definition is due to Peano.

Let us now recall the notion of a generalized symmetric derivative which belongs
to Valée-Poussin.

Let r be an odd number. If there exist constants 31, s, ..., By such that

flxo+1t) — fzo — 1)
2

tr72 T

3
Zﬂlt+535+“‘+@u2

where e(t) — 0 as t — 0, then f3, is called the r-th generalized symmetric derivative
or, shortly, the r-th symmetric derivative of f at the point xy. We denote this
derivative by the symbol f(*r)(xo), Le., B = f(*r)($0)- The same definition is given
for even r, but the difference f(xg+t) — f(zo — t) should be replaced by the sum
f(@o+1) + flzo —1).

Clearly,
o = tim L0 T D S0 2D _ g o) 1)
o= f(zo), f2=lim oot i)+ f(j;o 8 = 27le0) _ fi)(@o).

It can be easily verified that the existence of derivatives f,)(zo) implies the
existence of derivatives f(*r)(xo) and their equality (see [35], p.93).

For symmetric derivatives, from the existence of f(*r)(xg) follows the existence of
f(*r,g)(l“o), but not necessarily ff},l)(l“o) (see [35], p.93).

If there exist functions «;(x), i = 0,1,2,...,7 — 1, defined in the neighborhood
of the point xy and a number «,. such that there exist limits xli_}I‘glO ai(x) = a4, and

in the neighborhood of the point ¢ we have for small ¢,

r—1 r
oy o el ()

where ( )lin(l O)s(m,t) = 0, then we say that the function f has the generalized
x,t)— (o,

r-th derivative in a strong sense at the point g and we define f(r) (z0) = au.

flx+1t) =ao(x) +ar(z)t + -+ ar_1(x)
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Clearly, ag(z) = f(z), while

Q) = 71(1‘0) = (@ t)lijl&o 0) flz t ti — f(x)

(1.3)

From the above definition it follows that if f(r)(azo) exists, then there also exists
fry(w0), and they are equal.

Let us now give the definition of a generalized symmetric derivative in a strong
sense. Let r be an even number. If there exist functions Gy(z), G2(x),. .., Gr—2(x)
defined in the neighborhood of the point zg, and a number 3, such that there exist

r—2

limits lim Boi(x) = B2, @ = 0,1,2,...,75=%, and in the neighborhood of the point
T—T(Q

zo we have for small ¢:

. - — 2 r—2 r
(f( -I-t);'f( t) — Bo(x) +ﬁ2(az)% + . ..+gr2(;p)ﬁ + [ﬁr+s(ﬂc,t)]t

ﬁv
where ( )lir? 0)5(1:, t) = 0, then we say that f has the r-th generalized symmetric
z,t)—(zo,
derivative in a strong sense at the point xg, and we define 72;)(950) = f.
The same definition is given for an odd r, but the sum f(x+t)+ f(z —t) should
be replaced by the difference f(x +t) — f(x —t).
It is not difficult to see that from the existence of a derivative f(r)(xo) follows

the existence of a derivative ?(k,,)(xo) and their equality.

Clearly, fo(z) = f(x),

flett) = fle—t) -

o= (x,tggco,o) 2t = (1)(950),
- fa+t) + flz—t) —2f(x) -
P = (f»t)lggco,()) 2 = f(2)(3’30)-

The following statements are valid:

(1) The existence of f’(x) implies the existence of fiy(@o) and £ (20) = JHER
The converse statement is not true (see, for e.g., [115], p. 614).

(2) The existence of f”(x¢) implies the existence of f(*Q)(af:o) and f(*z)(a:o) =
f//(l‘O)'

Using the function
x

1
flx) = /tsin zdt
0
as an example it is easy to show that the converse statement is not true.
(3) The existence of f(r) (o) implies the existence of ?(i)(azo) and f;(xg) = oy
(i=1,2,...,7r—1).
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Indeed, let there exist f(r)(xo), i.e., let the equality (1.2) hold. Then

f@+1) = ao(z) + en (@)t + - + ara(x)

r—1 r

r—1) + [f (o) +&(z, 1)]

go(x) — 0 as x — 9. Thus (1.4) can be rewritten as follows:

+ lor—1 4 €o(2)] (1.4)

ﬁ?

tr—2 t?’—l

T lor—1 + El(x’t)]M’

flx+t)=ap(z) +ar(x)t+--- +ozr,2(x)m

where €1 (x,t) = eo(z) + %7(@@0) + Le(,t). which tends to zero as (z,t) — (zo,0).
The existence of the remaining derivatives can be shown analogously.
(4) The existence of f;) (o) implies the existence of f'(xo) and f(1)(z0) = f'(x0).
Using the function

z2sind, for = #0,

0, for x=0

as an example it is easy to show that the converse statement is invalid.

(5) If there exists 7(1)(950), then almost everywhere in the neighborhood of the
point xy there exists f’(x).

(6) If f’(x) exists in the neighborhood of the point xy and is continuous at the
point o, then f1y(zo) exists too, and fq)(xo) = f’(x0).

The converse statement is not true: there exists a function f(z) which at the
point 0 has ?(1)(0), but in the neighborhood of the point 0 there exists almost
everywhere a dense set whose every point does not contain f/(z).

Indeed, let {r,} be a sequence of rational numbers, everywhere dense in the
neighborhood of the point 0. Consider the function

o o =7
— Tk

©(z) is continuous and differentiable everywhere except for the points 1,79, ... .
Let

f(@) = wp(x).

It is clear that the function f(x) is also differentiable everywhere except for the
points r1, 79, ..., and f'(0) = 0. It is not difficult to show that 7(1)(0) also exists,
and f(l)(O) = 0.

(7) If the derivative f”(x) exists in the neighborhood of the point zp and is
continuous at the point g, then there exists ?(2)(1:0), and 7(2)(:%) = f"(xo).

Note that the continuity of the derivative f”(z) at the point zg is only the
sufficient condition for the existence of 7(2)(1‘0).

In the sequel it will be assumed that f(z) € L(R).
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1.2 Auxiliary Statements

The following lemma is valid.

Lemma 1.2.1. For every r € N and (z,y) € R2, the following statements are
valid.

oo
1 1= [ By yigr— 0 j=0,1,2,...,r— 1;
—0oQ

. ° O"P(t—zy) ¢~
2) I, =— — dt =1;
) 7.[.7{;0 oz

J"P(t
3) f ‘ aﬂy ‘]t!"dt<0*

8’"P

Y |

5) sup \85%8”\ (12 + )|t < Cy, v =0,
[t|>6>0

‘|t|’"dt<Cf0r||>C>0

x

Proof. Statement (1) is proved by induction. When r = 1 and i = 0, the
validity of the statement follows from the equality

Pt —z,y)dt= [ Pt y)dt= -
/ (t—z,9) / (t,y) y/ EEwy

For r = 2, we have

and

 2prp = a2
11(2):/Mtdt:/w(t+x)dt

Ox? ot?
92 P(t,y) P2P(t, y) [ 32—y
—/Ttd“ /T‘“‘/Wtdt‘o

Let us now assume that the equality

. 00 "P(t — x, ) o
11”:/—8 (Wf Y jigr—0, i=0n"1

—00

*Here and in the sequel, by C' we denote the absolute positive constants which may, generally
speaking, be different in various correlations.
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is fulfilled for » = n and show that

(n+1) 8n+1P(t — <, y) T3y -
I —/ Syl t'dt =0, i=0,n.

—00

Indeed, the integration by parts yields

OZIi(n) — (_1)71/ 9 P(t_x7y) tidt

otr
—0o0
—1)ntl T ontip(t — 1 7 otip(t —
i+1 otntl i+1 Ozntl '
—00 —00

Thus If“ =0 when ¢ = 1,n, and for i = 0 we likewise have

1
(n+1) ot
1§70 = —— | P =0.

The validity of Statement (2) is also proved by induction. For r = 1, we have

1 [ oP(t—z,y) o [ (t—a)t
e S I = sk

2y T t(t+ x) 27 t2dt
=2 | ——Ldt="
T ) (+y?)? (

—00 —00

14+12)2

(see [10], p. 79).

When r = 2, we have

2 2pry 2 ® N2 L2
7r Ox? 2 T [(t —x)? +y?]3

—00 —00
oo
_Zy/ (32 — 1)¢?
o 1+1¢2)3
0

Assume that for r = n the equality

In:z/w L=
T ox™
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is fulfilled.
Taking this into account, we can show that

dt =1. (2.1)

8n+1P(t —x y) tn-i-l
In+1

Jxntl “(n+1)!

—0o0

Indeed, using the integration by parts, we obtain

o0 oo
/ O"P(t—x,y) t" gt = / oHpP(t —z,y) ! @t
oz n! Jxntl (n+1)! 7
—o0 —o0
which shows that the equality (2.1) is valid.
Let us now prove the validity of Statement (3). We have

Py O
5 = I yaw(

g 1Y)
) =1ty

24 42 Va2 12+

where I(t,y) is a homogeneous polynomial of degree r of (¢,y). Thus

/

—0o0

IPEY | ty )t S t””
Ot |t| dt = y/ ‘ t2 r+1 C/ 1—|—t2 r+1 0(1)'

Statement (4) follows from Statement (3) if we take into account the conditions

Indeed, using the inequality |a + b|P < 2P(|alP + |b|P) for p > 1, we obtain

/‘87"P ‘]t’rdt 70
cr |

u‘ywdwzﬂ |7"/ ‘87‘&

0"P(t,y)
otr

‘|t+x|’“dt

yl Lt y)l

(t2 + y2)r+1 dt

= O(1) + Cla|" 7

—0o0

:wn+aw2“/(umn

y2r 2 1+ p2)rtt

v p’
+c/ 1+p0r+1 dp = O(1).
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Statement (5) follows from the inequality

0" P(t,y)
otr
y 11(t,y)]

— (t2_|_y2)1”+1

[1(t,y)]
(t2 + y2)r+1
[1(t, )
(2 +y?) 7

v=0,r, |t|>0,

(2 +y*)[t"]

(2 + )t =y

FE+y?)etl =y (t* + %)% < Oy,

since I(t,y) is a homogeneous polynomial of degree 7. O

1.3 The Boundary Properties of Derivatives of the Pois-
son Integral for a Half-Plane

The boundary properties of a first order derivative of the Poisson integral for a half-
plane in case the integral density has a finite ordinary derivative, are studied in [13].
The same problem is investigated in [91] for the case, where the integral density has
a first symmetric derivative. In the same work, it is shown that the obtained results
cannot be strengthened in the sense of the existence of an angular limit.

In this section, we study the boundary properties of derivatives of any order of
the Poisson integral for a half-plane, when the integral density has a generalized
derivative of arbitrary order.

The following theorems are valid (see [13], [91], [98]).

Theorem 1.3.1. (a) If at the point xq there exists a finite fe;)(mo), then

i o"U(f;xo,y)
m ——)—
y—0+ ox"

= f(*r) (l‘o)

(b) There exist continuous functions ¢ and g € L(R) such that go’("l)(xo) and

*

g 2)(930) are finite, but the limits

oU (p;x,y)
ox

O*U(g;z,y)
0x?

and lim
(,y) "> (0,0)

lim
(,y) " (20,0)

do not exist.

Proof of Item (a). Let r be even. We have

o0 o0

w_l/wﬂt)dt:l/wﬂxo+t)dt. (3.1)

ox" o7 ox" T ox"
—0o0 — 0
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Note that £ P(t Y) is an even function of ¢ for even r. Thus using the substitution
t=—7, we obtaln

OU(fiz0y) 1 [ OP(ty)
ox” o / ox” flwo —t)dt

. (3.2)
The equalities (3.1) and (3.2) result in
IU(frxoy) 1 / OP(ty) fleo+t)+ flzo—t)
Ox" o ox" 2 ’

Owing to Statements (1) and (2), from Lemma 1.2.1 we obtain

OU(f;mo,y) 1 / 0"P(t,y)
ox" T ox™
r—2 2

($0+t)+f zo—t) Z 521; 5
X [

v= tr *
e -/ r)(%)] -7 At + S (o)
</ / ) +fr) 1:0 (Il+]2)+f€;)(l'0),
Vs CVs
where Vs =] — 6,0[. Let ¢ > 0 and choose § > 0 such that
f(x0+t)~5 ro— t Z /62U t2v
r — gy (e0)| < (3.3)
for |t| < 0.

By virtue of the above formula and Statement (3), from Lemma 1.2.1 we have
the estimate |I;| < Ce for [t| < d
Next, taking into account Statement (5), from Lemma 1.2.1 we obtain

|12|<—/
T

cv

9" P(t, y)‘ [f(xo +1t) +
ox”

£
2 + Z |BZ’U’ :|

. O"P(t,y) |, .,
+/i (o) / ‘87‘ t"|dt < Cy.
cv
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The validity of Item (a) follows from (3.3) and (3.4) (assuming ¢ is arbitrarily small).
Proof of Item (b). 1. We assume that D = [—1;1]. Let

(1) = v —t, when —1<t¢<0,
LA BV/3 when 0<¢<1,

and on the set R|D we extend the function ¢(t) continuously so that ¢ € L(R). It
can be easily verified that apz‘l)(o) = 0. Let (x,y) — (0,0) so that > 0 and y = z.

Assume that =z < i. Then for the constructed function

1 0
oU ( cp,:z y) 2y t—x Qy/ (t —x)v/—t
_ W/ ]2dt+ | o o)
0 -1
11—z 1
:% t;/t-i—:l: _@/ t-l—x dt+0()
i (t2 + y?) i (t+ x)?
—x 0
T 1—
2y tvt+ x 2y t(\/t+$ Vit—1x)
BT A= Ll e a0
=L+ 1L+ 0(1), (3.5)

where

xT

2 —
11:—y t+a: __y Vitx—r— t)dt>0, (3.6)
(t2 s
0

(% +y?)?

_gy WEFE-VE=D) 2 [T - VD)
_7'(' t2+1‘22

T (12 + x2)?
it Mdtzg_ (3.7)
T (5x)4 Vv
It follows from (3.5) and (3.7) that
0Upizy) | o
ox

as (z,y) — (o, 0) along the chosen path.
2. We now construct the function g. Let

v —t, when —1<t<0,
g(t) =

—v/t, when 0<t<1,
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and on the set R|D we extend the function ¢(t) continuously so that g € L(R). As
is easily seen, gE‘Q)(O) =0. Let (z,y) — (0,0) so that z > 0, y = z and z < .
For this function,

0°U(g; 2, y) _ 2%/0 [3(t ) kil AT / [?t(t — 122 — 32623 Vidt + o(1)

dz? S (t —x)? 4 22]3 / — )% + 2]
<1/ T 1/ xét e VTR 00
R

0

‘j<ft2 (VTR ol

7o
/m(\/t+1—\/t—1)dt
1

arep

(- ] v
1

T2
[ 1 %1
[ BT [ e v o)
1/V3 0
= (T~ B+ )+ 0(0) (3.8)

It can be easily verified that

1 %1—3752
1
16f(¢17+¢ ) 59

Sl
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11<\f/ ?i;l t—g. (3.10)
o1
we({reios) ] a
1/7/3
_9-4V3 1 1
_T\/g<\/1+ﬁ+\/l_ﬁ>' (3.11)

The expressions (3.9), (3.10) and (3.11) yield

9),
Is— 1 — I, > - (\/ \/7 \/ \/7 2) > 0. (312)

It follows from (3.8) and (3.12) that

9*U(g;z,y) 2
0x? 27mc3/2 \/_ \/_ 7

whence

0*U(g; z, y)
gz Tt
as (z,y) — (o, 0) along the chosen path.
The theorem is proved. O

Let F(x) be an undefined integral of a function f € L(R), i.e.,

= / F(t)dt

Corollary 1.3.1. At every point xg at which there exists a finite F(*l)(xo) (see
(1.1)), we have
hm U(fa Zo, Y ) (1)(330)

Proof. Integrating by parts, we obtain

U(f;z,y) = /Pt—xy (t)dt

o0

1 oP(t—=z,y) , 0 ‘

Hence by virtue of Theorem 1.3.1, it follows that Corollary 1.3.1 is valid. U
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Theorem 1.3.2. (a) If at the point xq there exists a finite f(.y(wo), then

O'U(f;x,y)
ox"

lim
()" (x0,0)

= fuy (o).

(b) There exists a function g € L(R) such that ¢'(xo) is finite, but the limit

. oU (g; x,y)
11m B m—
(z,y)—(20,0) oz

does not exist.

Proof of Item (a). Let zp = 0. By Statements (1) and (2) of Lemma 1.2.1,
we have

oU(f;z,y) 1 7 J"P(t _Jj’y)f(t)dt

T ox"

ox" o7
—0Q

r—1
i f(t) - Z O‘v%
1 O"P(t — s o— v: tr
T / (axrx 5 [ t’"/r[!) = Jr)(0) | 7t + firy (o)

:%</+/)+ﬂM®=%m+bﬂﬁm@, (3.14)

Vs CVs

where v, =| — 6, d[. Let ¢ > 0. We choose § > 0 such that

r—1
f(t) - E—:OO[U%

tr/ﬂ - f(r)(o) <eg, for ’t’ < 4.

Hence by Statement (4) of Lemma 1.2.1, we have

|| < Ce, for |t|<d and % >C>0. (3.15)

Furthermore, in view of Statement (5) of Lemma 1.2.1, we have

rm<;/QLL——Hv|+Z|M“]

cv

o7 P(t )
—Hfr) |/ ‘—‘ |t"|dt < Cy, (3.16)
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for |x|<gand%20>0.
By virtue of (3.15), (3.16), from (3.14) we obtain

im S 5 o)
(2.4)"-(0,0) v
Proof of Item (b). Let
|t3] sinl, when ¢ € [—1;0[U]0; 1],
g(t) = t
0, when t=0 and t€]— oo, —1[U]l,+o0l.
Clearly, ¢’(0) = 0, but as for g'(0) = lim M, it does not exist. Indeed,

(t,2)—(0,0)
let t = 22 and0<az<%. Then

\/|x+t|3sinm+rt — /|z3]sin 2

lim
(,t)—(0,0) t
2)3 g — Vx3sinl
i (x 4+ x?)3sin m+m2 sin 1
x~>0 x2
— 1 [ (1 a)sin—— —si 1]
= lim — x)3 sin — sin —
=0 /T x + x? x
If z,, = ﬁ, then m =2nm — 23:11, and hence

1 1 1
lim—[ (1+x)3sinx+ —sin—]

x—0 €T 35‘2 X
1 2nm
= lim v2 (1+ -—)3sin = +o00.
n—o00 2nmw 2nm +1

Thus §'(0) does not exist.
Let (z,y) — (0,0) so that z > 0, y = 2% and z < 3.
constructed function

00 1
' 2y (t—z)g(t)dt 2y [ (t—x)/[t3]sin 2dt
U@’m’y)‘?/m‘?/ [(t =) + 4P

Then for the above-

1—-

—T 1+ .
2 Vi +1t) smx%rt ty/]z — t[3 sin -1
= — dt — dt
s
0

(2 +?) (# +y2)

1

/xt V(x +1)3 SIH—— V]z — 3 sin L]
0

dt+ o(1)

S*|é‘°

(752 + y2)?
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[ f)-2een

2/t«/ 1:+t sm——\/t—q: sm—

(12 4 x*)2

dt

=X

=] = \/E/t (1+1¢)3 smerxt Vi(t—1)3 dt
(t2 + x2)2
1
whence it follows that
ty/(1+1)3
| < OV / + dt < C\/_/—dt (J\/—/tg/2
This implies that
z—0
To investigate the integral
I(z) = 2 tl/(z+t)3 smx—H —/(z = t)3sin 1] o
e (2 +27)2
0
) mt[ (1:+t)3sin%+t+ (£—t)3sinﬁ]dt 317
v (22 + 21)2 (3.17)

we perform the Maclaurin-series expansion of the functions

and sin
+x t—x

sin

We have

o1 ,1+( 1 1> +<2 1 1,1> 12
in = sin — — —cos—)-— —cos— — —sin—) - —
° t+x x x2 z/ 1! x x/ 2!

6 1 1 6 . 17 ¢t
+[(——+—6)cos—+—sm—}-—
T x

x4 0 zl 3
+[<24 12) 1+< 36+1) 1] t
= — 2 )cos— - = sin—| - —
> 7 T xl 4!
+[< 12o+120 1> 1+(240 20). 1] t5+
- 4+ — —)cos— — — Z)sin=| - —
6 8 10 x 7 Y xl B!
and
1 1 11y ¢ 2 1 1 1\
sing— =—sins o+ (= oot ) gy (geos - sin)
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+K 6+1) 1+6 1} 3
COS —SIl . —
4 6 zl 3!
24 12 1 36 1 17 ¢4
—[(x5 ﬁ)‘?%;*(‘ﬁ*xs)smx]m
120 120 1 1 240 20\ . 17 ¢
V(- B el (Bl L

26 x8 210 x 7 2 x

Substituting these expansions into (3.17), we can see that lir(r)l I(x) does not
x—0+
exist, and hence

i 2V (952, 9)
or
does not exist as (z,y) — (0, 0) along the chosen path.
The theorem is proved. O
Corollary 1.3.2. Let F(z f f(t)dt. At every point xo at which F'(xg) =

f(xo) exists and is finite (i.e., at every point xq, where f(xg) is a finite derivative of
its undefined integral. Hence the Poisson integral U(f; x,y) of the function f tends
almost everywhere) to f(xo) as (z,y) — (x0,0) along the non-tangential path.

The validity of this statement follows from Theorem 1.3.2 and equality (3.13).

Theorem 1.3.3. If at the point xo there exists a finite T(kr)(xo), then

lim

(,y)—(x0,0) ox"

Proof. Let r be an even number. Then by Statements (1) and (2) of Lemma
1.2.1, we have

IU(fixy) 1 7 Jd"P(t,y)
ox" o7 ox"

—00

M Z Boy(z ) t2“ 3 " 3
X o —fiy(@o) | dt+ (o).

r!

This equality, on the basis of Lemma 1.2.1, shows that the statement of the theorem
is valid. O

Corollary 1.3.3. If at the point xg there exists a finite T(T)(xo), then

lim

(z,y)—(w0,0) ox"
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x

Lemma 1.3.1. Let F(x) = f f(t)ydt. If f(zx) is continuous at the point xg,
then F (1)(x0) = f(zo) (see (1.3)).
Indeed,

z+h z+h

Flo+1) - / F(t)dt = / () = f(o))dt + f(xo).

This implies that Lemma 1.3.1 is valid.
From Lemma 1.3.1 and Corollary 1.3.3 we have

Corollary 1.3.4. At every point, at which F(l)(xo) = f(=zo) exists and is finite,
(hence everywhere for a continuous function) we have

lim  U(f;2,y) = f(xo).

(xvy)*)(x()vo)

Remark. The above theorems are valid for the generalized Cp-derivatives de-
fined by the equalities

_ oy, rEDUE S
1. le(r) (:Eo) = hl—lgl—i- hrTOf f(IL‘O + t) - U;O Oéva dt;
N (7,, + 1)| h r—1 v .
2. Cif (@) = (@ h)o(w0,0) hT T g fle+i) - v;o o)yl where o ()

and v = 0,r — 1 are defined in the neighborhood of the point xg, and there exist
limits lim oy, () = .
T—xQ

3. Symmetric Derivatives. For odd r's,

h

. . (r+1)! (xo+1t) — f(zog—1t) t2” !

=]

For even r's,

4. Symmetric Strong Derivatives. For odd 7’s,

t21/ 1

h
— ) )! x +t) (x—1)
le(r) (:I:O) - (@, h)h (0,0) h,url 0/ |: Z BZt 1 1)‘:| dt?
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for even r's,

h
- )! flx+t)+ f(x—1t)
Cify(@o) = lim 0 hTH /[ Zﬁzu } ;
0

(z,h)—(zo,

Byv(z) are defined in the neighborhood of the point z(, and there exist limits
lim G,(z) = (.

T—To

1.4 The Dirichlet Problem for a Half-Plane

The Dirichlet problem for a half-plane Ri is formulated as follows: Given a function
f(t) on R, find the function U(z, y), harmonic (i.e., satisfying the Laplace equation
0’U  0*U
[
point M (z,y) € R? tends arbitrarily to the points P(ZT,0) € R.

It can be easily verified that the Poisson integral U(f;x,y) is harmonic in the
domain Ri.

Based on the results obtained in Section 1.3, we can conclude that:

(1) If f(t) € L(R) is a continuous function, then the Poisson integral U(f;z,y)
is a solution of the Dirichlet problem in the sense that for all 7 € R,

U(fsz,y) — f(T)

no matter how the point M (z,y) tends to P(Z,0) provided only that it remains
in R%r.

This follows from Corollary 1.3.4.

(2) If f(t) € L(R), then the Poisson integral U(f;x,y) is a solution of the
Dirichlet problem in the sense that almost for all T € R,

U(fsz,y) — f(T)

when the point M(z,y) € R? tends to the point P(%,0) along a non-tangential
path.

This follows from Corollary 1.3.2.

In this section, the Dirichlet problem is solved for the case where the boundary
function is measurable and finite almost everywhere on R, i.e., in N. N. Luzin’s
formulation ([43], p. 86).

= 0) in the domain R% whose values tend to those of f(Z) when the

Theorem 1.4.1. Let f be an arbitrary measurable and finite function almost
everywhere on R. Then there exists a harmonic function U(z,y) in Ri such that

lim  U(z,y) = f(T)
(2,y)-"(7,0)

almost everywhere on R.
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Proof. Using Luzin’s theorem on finding primitive functions (see [43], p. 78),
we construct, for f in R, a continuous bounded function F' such that the inequality

is fulfilled almost everywhere on R.
Consider the function

U(z,y) = %/F(t)a—ax [m]dt.
R

It is not difficult to verify that the function U(z,y) is harmonic in R%. By Theorem
1.3.2, if at the point T € R there exists F”(T), then

lim  U(z,y) = F'(T).
(z,y)-"(7,0)

Since F'(z) = f(x) almost everywhere on R, Theorem 1.4.1 is proved. O






Chapter 2

Boundary Properties of
Derivatives of the Poisson
Integral for a Circle

2.1 Notation and Definitions

Let 27 be a periodic function f € L(—m;m), and

o0
%004'2(% cos vz + b, sinvx) (1.1)
v=1
its Fourier series, i.e.,
™ ™
ay = % / f(t) cosvtdt, b, = % / f(t) sinvtdt (1.2)
(v=0,1,2,...).

We denote the series (1.1) by the symbol S|f].
The abelian means for S[f], denoted by U(f;r, z), are defined by the equality

1 o0
U(f;r,z)= 00 + Z(av cosvx + by sinvz)r’, (0 <r <1).
v=1

Taking (1.2) into account, we can easily show that

U(fsr z) /f (r t—x)dt:%/f(m+t)P(r,t)dt, (1.3)

21
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where

1— 72
1 — 2rcost + r2

1 o0
P(r,t) = 3 + Zr” cos vt =
v=1

NN

1 1—7r
2 (1 —7)2+ 4rsin?

= 7
2

The right-hand side of the equality (1.3) is usually called the Poisson integral of
f for a circle. Hence the expressions “abelian means of the series S[f]” and “the
Poisson integral of the function f for a circle” are synonyms.

The symbol (7, x) AN (1,20), (re™® AN e'®0) denotes ([2], p.30) that the point
M (r,z) tends to P(1, xg) along a tangential path, i.e., there exists a positive number
C, such that £ < C, where p is the distance between the points M(r,z) and
P(l, $0).

Under M(r,z) — P(1,z9) we mean that the point M (r,z) tends to P(1,x0)
arbitrarily, remaining in the unit circumference.

2.2 Auxiliary Statements

It is easy to verify that

OP(r,t)
ot

Al(rv t)
[(1 —7)2 + 4rsin? %]27

=—r(l- r2)

where

AQ(Tv t)
[(1 —7)2 + 4r sin? %]37

O*P(r,t)

T = —T'(]. — 7'2)

Ai(r,t) =sint

where Ag(r,t) = (1 —r)?cost + 4rcostsin® § — 4rsin®¢.

O3P(r,t)
ot3

Ag(T‘, t)
[(1 —7)2 + 4rsin® %]47

= —r(1—1%)

where
t
Asz(r,t) = —(1 —r)*sint — 8r(1 — r)%sint sin? 3

t t
—6r(1 — r)?sin 2t — 167 sin t sin* 3 2472 sin 2t sin® 5 + 2412 sin® ¢.

o"P(r,t) Ay (r,t)
[(1 —7)2 + 4rsin? %]"H'

The following statements are valid:
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1) Ap(r,—t) = (—=1)" A, (r, ). (2.1)
2) All terms in A, (7, t) with respect to (1 —r) and sint are of degree > n.

The validity of Statement 1) is easily verified.

Statement 2) is valid for n = 1,2 and 3. Assume that this is the case for A, (r, t).

Then

Aot (1) = AL () | (1= )2 + drsin? % —9(n 4 1)rsint - Ay (r, ).

This equality shows that Statement 2) is valid.
From Statement 2) we have

[ An(r, )] < In(r, t), (2.2)

where I,,(7,t) is a homogeneous polynomial of degree n of (1 — r,t) with a positive
coefficient.

Lemma 2.2.1. For any n € N, the following statements are valid:
0" P(r,t)

D J [ S i = o),
O Pt —
2) [ %‘M”dt:O(l) for%gC,
o P(r, 1)

‘:0.

3) lim max
r—10<6<t<nm

otn

Proof. Taking into account (2.2) and the inequality |sint| > %|t| for [t| < 7,
we obtain

/‘8”Prt‘|t|ndt<2( )/”[( An(r Ol

otr 1—r)2+ 4rsin? L]+l
(i1 (r, t)|t|"dt
<2 o )/ 1—7) 2772 T dre2ntt (2.3)

After substituting ¢t = (1 —r)7, (2.3) yields

[

PO oy o [ (1= )2t (S Coltl”) et
/‘ ot ‘H <C-r) / (1 — 7)2nt2(1 4 2yt

—1Tr _7l'

1—7r

o)
ZZ:O Cv tv—l—n

<C | ==
(1_|_t2)n+1
0

dt = O(1).
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Statement 2) follows from 1) if we take into account the conditions 1—f‘r <C

(non-tangential approach of the point (r,z) to the point (1,0)) and the inequality
a+0[" < 2P([af” + [b7), p=>1
(for the proof of Statement 4), see Lemma 1.2.1). O

Lemma 2.2.2. If from the conditions g(o) = 0 and g*)(0) =0, k=1,2,...,n
follows
i LUlgrz)
(ra)—(1,0)  Ox"

then the condition f((0) = S results in
U(fir )

lim =S.
(ra)—(10) O™
Proof. First of all, we have to show that if ag,ai,as,...,a, are the given

numbers, then there exists a trigonometric polynomial T,,(t) = > n_g aye™ ([69],
p. 287; [67], p.2 25), such that

Th(0o) = ap and Ték)(o):ozk, k=1,2,...,n, 77

ao+ar+az+---+ap =0ap
i(ag +2a2 4+ -+ +nay) = o
i2(a1+22a2+---+n2an) = Q9

The above system has a unique solution since its (Vandermonde) determinant is
not equal to zero.

Let now g( ) = f(t) — Tu(t), where Tp(0) = f(o) and T"(0) = f®)(0), k =
1.2,...,n (T4"(0) = S).
Moreover,

n

Ulgiryo) = U(fira) = U(Tpiryx) = U(fir, @) = ) ayr’e™

v=0

whence

"U(g;r,x) _ 0"U(f;r,x) v give
ox" ox" Za " '

Hence we obtain

lim ——= lim
)—(

(ra)—(10)  Oz" (rz)—
Lemma 2.2.2 is proved. O
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2.3 Boundary Properties of Derivatives of the Poisson
Integral for a Circle

The boundary properties of derivatives of the Poisson integral were studied by P. Fa-
tou ([33]). In particular, he proved the following

Theorem A. If there exists f'(xg) and is finite, then

tim QD) iy

A
retx—e'ro

([2], p- 156; [34], p. 167).
Theorem B. If f(*l)(xo) exists and is finite or infinite (see Ch. 1, (1.1)), then

r—1— ox

= f(*l) (%0)7

where f(*l)(xo) is the first symmetric derivative of f(x) at the point xy ([2], p. 161;
[34], p. 166).

In [89], the author constructed a continuous 27-periodic function f(z) such that
f(*l)(xo) = 0, but the limit
oU(fsr,x)

Ox

lim
reiz—L1eiw0
does not exist. Thus it is shown that Theorem B cannot be strengthened in a sense
of the existence of an angular limit.
In this section, we prove analogues of the Fatou theorem for generalized deriva-
tives of any order ([98]) and show that they cannot be strengthened in a certan
sense.

Theorem 2.3.1. (a) If at the point xy there exists a finite function f(*n)(xo),
then
i QU7 20)

r—1— oxn

(b) There exist 2m-periodic continuous functions ¢(t) and g(t) such that goz‘l)(ajo)
and 92‘2)(1‘0) are finite, but the limits

oU (p; 7, x)
or ’

9*U(g;r, x)

lim 922

(r,:v)L(l,xo)

lim
(r,:v)L(l,xo)

do not exist.
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Proof of Item (a). Let n be an even number. We have

@Wwaw_gjawww—m>
o7 0

1 [onP(r)
= fityd = — [ 00

™ T ox"
—T —T

Flzo+0)dt.  (3.1)

Taking into account (2.1), from (3.1) we find that

oMU (fir,m0) 1 [ O"P(rt) flzo+1t)+ fzo—1)
T et . dt. (3.2)

—Tr

By Lemma 2.2.2, it can be assumed that f(z) = f(*l)(xo) = f(*Q)(g;O) - ... =
f(*n)(:po) = 0. Let € > 0 and choose § > 0 such that

flzo+1t) + flzo — 1)
2

<elt"| for |t| <. (3.3)

By Statements 1) and 3) of Lemma 2.2.1 and inequality (3.3), from (3.2) we obtain

o"U(f;r,xo) O"P(r,t)|,.n
- 9 /‘ otn ‘|t at
O"P(r,t)
+O max | = 0 ‘/|f Jdt =o(1) as r—1—.

Thus Item (a) is proved.
Proof of Item (b). Define the function ¢(t) as follows:

v —t, when —7m<t<O,
o(t) = <V, when 0<t<m,
0, when t=+w

and @(2km+1t) = @(t), k= £1,£2,.... It is not difficult to verify that @?1)(0) =0.
For this function we have

oU(p;r, x) _ r(1—1?) ] sin(t — x)p(t)dt
Ox ™ [(1—7)? + 4rsin? 552]2

—T

0

c(1 { / Vv—tsin(t — x)d / \/Esill(t —z)dt }
r
1 _ T 2 4+ 4rsin tTﬂﬂ]Q / [(1 T)2 4r sin? tfzx]Q
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T+ T—

-7 / V't — xsintdt . / vVt + xsintdt
(1 —7)2 + 4rsin® £]2 [(1 —7)2 + 4rsin? ]2
—X

2 2

_ C(lr){/x - Vit + zsintdt

1 —7)2 4 4rsin? %]2

—X

+7r/x(\/t+—x—\/H)sintdt_7m[( T sintdt ]2}

[(1 —7)2 + 4rsin? %]2 1 —7)2 4 4rsin? %

™=

20(1—7‘)(]1—|—12—|—13). (3.4)

Let o = 0 and (r,z) — (1,0) so that 0 <z < § and sinz =1 —r. It can easily
show that

I > 0. (3.5)
Next,
T+x x
[ / \t— zsintdt _/ T+t — xsintdt
5 [(1 —7)2 + 4rsin? %]2 _7 [(1—r)2+ 4r cos? %]2
/ \/7T+t—m—\/7r—t—z:)smtdt>0‘ (3.6)
(1 —1r)2+4rcos? 5]2
0
and

— 2z .
/ \/IFF—x—\/H)smtdtz/(\/t—i-—l‘—M)smt

dt
1 —7)2 + 4rsin? 5]2 [(1 —7)2 + 4rsin? %]2

x

/ (Vi+o— a)sintdt 7 Vsintdt

[(1 —7)2 + 4rsin? %]2 J 3[(1 —7)2 + 4rsin? %]2

v

2x
/ Vx sintdt x\/TSsinw
> >
3[(1 —7)2 4+ 4rsin®z]2 = 75(1 — )4

S Cl—ry*V1—-r C
- (1—r)4 S A=rVI=r
Thus, for sinz =1 —r, from (3.4), (3.5), (3.6) and (3.7) we find that
oU (g;r, ) - C
Ox vi—=r’

U (p;r, )
oz

(3.7)

whence

— OQ,
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as (r,z) — (1,0) along the chosen path.
2. The function g(x) is defined as follows:

v —t, when —7m <t <0,

g(t)=< —vt,  when 0<t<m,
0, when t=4n
and g(2km +t) = g(t), k = £1,%£2,.... The function ¢(¢) is continuous on the

interval | — m;7[, and g(2y(0)* = 0. Let (r,z) — (1,0) so that 1 —r = sinz and
0 <2 < 7. For this function,

0
32U(g;r,x)_ (1—1r2) {/ T(r,t—x)v/—t @t
N 1—7“

Ox? + 4r sin? th]?’

—/[( T(r,t—z)vt ] dt}:C(l—r)(Il—Ig),

1 —r)2 + 4rsin? —tgm 3
0

where

t—
T(r,t—x) = 4rsin’(t — z) — 4r cos(t — ) sin? 5 - (1—r)2cos(t — x),

dt,

iy T+x
7 _/ Tlrt+a)vt / T(r,t)VEi—z
T (sin® z + 4rsin?tL)3 B (sin® z + 4rsin?$)3
0 T
T

/ T(r, )Vt +z
(

I =
sin® z + 4rsin?L)3

dt,
—X
T

11—12:—/( T(r,t) S(Vita — V- )t

sin? z + 4rsin?L)3

T T+
_/( T(T‘,t)\/t+l')3dt+/( T(T‘,t)vt—l‘ dt

sin® x + 4rsin?$ sin® z + 4rsin?L)3

/x (Tt)(\/wr—:r—\/m / Vive

(sin® z + 4rsin®i) (sin? x + 4rszn22)3
T 0

_7( T(r, )T =1

sin? z + 4rsin®L)3

dt +o(1) = [t = z7]

0

xdt

(sin® 2 + 4rsin? &£)3

(r, t2) VE(VIT T — VE—T)
]
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1

1
/ (r,tx) 1:1:1—1— / Ttx\/fx\/l
0

dt +
(sin? z + 4r sin? m (sin? z + 4r sin? t;) o1).
0

It can be easily verified that

T(r, tx 4rsin? tx — 4r cos tx sin? £ — sin? x cos tx
. 9 . 2

im 5 = lim 5
(r,x)—(1,0) X (r,x)—(1,0) x
2 tx

2= 1+1%

=3t> -1,

sin? x + 4r sin
2

im
(r,x)—(1,0) T

Therefore
t
4rsin? tx — 4r cos tz sin’ ; —sin®z costr = 22(3t* — 1) + o(1)z?,
t
sin? x + 47 sin? Ex = (1+tH)2® + o(1)2?

Consequently,

e (VI+ T = Vi T)dt

0?U(g;r,x) _C(1—-r)
Ox? N

1

_/L_lg\/l—ﬂdt—/l(th )\/—dt> o(1)
0

(1+1t2)
0

T—x

T 1
/ (VT mmt—/(?’t C(VITE VI Dt
1

T 32 { 14%)3

1/V3

1/V/3
+ / (;i’f) (Vi+t+V1I—t )dt] + o(1).
0

whence we obtain (see the proof of Theorem 1.3.1)

&°U(g;r, x)

922 — +00

as (r,z) — (1,0) along the chosen path.
Theorem 2.3.1 is proved. U

Let F(x) be an undefined integral of the integrable and periodic function f, i.e.,
x

~ | S0t



30 Sergo Topuria

Corollary 2.3.1 ([34], p. 168). At every point xo at which there exists F(*l)(xo),
we have

lim U(f;r, o) = F(jy(zo).

r—l1—

Proof. Assuming without loss of generality that the free term in S[f] is equal
to zero, the integration by parts leads to

OP(r,t —x) 9 ,
U(f;r,x) —/F dt = 8xU(F,T,1‘). (3.8)

By virtue of Theorem 2.3.1, this equality shows that Corollary 2.3.1 is valid. [
Theorem 2.3.2. (a) If at the point xq there exists a finite function f(,)(%o),

then U} )
. " 37T
(r,x)—»(l,zo) x
(b) There exists a function g such that g'(zg) is finite, but the limit

im  2Ulgim2)
(r,x)—(1,z0) oz

does not exist.

Proof of Item (a). Let xp = 0. By Lemma 2.2.2, we may assume that f(0) =

fy(0) == f»(0) =0
Let € > 0 and choose § > 0 such that

|f(t)] <elt|”, for [t| <. (3.9)
Then
8U(f;r"r):l/wf()d+ /Mf(t)dt:h—i-b,
&E” T 8;1;” 3$”
Vs CVs

where V5 = [—4;0].
By virtue of (3.9) and Statement 4) of Lemma 2.2.1, we have

om P (ryt— O"P(r,t)
I ‘ t"|dt = 7‘ t "dt
e / 2 ey = © / D it 4-al
Pirt) o P(r, 1)
<cg/‘ 8t§ |t|”+|x|”)dt<Cs{/ 7r‘|t|ndt

—Tr
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0" P(r,t)

+/ 5 ‘! !dt}<0€+05!x! /

—T —T

W[ LOH-r)
< O+ Celal / [(1—7)2+4r sin? %]”H di

—Tr

0" P(r,t)
atn

‘dt

I,(r,t)dt

[(1 _ T)2 + t2]n+1 dt

<Ce+Ce(1— 7‘)|x|"/

—T

RSl O DRI
n v=0
< Ce+Ce(l —r)lz| / A= 520 T B

1—r

o0 ZCt“ dt

<C’5+C’5 / +t2 1 < Ce (3.10)
0
for 5 2]
x
t < = d .
||<2 an 1_T<C

Next, taking into account Statement 3) of Lemma 2.3.1, we have

/|f )|dt for |x|<— (3.11)

It follows from (3.10) and (3.11) that Item (a) of Theorem 2.3.2 is valid.
Proof of Item (b). Let

() \/]t3|sin%, when —7m<t<m and t#0,
g = 0, when ¢t =0 and t=4n

when ¢g(2km +1t) = ¢g(¢) and k = £1,+2,.... In Section 1.3 it has been shown that
g'(0) =0, but g'(0) does not exist. Let (r,x) — (1,0) so that 1 —r = sin®z, 2 > 0.
Then for the given function,

dt

oU(g;r,x)  r(1—r?) ] t3]sin(t — z) sin 1
[(

Oz B s 1 —1r)2 + 4rsin® 5E]?

—Tr

T
:r(l—TQ) / \/]t+xl351nt51nH—xdt

T [(1 —7)2 + 4rsin? L2

—T—X
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1—r r \/ac+t sm——w Sln— smt
/ 2t dt +o(1)
[(1—r)2+4rsin 2]2
[\/ (x +t)3 sm——\/ sm—} sint
= C'sin?z dt 4+ o(1).
/ (sin*z + 4rsin? £)2 L

2

Continuing our reasoning like in proving Item (b) of Theorem 1.3.2, we see that
the limit

i 2U 937, 2)
ox
does not exist as (r,x) — (1,0) along the chosen path.
Theorem 2.3.2 is proved. U
Corollary 2.3.2 ([34], p. 168). Let F(z f f(t)dt. At each point zq at

which F'(xo) = f(xo) exists and is finite (therefore almost everywhere),

im  U(f;r,z) = f(xo).

(r2)25(1,20)

The validity of this statement follows directly from Theorem 2.3.2 and equality
(3.8).

Lemma 2.3.1. Given the functions a;(x), i = 0,1,...,n, there exists a function
To(z,t) = > n_g av(x)e™ such that

O T (x, 0)

Tn(x,o) = ozg(x), otk >

k=1,2,...,n.

This lemma is proved in the same manner as the corresponding statement in
Lemma 2.2.2.
T, (z,t) can also be written in the form

2 n thr 1

To(z,t) = ap(z) + aq ()t + ao(x )2' '+Oén(l‘)m+€1(l‘,t)7, (3.12)

where tlir% e1(x,t) = 0 for any fixed .

Lemma 2.3.2. Let g(t) = e(x, t)t". If( )lir? 0)5(95, t) =0, then
z,t)—(xo,

. [ onP(r,1)
lim ——g(x,t)dt = 0.
(r,x)—(1,z0) / 81;77’ g( )

—T
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The proof of the lemma is given by the inequality

[ O"P(r,1)

FEe L0 e, )t

otn

—T —T

guﬁﬂg

after applying Statements 1) and 3) of Lemma 2.2.1.

Theorem 2.3.3. If at the point xg there exists a finite function T(n)(azo), then

im 2 U(fsr,z)

(r,z)—(1,z0) ox™

Proof. On the strength of the condition of the theorem,
tn_l

(n—1)!
+[f (n) (20) + £(z, t)]ﬁ’ (3.13)

flz+t)=ap(z)+ou(z)t+ -+ ap_1(x)

where  lim  e(z,t) =0.
(z,t)—(20,0)

We construct Ty, (x,t) in such a way that the corresponding coefficients in
equalities (3.12) and (3.13) be equal to each other for i = 0,1,...,n — 1, and
lim o () = f(20) = %(nxo’o). Then
T—T0

flx+t) —Ty(x,t)

_ n tn
= [e(@,t) + f ) (w0) — an(x) — al(x,t)t]ﬁ = g9(x, t)ﬁ’ (3.14)
where  lim  e(z,t) = 0.
(z,t)—(20,0)
Further,
oMU (firm) 1 [ O"P(rt—x) (=1 [ PG
=5 | = [ SR e

(=) [P (1" [ a"P(r,1)
= e [f(x+t) — Tp(x,t)]dt + - o

—Tr

Ton(z, t)dt
=11 + I, (315)
where with regard for (3.14),

™

_ =D forent) n
Il == ) / o 62(33, t)t dt.

—T
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By Lemma 2.3.2, we have

lim I =0. (3.16)
(r,x)—(1,20)

It can be easily verified that

2 8tn <Z av rY wt)

t=0

Hence we obtain

. 8”Tn(x0, O) —
lim Iy = ——F = f(,)(20). 3.17
(r,z)—(1,z0) 2 otn f( )( 0) ( )
From (3.15), (3.16) and (3.17) it follows that our theorem is valid.
Theorem 2.3.3 is proved. U
Corollary 2.3.3. Let F(z f f(t)ydt. At every point, at which F(l)(zo) =

f(zo) exists and is finite (therefore by Lemma 1.3.1, for a continuous everywhere
function), we have

lim  U(f;r,z)= f(zo).

(r,x)—(1,20)
The validity of this statement follows from the equality (3.8) and Theorem 2.3.3.

2.4 The Dirichlet Problem for a Circle

The Dirichlet problem for a unit circle (of radius 1 and with center at the origin) is
formulated as follows: given the function f(¢) on the circumference R = 1, find the
function U(r, z), harmonic inside the circle and tending to the prescribed values of
f(@) on the circumference, when the point (r,z) (r < 1) tends in this manner or
another to the points of the circumference (1, 7).

Let us give the well-known theorems in terms of the Dirichlet problem which
follow from the results of Section 2.3.

Theorem 2.4.1. If the 2m-periodic function f(t) is continuous, then the Poisson
integral U(f;r,z), harmonic inside the circle, is a solution of the Dirichlet problem
in the sense that for all T € [—m, 7],

lim U(f;r,x)=f(ZT
im Ui = (@)

(see Corollary 2.3.3).

Theorem 2.4.2. If the 2w-periodic function f(t) € L[—m, x|, then the Poisson
integral U(f;t, ), harmonic inside the circle, is a solution of the Dirichlet problem
in the sense that almost for all points T € [—m, x|,

lim  U(f;r,x)= f(T)

(ra) "5 (1,7)

(see Corollary 2.3, the Fatou theorem).
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Using the Fatou theorem and the theorems on the existence of a primitive func-
tion, N. N. Luzin ([43], p. 87) solved this Dirichlet problem in the case, where the
function f(t) is measurable and finite almost everywhere on [—7, 7].

Theorem 2.4.3. Let f(t) be an arbitrary measurable and almost everywhere
finite function on the circumference R = 1. Then inside the circle there exists a
harmonic function U(r,z) which is a solution of the Dirichlet problem in the sense
that

lim  U(r,z)= f(T)

(r,x) L>(1 ,T)

almost everywhere on the circumference.

Proof. By Luzin’s theorem ([43], p. 78) on the existence of a primitive function,
there exists for f(t) a continuous function F(t) such that F'(z) = f(t) almost
everywhere.

Consider the function

Ulr,z) = T /F(t)% [1 —2r C(l)szt7f x) + TQ}dt'

—Tr

It is clear that the function U(r, z) is harmonic inside the circle. By the Fatou
theorem (see Corollary 2.3.2), for the points T at which F’(T) exists, we have

lim  U(r,z) = F'(7).

(r,a:)L(l,E)

But since F'(T) = f(T) almost everywhere, Theorem 2.4.3 is proved. O






Chapter 3

Boundary Properties of
Derivatives of the Poisson
Integral for a Ball

3.1 Notation, Definitions and Statement of Some Well-
Known Facts

1. RFis a k-dimensional Euclidean space; x = (1, 2, ...,7k), t = (t1,t0, ..., tx),
k

2 = (29,29, .. .,xg) are points of the space R¥; (z,t) = 3 x;t; is a scalar product;
i=1

|z| = \/(x,x); ht = (ht1, hta, ..., htg); x +t = (x1 +t1, 22+ to, ..., Tk + tk).

Skil( ) is a (k — 1)-dimensional sphere, Vk( ) is a k-dimensional ball in R*
with center at x and of radius p (Sk 1= Sk 1(0) Sk=1 = §F=1 is the unit sphere;
Vk = Vk( ), VE = V), |Sk 1(:E)] is (k: — 1)-dimensional space of the sphere
27rk/2pk 1

D(k/2)
DFYa;h)={t € S* ' : (x,t) > cosh, 0<h<m};
C*2(x;h) = {t € S* 1 : (x,t) = cosh, 0<h <7};

(=)

h
\Dk 1 (z;h)| /|Ck 2 x,y)|dy = Sk 2|/Smk 27d’y,
0

k— k-1 _
S, Y(z), and 1S, b=

|C*2(2; )| = |S*72|sin* 2 h =

27.rk/2pk

Vol = kL (k/2)

is the volume of the ball V; T'(a) = g‘e*tto‘*ldt (a > 0) is a

37
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gamma-function or a Euler integral of second kind.
3. If (p, 01,02, . . ., 0k_2, ©) are the spherical coordinates of the point x(x1, 2, . . .,
xr), then
x1 = pcosby;
To = psinfq cos Oy;
x3 = psinfq sin O, cos Os;
Tr—1 = psinfy sinfy . . .sin O cos p; (1.1)
xr = psinfy sinfs . . .sin Oy_o sin p;
0<p<oo; 0<O<7m (i=1k—-2), 0<¢<2m,
dSy~ (@) = p"'sin* 2 01 .. sinOp_odbs . . . dOj_ady
is an element of a (k — 1)-dimensional area of the sphere S’f;’l(defl =dsk 1.
4. TIf v is an angle between the radii drawn from the center of the ball V¥ = |z| <
1 to the points z(01, 0a, ..., 0k—2,0) € S*7L, y(6,,04,...,0,_,,¢') € S*7L, then

(x,y) = cosy = cos By cos by + sin by cos Oy sin 0] cos 0 + - - -

+sinfy sinfs . . .sinfy_o cospsinf| sin b .. .sin)_, cos ¢’

+sin#; sinfy .. .sinfg_osinpsind] sindh .. .sinf_, sin . (1.2)
If 6; = 0, which means that x coincides with the pole, then from (1.2) we obtain

cosvy = cos# and therefore v = 6. Thus, transforming the coordinate system so
that the pole would coincide with z, we have ] = ~.

k92
5. A= > 922 is a Laplace operator in R¥, A" = A(A™1); A’ = A; Dy is a

Laplace operator on S¥~!, i.e., the angular part of the Laplace operator A written
in terms of spherical coordinates ([41], p.240; [74], p.59; [4], p.227),

A:—L—a(flg)+%Dm

P ap\" 9p) T p?
i =Di(D;"), Dj=Dy; (1.3)
1 9/ oy O
D= — . 01—
P S, m‘“n 1%)
1 9/ .4 O
R 0o ——
+sin2 6y sinf =36, 06 (sm 2 802)
1 0 k4 O
+ R G0 ——
m%m%m“%wxm %@

+ .
+ ! ( sin @ _(9 )
SiIl2 091 SiIl2 (92 . SiIl2 9]9,3 sin Qk,Q 8(9]@72 k=2 8(9]6,2
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1 9?
sin2 (91 Sil’l2 92 . SiIl2 ‘9k72 8(,02 ’

(1.4)

It follows from (1.3) that if U(z) = U(p, 61, 0, . . ., Ok—2, ¢) is a harmonic function

. . & v
satisfying the Laplace equation ) —5—>— = 0, then
v=1 v
1 0 ( 1_10U(x)
DU :——'—<k 1—). 1.5
W) = g 5o (17 (15)

6. If for k = 3, (x,y, 2) are the Cartesian coordinates of the point M, and
(p, 0, ¢) are the spherical coordinates, then the equalities (1.1),(1.3) and (1.4) take
the form

x = psinfcosp, y=psinfsiny, 2z = pcosb,

0 0
2_ 2 Y (2% i
dSp =p 8,0 (,0 8,0) + p2D37

1 9 P 1 o
Dy = I sing L)+~ . 2
37 sind 90 (Smeae) T anZe 0

7. Ly(S* 1), 1 < p < oo (Ly1(S*¥1) = L(S*¥71)) is the space of the function f
with the norm

1/P
Sk—1

For P = oo it is assumed that the space Loo(S*¥7!) = C(S*¥~!) consists of
continuous functions with the norm

1l pqgesy = max 1)1

M(S*71) is the space of finite, regular Borel measures p with the norm
T e
Sk—1

8. (f,g9) = [ f(x)g(x)dS*~Y(z) is the scalar product of real functions of the
Sk—1
class Lo(S*—1).
9. Let P, be a set of all homogeneous polynomials of degree n defined on R¥. If
P € P,, then ([66], p. 158)
P(z) = Z Coz®,

|a|=n
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where o = (a1, ag, ..., ax) is the multi-index (of nonnegative integers), |a| = a1 +
ag+ -+ oy and 2 = 2" 25? ...xp*. Clearly, the monomials 2, || = n form the
basis of that space. The number of such monomials is equal to the number d,, =
dim P, of various multi-indices o = (a1, ag, - - - , ) such that o +ag+---+ap =n

and calculated by the formula

. <k:+n— 1) B <k+n—1) _ (k+n—-1)
"\ k-1 ) n  (k—=1)n!

10. A, is the class of all harmonic polynomials from P,. A, is also called the
space of spatial spherical harmonics.

11. The restriction of a homogeneous harmonic polynomial of degree n to the
unit sphere S*~! is called a surface spherical harmonic of degree n or a spherical
harmonic of degree n.

12. H, is the space of spherical harmonics of degree n. It coincides ([66], p.

160) with the set of restrictions of all elements from A,, to S*~!. The dimension of
H, is equal to

o o B _ (n+k —3)!
ap = dim Hy, = dim Ay, = dyp —dp—2 = (2n+k - 2)m'

(1.6)
Note that the restriction of any polynomial of k variables to the unit sphere S¥~1
is the sum of restrictions of harmonic polynomials to the unit sphere S*~1 ([66], p.
160; [59], p. 423).

13. Let Y, and Y,, be spherical harmonics of degrees n and m, respectively,
where n # m. Then ([66], p. 161)

/ Y, (2) Yy (2)dS* 1 (z) = 0.
Sk—1

14. The set of spherical harmonics of degree n can be considered as a sub-
space of the space Ly(S¥1) of real functions with the scalar product (f,g). If
{Yl(n), YQ(n), .. .,Ya(f )} is the orthonormalized basis of this subspace, then the set of
functions

U {Y'l(n)’ Y'Z(n)’ e Y(n)}

an
n=0

is ([66], p. 161) the orthonormalized basis in the space La(S*~1).
15. The addition theorem

A1 an
21 S Y@y M), 2a=k-2, (1.7)

Pﬁ(%y)]:mj_ j
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is valid ([5], p. 206); here P)(t) are Gegenbauer polynomials ([3], p. 177; [112],
p. 149) (ultraspherical polynomials) defined by the decomposition ([15], p. 247; [5],
p. 205; [58], p. 94)

(1—2th+h%)~* EZPA (1.8)
or )
1—h SN RS N
(1 — 92%h + h2))\+1 = Y Pn (t)h (1-9)
n=0

f0r0§h<1and)\>—%,)\7é0. For A = 0, by virtue of

2
)l\m%)\ 1P Mcosf) = —cosnf (n>1, t=cosb),
— n

the formula
1 — h?
1 —2hcos@ + h2

o
zl—i—QZh”coan
n—

is valid.
For A = %, the Gegenbauer polynomials are Legendre polynomials P, (t).
Gegenbauer polynomials P)(¢) can also be obtained by orthogonalization of
functions 1,¢,¢2... on the interval [—1, 1] with weight (1 — t2))‘*%. Note that

L(n+2X\) <n—|—2)\—1

Pa() = =iy

>, n=0,1,2,...
n

16. If Y,,(x) € Hy, then

V() = Y / () B [(2. )] ().

17. It Y,,(z) € H,, then ([5], p. 205; [65], p. 86)
DY, (x) = —n(n+ k — 2)Y,(x). (1.10)

18. Tt follows from (1.6) that in the space R3 there exist (2n + 1) linearly
independent spherical harmonics of degree n. These functions can be written in the
explicit form

P,(cos@); P (cosf)cosmy; P(cosf)sinmep, (1.11)
0<0<7m, 0<p<2r (m=12,....,n; n=0,1,2,...)

where P, (t) are ordinary, and P/"(t) adjoint Legendre polynomials

d™P,,(cos @)

P (cosf) = sin™ 6 (deosf)™
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The functions (1.11) are particular solutions of the equation

1 8( ay) 1 0%

g 26\ "9 2

—_— - 1)Y =0.
00 sin? ¢ +nn+1)

The functions (1.11) are linearly independent and therefore any spherical func-
tion Y;, (0, ¢) of order n can be written in the form of their linear combination

1
Y, (0, ) = §an,0Pn (cosf)

n
+ Z P (cos 0)(an,m cos My + B,m sin me).

m=1

The functions (1.11) are mutually orthogonal on the sphere S? and, moreover,

4
2 —
||(Pn(cos9)HL2<52) BETERE
. 2 (n+m)!
II(P*(cos 0) cosmcp||i2(32) = ||(P}*(cos ) s1nmg0||i2<s2) = ont1 )’

19. A series of the form

00 J

1
E [50@-,0]3]-(008 0) + E Pj(cos 0)(amcosmep + B msinme) |, (1.12)
7=0 m=1

where o, a;,m and 3;,, are constants, is called a Laplace series in the space R3.

The coefficients a;,, and 3;,, are given for j > 0, 0 < m < j and j > 1,
1 < m < j, respectively. The definitions of «;,, and (;,, can be extended to the
rest of the integers m if we assume that

Qj—m = Ojm (m > 0), Bj,O = 0, ﬁjﬁm = _Bj,m (m > 0)
and denote 1
Thus

Qjm = Vjm + Yj,—m } 1.13
Bim = 1(Vjm — Vj,—m (1.13)

Conversely, given 7, n,, we can define a;,, and 3;,, from (1.13). Then

1 J .
Vi(0.¢) = 20507y (cost) + 3 P (con0) a0, cos i+ iy sinme)

m=1

J
= 750P;(cos8) + Y P (cos8)[(vjm + 7j—m) cosmep

m=1
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+i(7j,m - ’Yj,fm) sin mcp]

j
= 5.0 (cos 0) + Z P;™(cos 0)[vjm(cosmep + isinmep)

m=1

+7j,—m(cosme —isinmep)| =

J

m=1

J
S Pl s
m=—j
Po(cos ) = Pj(cosf).

The series (1.12) now takes the form

oo

Z Z ’Yj,m.P]‘-m‘(COS 0)e™m?. (1.14)
=0 m=—j

We call (1.12) areal, and (1.14) a complex Laplace series.

20. Let f € L(S?) (if some function f is given on the unit sphere, then this
function is regarded as extended to the whole space except for zero and infinity, but
remaining constant on the rays emanating from the origin).

The series (1.12) is called the Fourier—Laplace series of the function f if

3

Qjm = 2J2'J7;1 3= 0
<P (cos6)sinddd, j=0,1,2 5 m=0.1,2,.... (1.15)
= 20 5+z.fsmmsodsoff
><ij(cosﬂ)s1n9d9 j=172. m=1,2,...,7;
B 1 .
Yim = Vj,—m = §(O‘j m = 10jm)

2741 —
_ 4+ (= |m|)! /lmsod@/f . cosG)smGdG

dr (5 + [ml)!

j=0,1,2,...; m=0+1+2,..., +j.

If aj,, and Bj,, are defined by the equalities (1.15), then using the addition
formula, we obtain ([9], p. 143)

T 27

2 1
‘7+ //f , ¢ )Pj(cosv) sin@' df' dy’,

Yi(0,¢) =
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where
cosy = cosf cos @ + sinfsin @’ cos(p — ¢').

The Fourier—Laplace series of the function f € L(S?) is considered in the form

T 27

1 & .
0, EZ 25 +1) //f Pj(cosv) sin®df'dy’.

J=

21. Let us now introduce the notion of a Fourier-Laplace series in a space RF,
k> 3.
Let f € L(S*1). Its Fourier-Laplace series is

=> YMNfi), (1.16)
n=0
where
Y )—b MY (@) + b5V (@) 4 -+ Y (), (1.17)

b = (£,Y), =124

Taking (1.7) into account, from (1.17) we obtain

Y(fra) = WA / P ()] f()ds*(v) (118)

([5], p- 206).
22. Let u € M(S*¥1). As is known ([57], p. 176), u has, at almost all points
x € S*1 a derivative pg(z) under which we mean the limit

_ o DM ()]
A Fourier—Laplace—Stieltjes series is defined as follows:
S(dps o) ZYA dpis ), (1.20)
where ( NI
n—+
Vadpsa) = P [ P dnto)
Skfl

([5], p- 208; [68], p. 515).
If 1 is absolutely continuous, then

S(dp; x) = S(ps; ).
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23. If f € Ly(S*~1), then we have the Parseval equality
/ f2 Sk 1 Z / 2d8k 1( )
([65], p. 86).

3.2 The Poisson Integral for a Ball

Let f € Lo(S*1), and
=) YMfix), zest, (2.1)
n=0

be its Fourier-Laplace series (see (1.16) and (1.18)). The abelian means of the series
(2.1) are denoted by

U(fip,x)=U(f;p,01,0,...,002,0) = Y _YXfiz)p", xe€S

But (see (1.18))

VA = PO [ P cosn)pw)is* ), =0

Sk—1

where cos is defined by the equality (1.2). Therefore
Utfip.0) = —00 Ym0 [ PAeos)f(ds™ ()
10y T) = S5 0 p 7 (cos ) f(y y)-
n= k—1

Since 0 < p < 1, by virtue of |P}(cosv)| < Cn?*~! ([58], p. 197) the series
Yoo P2 (cos)p" converges uniformly with respect to v for fixed p; therefore, after
multiplying by f(y), it can be integrated termwise. As a result,

U(f: o) = oo / {me Meos )" | 1(0)as* )

= N / P(p,7)f(5)dS" ()

QWAH / P(p y)dS*(y), (2.2)



46 Sergo Topuria

where

P = Y AP eos ) (2.3)
n=0

The integral (2.2) is called the Poisson integral of the function f for a ball, and
P(p,~y) is called the Poisson kernel. Therefore the expressions “abelian means of the
Fourier—Laplace series of the function f” and “the Poisson integral of the function
f for a ball” are synonyms.

Let us find a simpler expression for the Poisson kernel, i.e., for the series (2.3).
By the definition of P} (cos7) (see (1.8)),

1
(1 —2pcosy + p?)

Zp”P)‘ COs8 7). (2.4)
n=0

Differentiating the series (2.3) with respect to p, we obtain

2 p(cosy — p) — i np"P)‘(cos v) (2:5)
— 2\ 1 " . |
(1 —=2pcosy + p?) n=1

By (2.4) and (2.5) we conclude that

[e.o]

Z

1—p?
(1 —2pcosy + p2)Att

(cosy)p" =

1—p 2
T (1= )2+ dpsi? PP

The symbol (p, x) AN (1,2%) denotes (see Section 2.1) that the point (p,z) =
(p,01,02,...,0,_2,¢) tends to the point (1,2°) = (1,«9?,«98,...,92_2,@0) along a
nontangential path to the sphere S¥~!. This means that there exists a positive
constant C' such that 1 Pop
and (1, zY).

The symbol (p, z) — (1,2") means that the point (p, x) tends to (1, 2°) arbitrar-
ily, remaining inside the unit sphere S*~1.

The series (2.1) is called summable by the Abel method at the point z°(1, 69,
69,...,0% 5, ") to the number S (or, briefly, A-summable to the number S) if

< C, where pg is a distance between the points (p, x)

lim U(f;p,2") = S.
p—1—

Further, the series (2.1) is called summable by the method A* at the point z
to the number S if

lim — U(f;p,z) =S
(p,x)-"5(1,20)



Boundary Properties for a Ball 47

The expressions “summability of the Fourier—Laplace series of the function f by the
Abel method” and “the boundary properties of the Poisson integral of the function
f for a ball” are synonyms. The following theorems are well-known.

Theorem 3.2.1 ([95], p. 107). If the function f(x) is continuous at a point
20 € SF1 then

lim  U(f;p,z) = f(%).
o o (fip, @)= f(a")

Theorem 3.2.2 ([95], p. 110). If f € L(S*!), then almost for all points
T € S

lim  U(f;p,z) = f(T).

(p.x)">(1,7)

Theorem 3.2.3 ([95], p. . 111). If for f € L(S*1),

W(e) = / F(y)dS 1 (y),

then for almost all points T € S*~1,

lim  U(d¥;p,x) =VYgs(Z) = f(T),
(p,x)-"(1,7)

where (see (1.19))

3.3 A Generalized Laplace Operator on the Unit Sphere
Sk—l

Let f(x) (x € s*71) be defined in some spherical neighborhood of a point 2% € S¥~1,
i.e., on the set D*=1 (z20;p), and be integrable on the spheres C¥=2(2°; h) for all

h < p. If there exist numbers ag, ay, . . ., a, such that the equality
1
_— £)dS*2(t
Ck=2(z0;h)
(k=L
&) F(t)ds* ()

(1 — cosh)’ + o(1 — cosh)", (3.1)
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is fulfilled in the neighborhood of a point 2V ([109] and [110]), then we say that
the function f(x) has at the point 2° a generalized Laplace operator of order r on
the unit sphere S*~! and denote it by A" f(z"). The generalized Laplace operator
defined by the equality (3.1) is related to the numbers a, (v =0, 7) as follows:

A%f(2°) = ag = f(2?), _
AA+1- (k- )][A+2 kl...[A+ (v—1)(v+k—3)]f(2°) = a,, (3.2)

v=1,7r,

where A - A ... A (i-times) = A” and A" - AJ = A" fori,j > 0and i+j <r.
Thus,by virtue of the decomposition (3.1), we have

1 B _
[Sh=2]sin*=2 b / F(0dS*2(t) = A%f(a?)
Ck72(x0;h)
r p(%)5m+ 1-(k—DJA+2-k...[A+ (v—1)(v+k—3)]f(a")
+U:1 ulzvr(’“—gl +v)

X (1 —cosh)” 4+ o(1 —cosh)", r=1,2,....

Expansions of type (3.1) were considered for & = 3 in [69] (p. 284).
It is easy to see that

a1 = Al f(2) = Af(2”)
T o (D450 — £(a)
= 11m .

2 2 h
h—0 y ISIH 5

Clearly, if there exists A" f(x), then A® f(x) exists for any 0 < s < r.

Let us now introduce a more generalized Laplace operator on the sphere S*~1.

We say that an integrable function f(x) in the spherical neighborhood of a point
2% € S¥1 has, at 2°, a more generalized Laplace operator A" f(2°) of order r if the
representation

1 _
ey UL
Dk=1(20;n)
o)
= (1 —cosh)” 4+ o(1 —cosh)”, r=0,1,..., (3.3)

=0 U!QUF(kQ—l + v)

holds.
A more generalized Laplace operator A defined by the equality (3.3) is related
to the coefficients b, (v =0,r) through (3.2).
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Clearly, bg = f(2") and

by = Al f(z°) = Af(a°)

m Jpr-r(gopy F( )dS*H(t) — f(a?)

2 h
2

= lim 5
h—0 73T sin

_ Lemma 3.3.1. (a) If at the point 2° there exists A f(x), then there also exists
AT f(29), and AT f(2°) = A" f(2Y). N
(b) There exists a function f for which Af(z%) is finite, but Af(x) does not

exist.

Proof. Given

Vi(p) = m F(1)dSF2(t)
CF=2(20:p)
(k 1)%
- Z (1 —cosp)’ =0(1—cosp)”, (3.4)

v=0 U'QUF( —I—U)

we have to prove that

h
B 1 1 k—2
0= gy | e e, [ 00}
0

Ck=2(z0;p)
r(4)a
Z (1 — cosh)” = o(1 — cosh)". (3.5)
- Ovlzvr(k Ly )
Since
k+1 k—1_/sk—1
F( 2 ) 2 F( 2 )
k+1 20+k—1 k—1
( 2 ) - 2 F( 2 U)’
therefore
1 f 1
U(h) = / sin® 2pdp{ fF()dS*2(t)
in*=2 pd Sk=2| sinF—2
fO SN pap ’ ’ pck—2(x0 p)
o r(5a k-1
— 1 — cosh)”. 3.6
§u12vr<%+v) TET RS ) &)
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It is easy to verify that

foh(l — cosp)¥sin*=2 pdp _ k—1
h=0 (1 — cosh)v foh sinf2pdp 2v+k -1

Thus \
Jo' (1 = cos p)?sin*2 pdp E—1

(1 — cosh)v foh sin®=2 pdp S vtk

(1+av(h))v (37)

ay(h) — 0, as h — 0 for any v.
In view of (3.7), we have

foh(l — cos p)?sin* 2 pdp
- h . :
s (14 o (h)) [y sin®=2 pdp

(1 —cosh)” =

Hence by virtue of (3.4), from (3.6) we get

h
1 1
Uh) =—F——— /Sink_2 Pdp{— / f(t)dSk_2(t)}
ink—2 Sk—2| gink—2
Jo st pdp g 1557  r={anip)

r k-1 . e
B Z F( 2 )av . foh(l — cosp)? sin® 2 pdp
=020 (55 o) (L au(h) Jy'sin* =2 pdp

h
1 / { 1 / k2
= J(&)dS™=(t)
h . k-2 k—2| o3 k—2
fo sin™= pdp 0 577 sin po’v*(azo;p)
r T kgl)al/

0

h h
/0(1 —cosp)” sin*~? pdp = o(1) /(1 —cosp)" sinf—2 pdp
0 0

h

= 0(1)(1 — cosh)” / sin*~2 pdp.
0
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Hence it follows from (3.8) that
. h
U(h) = s )(1 — cosh)” /sm 2 pdp = o(1 — cosh)",
Jo sin®~ pdp /

which proves the validity of Item (a), i.e., (3.5) is fulfilled.
(b) Define the function f(x) as follows:

0, when z = 20,
flz) =41, when (20, 2) = cosy is rational,
0, when (2% 2)=cosy is irrational.

It is easy to verify that the operator Af(z?) does not exist, and &f(mo) =0.
The lemma is proved. O

Let us introduce the notion of a strong generalized Laplace operator of order r
on S¥~1. Let the function f(z), 2 € S*~! be defined in some spherical neighbor-
hood of the point z°, i.e., on the set D*~!(2; p), and be integrable on the spheres
Ck=2(20; h) for all h < p. If there exist functions a;(z) i = 0,7 — 1 and a number

a, such that there exist finite limits hm a;(z) = a;, and in the neighborhood of the
xﬂx

point 2 the inequality

I F(’zl)av( )

— FB)dS () =>" (1 — cosh)?
Sk=2| sink=2 19v
| | C—3(z:h) v—=0 V!2 F( 5+ )
Pt
+ (1 — cosh)” + e(h,z)(1 — cosh)", (3.9)
rl2rT % + )

holds, where hn% g(h,z) = 0, then we say that the function f(z) at the point
N 0

2% € S¥~1 has a strong generalized Laplace operator of order r, which we denote by
the symbol A” f(20). Clearly, if x = 20, then A” f(20) = A" f(a?).

The strong generalized Laplace operator A’ defined by the equality (3.9) is
related to the numbers a, (v =0,r) through (3.2).

It is obvious that
_ m fck—2(x;h) f()dSE2(t) — f()

A, f(2%) = li
f($ ) (m’h)LI]&lm070) % Sin2 %

Let us now introduce a more generalized strong Laplace operator on S¥~1. Let
in the spherical neighborhood of the point 20 € S*~! there exist functions b;(z)
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i = 0,7 — 1 and a number b, such that there exist limits lim b;(z) = b;. We say

Tr—X0

that an integrable function f(x) in the neighborhood of a point 20 € S*1 has, at
2°, a more generalized strong Laplace operator A” f(2°) of order r if the equality

r-1 r(’%l)bv(x)

fds*¥1(t) = (1 — cosh)”
[DF=1(20; )| xo h)| Dk 1/ §UI2”F(—MQ'1 —|—v)
F(k;rl)br
+ . (1 — cosh)” + e(h, z)(1 — cosh)", (3.10)

T!QTF(kT + 7")
h,x)

holds, where lim e(h, ) = 0. Clearly, if z = 29, then A” f(2°) = A" f(z0).

h—0

xﬂxo

A more generalized strong Laplace operator E; defined by the equality (3.10) is
related to b, (v =0,r) through (3.2).
It is not difficult to see that

: k—1
~ TDF=T(z )] —1 (g f(t)dS (t) _ f(x)
A f(a®) = lim 12ooh)] Jr Sk :

(,h)—(2°,0) T sin? 5

The notion of a generalized Laplace operator on the unit sphere S*~1 is widely
used in problems of the summability of differentiated Fourier—Laplace series. A Lap-
lace operator on the unit sphere or rather the angular part of the Laplace operator
written in terms of spherical coordinates is called a differentiation operator.

Lemma 3.3.2. For Gegenbauer polynomials P (x), the representation

P2 (cosh) = P,?(l){l

Z [—nn+2))][-n(n+2\) +1-(k=D]...[-n(n +2\)+ (v = D(k+v—3
+Z[ ( )[=n( ) ( v?]QU[ ( )+ ( )( )l

v=1

X ———~+—(1 — cosh)” (3.11)
jo )

18 valid.

Proof. For Gegenbouer polynomials P (x) we have the representation (see [58],
p. 92): P)(z) = PyF(—n,n+ 2\ A+ 5;35%), where F(a, b;c;z) is the hypergeo-
metric series (see [58], p. 74)

(a,b;¢;x :1+ia(a+1)...(a+v—1)_b(b+1)...(b+v_1) .

o V! et 1).. (ctv—1)"
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Therefore

-n n+2\ 1—-z -—n(-n+1)
oAyl 2 * 2!
(m+2)(n+22+1) (1 —z)? N —n(—n+1)(—n+2)

A+3)A+2) 22 3!

(22 (422 +2) -z
A+ DO+ HO+3) z

+—n(—n—i— 1)(—n—i;!2)...(—n+r— 1)

L A2) 224D (k22 b 1) (1-a)"
A+ +3). . (A+r-1) 2

PMx) = PM(1) [1 +

But

—n(—n+1)(n+2X\)(n+2X+1) = —n(n + 2X\)[-n(n+2X) + 1 - (k- 1)],
—n(—n+1)(—n+2)(n+2\)(n+ 2 4+ 1)(n+ 2\ + 2)
= —n(n+2X)[—n(n+2X)+1- (k—1)][-n(n+ 2X) + 2 - k]
—n(—n+1)...(—n+r—1)n+22\)(n+2Xx+1)...(n+2 +r—1)
=-nn+2\)[-nn+2\)+1-(k—1)][-n(n+2X\)+2 -k x ---
x[—n(n+2X)+ (r—1)(r+k — 3)].

Moreover,

2 2 2 F(k—l

2 2 2 T F(H)

Taking these equalities into account, we obtain the equalities (3.11).
Lemma 3.3.2 is proved. O



54 Sergo Topuria

Lemma 3.3.3. If Y, (x) is a spherical harmonic of order n, then

1 A k—2
Py P (cosh)Yale) = yck 1 / Y, (t)dS*2(1). (3.12)
C"C 2(z;h)
Proof. As is known ([66], p. 163),
(n+ AT
v = LN /pA £ )] Ya(n)dS (),
whence
Y, (t)dS*2(t)
Ck=2(z,h)
n+ M)A
- (AT [ ase / Yo () P[(t, m)]dS™ ()
Ck=2(z,h)
(n+ AT _
_ WH / Y, (n)dS* () / P [(t, )] dS*(0). (3.13)

Ck=2(z;h)

Using the addition theorem ([6], p. 467), from (3.3) we obtain

b2y = MLEA)
Y, (t)dS"4(t) = T+ 2))
CH=2(z;h)
n+ AT
L e 2wl ) / Ya(n) Pl m)]ds* " ()
_ k—2/ . A
whence
;PA(COSh)Y (J:) = ; Y. (t)dska(t)
AN " |CF=2(x; 1) " -
CF=2(z,y)
Lemma 3.3.3 is proved. O

These lemmas underlie the proof of

Theorem 3.3.1. If Y, (z), n=0,1,2,... is an arbitrary spherical harmonic of
order n, and & is an arbitrary point on S*71, then for each nonnegative integer r
there exists ATY,, (), and the equality ZTYn(f) DY, (&) holds.
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Proof. Since A" and D}, are linear operators, it suffices to show that A"Y;,(€)

exists and A"Y,,(€) = D1Y,,(€), where Y;,(z) is normalized so that Y,,(£) = P} (1) =
("+2n>‘71). Then D}Y,(£) = DLP}[(€, 2)]a=¢ (because both operators are equal to

[

—n(n+2)\)]"P2(1)).

By the normalization of Y;,(x)(Y;, (&) = P)(1)), from (3.12) we obtain
1
P} (cosh) = ————— / Vo (£)dSF 2 (t). 3.14
(cosh) = (e ) (t) (t) (3.14)
Cr=2(&h)
On the other hand,
1
P (cosh) = PM(&,1)] = s / P[(€,1)]dS*2(1). 3.15
(cosh) [(,1)] 2 ) [(&,1)] (t) (3.15)
CF=2(&h)

From (3.14) and (3.15) we have

/ Y, (1)dS*2(t) = P (cos h)
Ck 2 §h)

=m / PA((6,1)]dS™ (1),

Ck=2(&;h)

[CF=2(&;h)| 5,

or, which is the same,

ZrYn(E) = erqi\[(é-? t)]t:

Thus to prove the theorem, it suffices to prove the equality

KR Dlize = [—n(n + 20" B(1).

But this follows from the fact that the equality (3.11) holds,

e [ PlE0as 0 = Peost) = R {1

Ck 2£h

+i [—n(n+2N)][-n(n+2\) +1-(k—D]...[-n(n+2\) + (v —1)(k+v — 3)]

19v
—1 v!

Thus we finally have

DY (€) = DpP (6, D)= = AT PY(€,8)]1=¢ = ATV, (€).

Therefore A™Y,,(£) = DY, (€).

Theorem 3. 3.1 is proved. O
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Theorem 3.3.2. If a function f(x), x € S*~! has continuous partial derivatives
of order 2r in the neighborhood of a point z° € S*=1, then A" f(2°) exists and

A (") = Dyf(a?).
Theorem 3.3.2 is proved as an analogous theorem for k = 3 proved in [69] (p. 306).

3.4 Boundary Properties of the Integral
DkU(f7 P, 617 927 R 9k*27 90)

The section will deal with the boundary properties of the integral Dy(f;p, 01,
02, ...,0k_2,0), where Dy, is the Laplace operator on the sphere S*~! i.e., the
angular part of the Laplace operator written in terms of spherical coordinates ([30,
77-86],[95],[100],[106]).

We can show that the function P(p,7v) = > 0%, %2 P}(cosy)p™ is harmonic in
VE,

Indeed, taking (1.10) into account, we have

n+ A\
AP(p,7) = —2Dk< —Pr(cos)p )
n=0

1 8 k—1 8 > n 5
—_ — E P
+pk‘1 9 [p 3/)( A (cos7)e >]

I
|
w|'_‘
[]e
3
+
>’
/5
+
?T‘
[\3
'“U
>«
O
@)
%
2
b

p n=1 A
erkll [ z i\_ A (n +k — 2)P)cosvy)p™ ™" 3]
n=1
= *iz [Z niA n(n+ k —2)P, (cosv)p ]
P n=1 A
1 [e=n+A
o [Z P 4k —2)PMcosy)p } 0.
n=1
Therefore (see (1.5))
0 OP(p,
DiP(p.7) = g - o[+ 22 0)] (4.1)
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Lemma 3.4.1. If P(p,~) is the Poisson kernel, then

A(p,7)

Dy P(p,7) = : )
[(1— p)? + 4sin® J+3

(4.2)

where all terms in A(p,~) with respect to (1 — p) and sin g are of degree > 3, and
a(p,v) is divided by (1 — p?).

Proof. Let
plp.7) = (1= p*)[A(p, )], (4.3)

where

A(p,y) = (1= p)? + 4psin® %

By (4.1) and (4.3), we have

1 071 4 19P(p,7)
DyP = | D

19 , B
= *Fa—ppk 1{ — 2p[A(p,y)]” D)

(1)1 - Ay ) 2R

dp
= #%{B(P,7)[A(p,v)]‘(“2)}7 (4.4)
where A
B(p,v) = p" ' 20A(p,7) + (A + 1)(1 - ,o?)%]_

It is obvious that all terms in B(p,y) with respect to (1 — p) and sin 3 are of
degree > 2.
From (4.4) we have

DuP(p1) = g { Poe ) )

~+ DA 2 ()

= A(p, M)[A(p, )] M) = (1 = p?) Di[A(p, 7))~ A, (4.5)

where

L 19B(p,7) 9A(p,7)

A =——|——="-A - (A +2)B — .

(0:7) = =g [ g A7) = A+ 2)Blp7) =50

It is not difficult to see that all terms in A(p,~) with respect to (1 — p) and 3 are
of degree > 3 and, as follows from (4.5), are divided by (1 — p?).

Lemma 3.4.1 is proved. O
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The property of A(p, ) implies

[A(p, V) < (1= p)L(p,7), (4.6)

where I(p,~) is a homogeneous polynomial of degree 2 of (1 — p, ) with a positive
coefficient.
Lemma 3.4.2. The following statements are valid:
xT
1) [ DrP(p,)sin® =2 ydy = 0;
0

2) li D.P —0:
)pquglg%ﬂl xP(p,v)| =0,

p(k — 1)7T%F(]“2;1) '

()

3) [ DxP(p,~) sin® =2~ sin? d’y:
0

1) bf V¥ DkP(p,)|dy = O(1).

Proof. Statements 1) and 2) are obvious. Let us prove the property 3). By
(4.1), from (2.6) we have (4.7)

DyP(p,v)=—(k—1)p

dp Ip?
= _¥ Z n(n + X)) P, (cos~y)p"
n=1
_i Z(n—l) (n+ NP, (Cosv)p (4.7)
n=2

Taking into account the equality

1- 2\ — P/
sin2 Y cosy _ ! (cosy)7

2 2 AN
from (4.7) we obtain
/ DuP(p.y)si? Jast 1) = LEZ IO [P o ras 1)
Skfl
=p(k—1)(A+1) / cos? vdS*(y)
Sk—1

™

— plk—1)(A + 1)/(;0527@ / ds*2(y)

0 (z,y)=cos~y
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k—1
21 2 sinf 2~
=pk—1)(A+1) / — N cos® ydry
0 F(T
k=1 T
2 —1 m 2
= plk—1) Aj_ L /(sink27—81nk7)d7
0

_ 20k =D+ Dt [F ) %F(%)] 9p(k— DA+ )
() L) () =0
Consequently,
[ k
/D’“P(’W) sin” %dv / dst2(y) = 2Pk = 1)(: + Dt
(x,y)=cos~y kF(§>
whence

TR / Dy P(p,~)] sin® 2 ~ sin? ld'y = . (4.8)
r(3) : k(3)
2 0 2

Statement 3) follows from (4.8).

Using Lemma 3.4.1, we can now prove the validity of statement 4). Taking into
account (4.6) and the inequality |siny| > 2|y], for |y| < Z, we obtain

/ [ I(p,v)y*dy
[AHDePo I < (1= ) / oyhrdy
0 [(1 — p)2 + 4psin? 7]
k
I(p,~)y"dy
c( - / — (4.9)
0 |m*(1—p)* +4py }

Using the substitution v = (1 — p)t and assuming p > 3, from (4.9) we find

T 21— g1 — ) T2 Cot )t
/IDM, Yrdy < C(1 - )/ ’ P p( 0 )

(1 _ p)2)\+6(1 + t2))\+3

S 075’”” dt
<C/ 1+t2A+3 =0(1).
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Statement 4) and Lemma 3.4.2 are proved. O

Theorem 3.4.1. (a) If at the point 2°(1,69, 69, .. .,92_2, ©0) there exists a finite

Af(2°) (see (3.1)), then
lirq DyU(f; p, 2°) = Af(22).
p—
(b) There exists a function f(0,y) such that D3f(0,0) =0, but the limit

(p,0,9)"(1,0,0)

does not exist.

Proof of Item (a). Indeed, taking 2° as an initial point, by Lemma 3.4.2 we

have

k) ™
= 25;) /DkP(p, v)dy / [f(y) — F(2°)]dS* 2 (y)
0 (0,y)=cos

k T
r(s |
D, P S -
sr(’“—)/ PR 0

<[ 1) s by

(20,y)=cos

F<E> r
2 con .27
7/DkP(p,’y) sin“” 7y sin 5

-1 ,
priT(554)
{ 2 |Sk 2|1sin2kfyf($0,y) cOS'y[f y)_f(xo)]dskiay) }d
N1 2 2y v
k—1 y 1sm 5
= Dy P( S S 25
= - P (p,7) in’ 'y in 5

p(k’—]. 7TQF T
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= [ ) = f(@)]dSF(y)

\Sk 2|sln PY(:):O y):cos*y . .
x{ I —Af(xo)}varAf(xo)
HSIH 3
Let € > 0 be an arbitrary number. We choose § > 0 such that
1AL (f;2%) —Af(2°) <& when 0<~y<§, (4.10)
e Lo £(0) - F(a0)ds" ()
TSF 2 s~ J(9,)=cos f(y) = f(27)]dS"=(y
A (f;a0) = 2Ty Simesn . (4.11)
WSIH 3
Then ]
;DkU(fQ p,a%) =11 + I + Af(a°).
Here
2r(4) )
I = : / DP(p, ) sin? ysin® 1 (A (7:2%) — K (2],
plk = DT (H51) 2
r (5
I= / DP(p, ) sin ysin? T (A (f;.29) = Bf (2°)dy

ST COY
By Lemma 3.4.2 and the inequality (4.10), we have

|I1] < Ce, when 0 <~y <0. (4.12)
Further, by Lemma 3.4.2 it can be easily shown that
lim I, = 0. (4.13)

(4.12) and (4.13) imply that item (a) of Theorem 3.4.1 is valid.
Proof of Item (b). It can be easily verified that in the space R3,

D3U(fap7 07 QO)
T 27
// 3p(1— p?)[5p — peos® v - 2(17+ﬂ VS s, o) sin g/ do'd!
(1 —2pcosy + p?)2

where
cosy = cosf cos @ + sinfsin @’ cos(p — ¢').

By Lemma 3.4.2, for any point (1,6, ¢),

T 27

5 2(1
/ / p=peosy = A1+ PP COSY g — (4.14)
(1 —2pcosy + p?)?
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Let now Z(p, 0, ) — (1,0,0) so that ¢ =0 and § = 1 — p. In this case,

cosy = cosf cos 0 + sinfsinf’ cos gp’ ,

A(p,y) = 5p — peos’y —2(1 + p?) cosy
=5p — 2psinfsin @ cos b cos# cos’ — 2(1 4 p?) sinfsin §’ cos ¢’
—[pcos? B cos? @ + psin®Osin’® ' cos® ¢ + 2(1 + p?) cos @ cosb].

By virtue of this equality, from (4.14) follows

// =sin@'df’dy’ = 0. (4.15)
(1-— 2,0 cosy + p?)2

Consider A(p,~) on the interval E = (O <O <55 <¢ < 7[').
Clearly,

—2(1 + p*) sin@sin @ cos ¢’ = 2(1 + p?)sinfsin @' | cos ¢'| > sin? fsin® §' cos? .

Next, it can be easily shown that there exists a number py > 0 such that on the
interval £

5p — pcos®fcos? @ — 2(1+ p*)cosfcos® >0 for p> po.
Consequently, on the interval E, for p > pg we have
A(p,7y) > —2psinfsin@ cos b cos @ cos ¢’ (4.16)

By (4.16) we obtain

I= / / (07) _ ingragay
7 (1 —2,ocosy+p )z
2

/ / /
(1-p //sm@cosGsm 0 cos ' (— SOSSD)dH’dQO’
(1 —2pcosy + p?)2

s

(1—p cos@//sm 0 cos @' ( —coscp)de,d ,
1—2pc05'y+,0)

/ /
> (1—p)?cos@cos(l—p // sint 0 (— cos ') =df'dy’. (4.17)
)2 + 4psin? 2 ]
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~ with respect to ¢’ takes its maximal value when the point y(1,6’,¢’) lies on the
plane zoz, and ¢’ = w. Then v =0 + 6.
Therefore

NI~

/

< [(1 — p)? + 4psin® #]

z
2

[(1 — p)? + 4psin? %}

O+ (1-p)3
< [(1 —p)? + 4psin? #} :

NI~

g[u—pf+0$ﬁu—pﬂ <c(1-p). (4.18)

The inequalities (4.17) and (4.18) imply

1-p g
Ccochos(l,o)/ /9 ,/ N
1> 0'~do —cosy')d
e (—cos¢)dy
0 3
/o, — 2 _
:C 20—p coz(l p)—>+oo for p— 1. (4.19)
(1-p)
Thus, by (4.15) we have
lim (1—p)A(p,7)

—sin0'df'dy’ = —o0, (4.20)
PﬂlD (1 —2pcosy+ p?)2

where o
D = ; { — =, ]
[07 Tr’ 07 7T]\ 07 2 2 Tr

Define now f(6, ) as follows:

0, in a pole

0, when 0<0<m m<p < 2m,
f(0,9) = .

1, when 0<60<3; 5 <op<m,

—1, when (0,¢)€ D.

It is obvious that for this function

Af(0,0) = 0.
However, as follows from (4.19) and (4.20),

as T(p, 0, ) — x(1,0,0) along the chosen path.
Theorem 3.4.1 is proved.
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Theorem 3.4.2. If at a point x° € Sk~ there exists a finite A, f(2°) (see
(3.9)), then

DyU(f;p,x) — Dy f(2°),

no matter how a point (p,x), x € S*~! tends to x°, remaining inside the sphere
Sk=1,

Proof. Let € > 0. Choose 6 > 0 such (see (4.11)) that
A (fiz) = Dpf(a”)] <& (4.21)

when 0 < v < §, p(x, 2°) < 4.
Further, it is easy to check (see the proof of Theorem 3.4.1) that

1
“DWU(f;p,x) = k /Dk.P p, ) sin® A sin? —[ ~(f; )
P p(k—l mv !

—Agf(a”)]dy + Axf( ) =L+ L+ Af(2?). (4.22)
By Lemma 3.4.2 it can be shown that

lim I, = 0. (4.23)
p—1

Taking (4.21) into account, we have
|I1] <&, when p(z,2°) <é. (4.24)
The validity of Theorem 3.4.2 follows from (4.22), (4.23) and (4.24). O

Theorem 3.4.3. If at a point 2° € S¥1 there exists a finite Af(a0) (see (3.3)),
then

lin% DyU(f;p, 2°%) = Af(20).
p—
We will prove the theorem for the case k = 3, but first we will prove

Lemma 3.4.3. The following statements are valid:
8D3P p, ‘ 0;

1) lim max
p—10<6<y<m

f D3 P(p, ) sin® %sin*yd’y =2p;

T D3P (p,7)
oy

74‘ 8D3§7(p,7) ‘dfy —0(1).

3)

4)

sin? %d’y =—-2p+o0(1), as p— 1;

Oy Oy
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Proof. Statement 1) is obvious. Statement 2) follows from statement 3) and
Lemma 3.4.2 (k = 3).
For k = 3, (4.7) yields

P(p, 0?P(p, = "
D3P(p,v)=—2p (gpv) 2 3;/; M _ —4Zn(n + —)Pn(cosv)p
n=1
2 i(n— 1)n(n+ 1)P (cos)p" (4.25)
n=2 2 !

By integration by parts, we obtain

™

/ 9D3P(p,7)

s
By sin* %dv = D3P(p,) sin* %‘; - /DSP(P>’7) sin~y sin® %dv
0

0

T . 1—cos
=0(1)—/D3P(p77) siny ———— Ly
0

-3 / D3P(p,7)[1 — Pi(cos~)] sinydy + o(1).
0

Hence by virtue of (4.25) we have

™ ™

/ 781)3]5('0’7) sin’ %dﬂy = —Sp/[Pl(COS’Y)]QSiH’Yd’Y +o(1)
y
0 0

s

3p/cos2 ysinydy = —2p + o(1).
0

Let us now prove the validity of statement 4). By Lemma 3.4.1, it can be easily

verified that
= 3 9 :
v [(1—p)? + 4psin’ 3]

where all terms in A(p,y) with respect to (1 — p) and sin 7 are of degree > 4, and
A(p,7) is divided by (1 — p?). Consequently, the numerator A(p,~) in the equality

(4.26) can be estimated as follows:

[A(p, V) < (1= p)(p,7), (4.27)

where I(p, ) is a homogeneous polynomial of degree 3 of (1 — p,~) with a positive
coefficient.
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Taking into account (4.27) and the inequality |siny| > Z|y| for |y| < Z, we

obtain

s

/W,Y ‘8D3P P, ‘d <a- )/ I(p,y)y'dy
[(1 — p)2 + 4psin? %]

[N][Re}

0

™ I 4
<o _p/ (p, V)7 dy iy (4.28)
s [m(1 = p)? + 4py?)2
1 from (4.28) we find

Using the substitution v = (1 — p)t and assuming p > 5

that

ﬁ 3 v 44

(1=p)3(1 = p)*(1 = p)( Doy Cut” )t*dt
/‘aDgp,m )‘ 4d,y<c(1_)/ ( 90 )
(1—p)2(1+12)2
3 t4+” dt
< C/ 9 =0(1).

(1+12)2

Thus statement 4) and Lemma 3.4.3 are proved.

Proof of Theorem 3.4.3. For the case k = 3, we have

A 47 sin? & fDZ(:EO h) f(y)d52(y) - f(l‘o)
h(fa ) % Sin2 %
D3U f P, T nz::ln n+ 1 )p" — ﬁ/D:«;P(p,’y)f(y)dS%y).

Hence

%DP,U(f; p, 2% = ip / DsP(p.7)f () — F(°)]dS*(y)

:ip 0/ DsP(p.)d~ / [F(y) — F@)]dS'(y).

(z0,y)=cos

Using integration by parts and taking into account the statements of Lemma
3.4.3 (assuming [g» f(t)dS?(t) = 0), we obtain

[o
S (fipat) =~ [Py [ i7) - paasio)
0 D2(z%7)
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[ [f(y) = f(20)]dS?(y)
2 D2 (20;

ﬂ 47 sin
= 1 8D3P(p”7/) .47 0:v)
= 2 e sin 5 %SmZ% iy
0
1 [ODsP(p,7) . 41
a _20/ oy st 2
0
471'si1n2 2 f [f(y) - f(IO)]dSQ(y)
X 2 D2(2%y) — Af( 0) d~ + &f( O)
% sin® 3 X 2 x”).

Using Lemma 3.4.3 as before, from the latter equality we easily establish the
validity of Theorem 3.4.3. g
Our next statement is also easy to prove.

Theorem 3.4.4. If at a point 2° € S*~1 there exists a finite ﬁxf(xo), then
DiU(f3p,2) = Do f (),

no matter how the point (p,x) tends to 2°, remaining inside the sphere S*1.

Remark. Theorems 3.4.1 and 3.4.2 are the corollaries of Theorems 3.4.3 and
3.4.4, respectively.

3.5 The Boundary Properties of the Integral
DIZU<f7:07 917927 cee 7'9]6—2790)9 r e N

In this section we prove the theorems on the boundary properties of the integral
DLU(f;p,01,02,...,0k—2,¢), 7 € N when on the unit sphere Sk=1 the density of
the Poisson integral for a ball has a generalized Laplace operator of any order r € N.

Lemma 3.5.1. If P(p,~) is the Poisson kernel, then

Ar(p, )
[(1— p)2 + 4psin® JP+2r+1

DyP(p,7) = (5.1)

where all terms in Ay (p,~y) with respect to (1 — p) and sin 4 are of degree > 2r + 1,
and A (p,7y) is divided by (1 — p?).

Proof. Let ([3])
P(p,y) = (1= p*)[A(p,7)]” D, (5.2)

where

57
Alp,7) = (1= p)* +4psin’ 5.
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By (4.1) and (5.2), we obtain

1 0 _10P(p,
DkP(P,’Y):—F‘a—p[Pk 1%}

10 gy —(A+1)
3 9,0 { 2p[A(p; 7))

A+ 1)1 pZ)[A(p’ry)]f()\Jﬂ)M}

dp
- # ' %{Bl(P»V)[A(Pv’Y)](AJFm}, (5.3)
where N
Bi(p,v) = p*! [ZpA(p,fy) + (A +1)(1 - pz)ﬁ} '

Clearly, all terms in By (p,y) with respect to (1 — p) and sin 3 are of degree > 2.
From (5.3) it follows that

DiP(p.7) = g { PPN 5 (000

p dp
~0+ A LD By o)
= A1(p, M)A, 7)]" O = (1= p?) Di[A(p, )]V, (5.4)
where
Ai(p,7) = pklg 8318(;)’7) “Ap,7) - (A + 2)&(%7)%‘;’7)].

It is not difficult to see that all terms in A;(p, ) with respect to (1 — p) and

sin} are of degree > 3, and as it follows from (5.4), A1(p,~) is divided by (1 — p?).

Assume now that this is the case for some r € N. Then (5.1) yields

D;;Jrlp(p, ’7) = Dk{Ar(pa '7)[A(:Ov ’7)]7(A+2T+1)}

_ 1 974, 0 —(A2r41)
= 8—{0 8—pAr(p, AP, 7)] }
1 (94 (p, -
] k 1{ (p w[A(,o,v)] (A+2r41)

Jo)
0
=3 Bp dp

—(A+2r + 1)[A(p, 7)]—<A+2"+1>% Ap) |
P

=3 %{Br(p,'v)[A(p, 7)]*(”2’"”)},
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As is easily seen, all terms in B,(p,~) with respect to (1 — p) and sin 3 are of
degree > 2r 4 2.

Furthermore,
T 1 8 — 'S
DM P(p, ) = —Fa—p{Br(pw)[A(p, )|}
_ 1 837“(/)’7) —(A2r+2)
=g )

—( 2+ 2) A ) O ) )

= (o A OH = (1= DA ) O, (65)
where
Arialp) =~ { P Ao = O 20+ 2B, () P,

Hence it is clear that all terms in A, y1(p,7) with respect to (1 — p) and 3 are of
degree > 2r + 3 and, as follows from (5.5), A,11(p, ) is divided by (1 — 2).
Thus Lemma 3.5.1 is proved. O

The property A,(p,~) implies
[Ar(p, ) < (1 = p)Lr(p, ), (5.6)

where I,.(p, ) is a homogeneous polynomial of degree 2r of (1 — p, ) with a positive
coeflicient.

Lemma 3.5.2. For any r € N, the following statements are valid:

fID’" (p, 7)Y 2dy = O(1),

)[l)gqoggax |D.P(p,7)| = 0.

Proof. Taking into account (5.6) and the inequality |siny| > 2|v| for |y| < Z,
we have

by T
/ |D£P(p ’Y)|72T+2Ad’7 < (1 . P)/ Ir(p77)72T+2)\d7
’ — 2r+v+1
[(1 — p)2 + 4psin? 7]

2r4-2X

(5.7)

I (ps )y
<C(1-p)
/ [WQ(l —p)? + 4p7?

} 2r+y+1°

Using the substitution v = (1 — p)t and assuming p > 3, from (5.7) we obtain

s
/ | Dy P(p, )|y T dy
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1-p (1 o p)2r(1 _ p)2r+2)\( )(Z Cvtv>t2r+2)\dt
(1 — p)ar+22+2(1 4 2)2r+A+1

t2r+2)\+v) dt
< C/ (1 + (2)2r A+l =0(1).

<C(1-p)

S ‘4

Thus statement 1) is proved. Statement 2) is obvious.
Lemma 3.5.2 is proved. O

Lemma 3.5.3 ([69], p. 287). If from the conditions g(x) = 0 and AVg(x) = 0,
v=12,...,7, follows the equality

hI{l D;U(g; p,x) =0,
p—1—
then the equality A"g(x) = S implies that
lim DyU(g; p,x) = S.
p—1—
Proof. Let us first prove that there exists a finite sum of spherical harmonics
T
T(y)=>. aij)‘([fz:, y]) such that
§=0
A'T(x) = A f(x), v=0,1,2,...,7

Indeed, since the operators A? and AV are linear,

BT() = Y a5 P (o,4]) = A'T(y),

7=0

we can choose a; such that
> a;PM1) = A’f(x),
Z[—](]—Fk—Q)]UCL]P])\(l):va(l‘), ’U:]_,Q,...,T‘

This system has a unique solution because its (Vandermonde) determinant is
not equal to zero.

Let now g(t) = f(t) — T(t), where T(z) = f(x) and A"T(x) = AVf(z), v =
1,2,...,7 (A"T(x) = 5).
Moreover,

U(g; pyx) = U(f; p,a) = U(T; p,a) = U(f; pyx) = Y auP) (cosy)p,
v=0
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whence

]
DyU(g; p,x) = DyU(f; p, ) — Y ayDpP(cosy)p".
v=0
This implies that

lim DiU(g; p, ) = lim DRU(f; p, 2) — DiT(2) = lim DRU(f; p, ) = 5 = 0.
p—1— p— p—
Lemma 3.5.3 is proved. O

Theorem 3.5.1. If at the point z°(1,69,69,...,60 5, ") there exists a finite
A" f(20), then

liIP DLU(f; p,2°) = A" f (V).
p—1—

Proof. Assuming that z° is the initial point, we have

(2! E / D}P(p,7) (45" (1
T2
- % / DLP(p,y (1)1
2
Ck=1(x0y)
TG) o,
I ki /D (p, ) sin® =2 ydy
w2l T
1
dsk2 5.8
T F(1ds* (1) 5:)
Ck 1(330 ’Y)
By Lemma 3.5.3, it can be assumed that f(z%) = Alf(2%) = --- = A"f(2°) = 0.

Let € > 0 and choose § > 0 such that
1 - 'S
W‘ f(t)ds* 2(t)‘ <ey¥ for 0<y<d. (5.9)
CF=2(a05y)

Then from (5.8) we have

U(fip,a’) = ——7"—
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s
1
+ [ D.P(p, sin* 2 ydy——————
/ kP (p,7) 2y VS 2
6 Ch=2(a0)

f(t)ds“<t>} CLih

By virtue of (5.9) and statement 1) of Lemma 3.5.2, we obtain

™

11| < Ce / | DY P(p,y) |y 2dy < Ce. (5.10)
0

Furthermore, taking into account statement 2) of Lemma 3.5.2, we obtain

o] < Cunax | DEP(p )] [ 1148 0), (5.11)

k-1
By (5.10) and (5.11) we conclude that Theorem 3.5.1 is valid. O
Lemma 3.5.4. Given finite functions a;(x), i = 0,1,2,3...,r, there exists a

function
Zav VPM[z,1])
possessing the properties
T(z,z) =ap(z), DiT(z,z)=oay(x), v=1,2,... 7.
This lemma can be proved analogously to Lemma 3.5.3.

Theorem 3.5.2. If at a point 2 € S*=1 there exists a finite AT.(20), then
€T

lim  DyU(f; p,x) = AL f(20).

(py2)—(1,2°)

Proof. We have

E
tU(f: pra / DEP(p, 1) £ (1)dS*1(2)
r(5) 7 »
=~ [ Dipe F()ds (1)
2= 0/ ren Ck- !m)
r(s) 7 1
= 7/D};P(p,7) sin" 2y / F(H)dS*2(1).
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According to Lemmas 3.5.3 and 3.5.4, for any € > 0 we can choose § > 0 such that

1

k—2 2r 0

CF=2(zyy)

Our further reasoning will be the same as in proving Theorem 3.5.1. U

Lemma 3.5.5. For any r € N, the following statements are valid:

T|0D; P
1 [ xP(p,7) N2rHR=lgy = O(1),

0 Iy

DyP

2) lim max w‘ =0.

p—10<6<r<m 0y
Proof. From (5.1) it follows that

OD;P(p, ) _ T,(p.7)
o

9 .9y Y+2r+27
[(l—p )+ 4psin 5]

where all terms in T}.(p,v) with respect to (1 — p) and sin 3 are of degree > 2r + 2,
and T (p, ) is divided by (1 — p?). Therefore

T (p, I < (1= p)Lri1(p, ), (5.12)

where I,11(p,~y) is a homogeneous polynomial of degree 2r 4+ 1 of (1 — p,~), and all
its coefficients are positive.

Using the substitution v = (1 — p)t and taking (5.12) into account, for p > § we
have

A I 2r+k71d
72r+k71d,y < C(l o ,0)/ r+1 (p,’y)’y Wz2r+2
s [(1 — p?) + 4psin? %}

/ ODyP(p,v)
Oy
0

s 2T+1
o (1= p)Pr (1 — p)2r i1 — p)( Cvt”)tm”rk*l
v=0

(1 — p)Ar+2XH4(] 4 2)A+2r+2 dt

o

. 2r+41
T ( T t2r+2)\+1+v>dt

o v=0
=C / (1 4 t2)2r+)\+2

= 0(1).

Statement 2) is obvious.
Lemma 3.5.5 is proved. O

Theorem 3.5.3. If at a point 2° € S*~1 there exists a finite ﬁ"f(ﬁo), then

lim DiU(f; p,2") = A"f(a”).
p—1l=
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Proof. Using integration by parts and assuming that [ f(¢£)dS*~1(t) = 0, we

Skfl
obtain
E
2
TU(f; p,2%) = — / DiP(p.)dy [ fwdstR
T2
CF=2(a%7)
L(5) Toprp
— _ 2])/ k (p77)d’7 / f(t)dsk—l(t)
2712 8/7
0 DFk=1(z0:y)

k) ™
(5 IODLP(0,7)| k1.0 1 / k—1
D YAy t)dS t).
/ D N ey Fods0
DF=1(a%7)
Further, using Lemmas 3.5.3 and 3.5.5 and arguing as in proving Theorem 3.5.1,
we obtain the proof of Theorem 3.5.3. U

In the same manner we prove

Theorem 3.5.4. If at a point 2° € S*~1 there exists a finite &;f(xo), then
lim  DyU(f;p,x :ﬁ;f zY).
ot o D (f;p, ) (27)

Remark. Theorems 3.5.1 and 3.5.2 are the corollaries of Theorems 3.5.3 and
3.5.4, respectively.

The boundary properties of first and second order partial derivatives of the
Poisson integral for U(f; p, 0, ¢) e are thoroughly investigated by O.P. Dzagnidze in
[18-25] for the case k = 3.

3.6 The Dirichlet Problem for a Ball

The Dirichlet problem for a ball is formulated as follows: Given a function f(z) on
Sk=1find in V* a harmonic function function U(p,z), 0 < p < 1, x € S*¥~1, which
on S*~! the value f(z).

Theorems 3.2.1 and 3.2.2 in terms of the Dirichlet problem can be formulated
as follows.

Theorem 3.6.1. If f(x) is continuous on S*~1, then the Poisson integral U(f;
p,x) (which is harmonic in the ball V) is a solution of the Dirichlet problem in a
sense that for all T = (1,01,0s,...,0,_2,¢) € SF1,

U(f;p,x) = f(T),

no matter how the point (p,z) = (p, 01,02, ...,0k_2,¢) € V¥ tends to T, remaining
inside the sphere SF~1.
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Theorem 3.6.2. If f(x) € L(S*Y), then the Poisson integral U(f; p, x), being
a harmonic function in V¥, has almost everywhere on S*~! boundary values along
all non-tangential paths to the sphere S*=1, which coincide with the values of f.

In this section the Dirichlet problem is solved for the case where the boundary
function f(x) is measurable and finite almost everywhere on S*~! (N.N. Luzin’s
formulation). To solve the problem, we need an analogue of Luzin’s theorem on the
existence of a primitive function for a function of many variables. The proof will be
given for a function of two variables.

In [14], A.G. Jvarsheishvili generalized Luzin’s theorem to a function of two vari-
ables. He proved that if P(z,y) and Q(x,y) are arbitrary measurable and almost
everywhere finite functions on Ry = [0, 1;0, 1], then there exists a continuous func-
tion F'(x,y) such that almost everywhere on Ry, dF(z,y) = P(x,y)dzx + Q(z, y)dy.
This problem was posed by G.P. Tolstov [76].

In this section we obtain an analogue of this theorem for a derivative of the
function of two variables f(x,y) at the point P(z,y) and define it as follows:

1 t.7)dS(t7) — f(z.
Af(y) = lim A, (f;P) = lim 7 Jowin £(6T)AS () — ()

1.2 ’
47"

where C(P;r) is a circumference of radius r, with center at the point P(x,y).

Theorem 3.6.3 ([84]). Let F(x,y) be an arbitrary measurable and almost ev-
erywhere finite function on Ry. Then there exists a continuous function F(x,y)
such that

AF(Q?, y) = f(xv y)

almost everywhere on Ry.
First we need to prove a few lemmas.

Lemma 3.6.1. For any M > 0 and for a real number a, there exists, on Ry, a
continuous function F(x,y), such that

1) F(z,y) =0, when (z,y) € ORo,

2) E(x,y)! < Mzr (Jj’y) € RO:

3) AF(z,y) = a almost for all (z,y) € Ry.

Proof. Let ®(x,y) = 4(2* + y?), (x,y) € Ro.
It is obvious that
Ad(x,y) = a.

By A.G. Jvarsheishvili’s Lemma 2 ([14], p. 16), we can construct a stepwise
function S(z,y) such that S(z,y) = ®(z,y), when (z,y) € Ry, and for all (z,y) €
Ry we have

(2, y) — S(z,y)| < M.
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Denote

It is clear that F'(z,y) satisfies all the required conditions.
The lemma is proved. O

Lemma 3.6.2. Let G = U}_ ry C Ro; v, = (0, B Vi Ok); 7 N1 = D, 0 # .
For any numbers ai, k =1,2,...,n and M > 0, there exists a continuous function
F(z,y) such that:

1) F(z,y) =0; (z,y) € Ro— G;

2) |_F‘($7y)| < M2? (z,y) € Ro;

3) AF(x,y) = ax almost everywhere on ri, k=1,2,...,n;

4) AF(z,y) = 0 almost everywhere on Ry — G.

Proof. By Lemma 3.6.1, for each r; we construct a continuous function Fy(z,y)
such that

Fk(‘T’y):O’ ($’y)€RO_Tk; |Fk(‘T’y)|§M2’ (Jj’y)eRO

and almost everywhere on ry,

AFy(z) = a.

It is obvious that the function
n
k=1

satisfies all the conditions of the lemma. O

Lemma 3.6.3. Let f(x,y) be the continuous on Ry function. Then for any
e > 0, there exists a continuous function F(x,y) such that

1) F(x,y) =0, when (z,y) € ORy,

2) |F(x,y)| < &% for all (z,y) € Ro;

3) almost everywhere on Ry

|ZF(‘T’y) - f(x’y)| < 52‘
Proof. For ¢ > 0, we choose §(g) > 0 such that

! " 2
p(Pr,r;lg,,gdlf(P) FPT)] <&

By the straight lines, parallel to the coordinate axes, we divide Ry into intervals
T1,T92,...,Ty S0 that d(ry) < 0, k = 1,2,...,n. We denote by Py the center of an
interval r;, and assume ag = f(Pg).

By Lemma 3.6.2, we can construct Fi(x,y) such that Fi(z,y) =0 for all (z,y) €
Ro — 1y, |Fr(z,y)| < €2 for (z,y) € Ry, and AFy(z,y) = ax almost everywhere on
Tk
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It is obvious that if .
F(SE, y) = ZFk(xv y)v
k=1

then |F(x,y)| < &?, (z,y) € Ry and AF(z,y) = ay almost everywhere on 7.
Therefore o
|AF(J,‘,y) - f(x,y)! < 82

almost everywhere on Ry.
The lemma is proved. O

Proof of Theorem 3.6.3. By Luzin’s property (C), there exists a sequence of
perfect sets {P,} such that P, N P; = @, i # j,

Ro:HU<UPn>, mH =0,

n=1

and the function f(z,y) is continuous on each set P,. According to the Brower-
Urison theorem ([118], p.133), there exists a continuous function f,(z,y) on Ry such

that f,(z,y) = f(z,y) when (z,y) € P,. Let us cover each Py by the systems H,gm)
consisting of a finite number of non-overlapping segments so that for any k£ and m

each point P, would lie strictly inside one of the segments forming H ,gm), and so
that

H™Y cH™ (m=1,2,3,...),

P, = ﬁ am,

m=1

H™ AH =0, by £k, 1<k, ks <m.
Assume

fk(x7y)7 when (l‘,y) € H]Em)v 1< k < m,
0, when (z,y)€ H,gm).

m=1

gm(x’ y) =

gm(x,y) is a piecewise continuous function on Ry. It is not difficult to show that if

(x0,Y0) € 8 = () P, then
k=1

lim gm (w0, yo) = f (o, Yo)- (6.1)

m

Putting

Vi(2,y) = q1(z,9),
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\I"m(xv y) = gm(x)y) - gmfl(ﬁvy)v m > 17
by (6.1) we have

[e.o]

T y) = Z \Ijm(xv y)
m=1

Let us consider the set
m—1
E =H", E,= m)u{ U ,gm>>}.
k=1

For (z,y) € CE,,, we have

U (x,y) =0. (6.2)
Let .
Om = | Pr-
k=1
Then
Om—1 ﬁEm = .
Hence

Pm = p(emfly Em) >0; lim p, =0. (63)

Enumerate arbitrarily the rectangles contained in E; and assume E; =
{A1,As, ..., A, }. Then divide E; into a finite number of rectangles Ag, v1 < s < v3
and so on. Generally speaking, E,, is divided into a finite number of rectangles Ay,
Um—1 < 8 < Uy

By virtue of (6.3), if (z,y) € Op—1, (t,7) € As, Vm—1 < § < Uy, then

pl(z, ), (£, 1) = V(@ = )2+ (y = 7)2 = pi.

Assume

( ) \Ifm(x,y), when (.’ﬂ,y) € As» Um—1 < 8§ < Um,
€T =
Py 0, when (z,y)€As, vm—1 < 8 < Uy

It is easy to show that on ©,

z,y) =Y @s(@,y).
s=1

Note that p4(x,y) are piecewise continuous functions on Ry. By the latter fact
and Lemma 3.6.3, for 5, 71 > 0 there exists a continuous function Fi(z,y) on Ry

such that for all (z,y) € Ry we have

i
|F1($7 y)| < Ea
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Fy(xz,y) =0 when (z,y) € Ry — Ay and almost everywhere on Ry,
r2

By Egorov’s theorem and Tolstov’s remark ([57], p.310), for the number 1, there
exists a closed set Wi, |Rg — Wi| < 3 such that for every point (z,y) € Wl, for
r < ro9 we have

1 1
Ar(f5z,y) — p1(2,y)| < o5 r2< o

r
For the number ?2 there exists a continuous function Fs(z,y) on Ry such that

for all (z,y) € Ry,
2

r2

o)l < 2,

Fy(x,y) =0, when (x,y) € Rp — A2 and almost everywhere on Ry,
2

N T
[A(FL+ Fy) = (1 +92) < 555

Furthermore, there exists a closed set Wa, |Ry — Wa| < 2%, such that for any
point (z,y) € Wy we have

T‘2
A [(F1 + Fo); 2, y] — [p1(, y) + p2(z, y)]| < 2—3

for r <173 < 2.

Let us choose functions Fy(z,y), ..., Fx—1(z,y). Then for the number 2,%1 there
exists a closed set Wy_1, |Ry — Wi—_1| < Zk—l,l such that for any point (x,y) € Wi_1
and r < rp < rk; we have

k—1
‘A [Zszy] Zsozxy‘
=1

Now, by virtue of Lemma 3.6.3, for ;—’,g there exists a continuous function Fj(x,y)
on Ry such that for all (z,y) € Ry

(6.4)

2
,
[Fil, )| < ok, (6.5)

Fy(z,y) = 0 when (z,y)CAg, and almost everywhere on Ry,

r2

|ZF]€($7 y) - (,Dk(l‘, y)’ < 2k<kH :

Thus we have obtained the sequences of continuous functions Fy(x,y), F»(zx,y),
o Fi(z,y)...; numbers r;{ > r9 > -+ > rp > --- — 0 and sets Wy, Wa, ..., Wi,
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., |Ro— Wy| — 0 for which the relations (6.4) and (6.5) are fulfilled. Without loss
of generality it can be further assumed that

1
T < 3Pm when v,—1 <k < v, (6.6)

If the positive integers k and m satisfy the condition v,,_1 < k < v, then we
call them the corresponding numbers.

Assume -
z,y) =Y Fi(z,y).
k=1

Clearly, the function F'(x,y) is continuous on Ry. Let us show that Fi(x,y) is the
sought function.

Let Ej be a set of points at which there exists AFy(z,%). It is obvious that,
mEk = mRo.

Assume E = or% Ek, then mE = mRy and on E there exist AFy(z,y), k =
1,2,...

Let W = hm Wi. It can be easily verified that mW = mRy. Introduce the set

E = EﬁWﬁ@ Thus mE = mRy.
Let us show that on the set E,

Let € > 0 be a given number, and a point Pg(xg,y9) € E. We choose the
corresponding numbers ky and mg so that

1
1 6.8
o <€ (6.8)
and
k-1
‘f(xo,yo) - Z%‘(l‘o,yo) <e for k> ko. (6.9)
=1

Further, since (zg,70) € E, the numbers mg and ko can be chosen so that the
additional conditions

(0,40) € Omy—1, (x0,y0) € Wi, k> ko.

would be fulfilled.
No matter what the number 7 is, the number ky can be chosen so that

el <1 <rp for k> kg

Let us consider the expression

| A (F'5 w0, y0) — f (0, 50)| = ‘ (£ 0, o) Z% (0, Yo)
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o) k—1
> eitan )|+ [Ar(Fiaom) - S o) =Rt (610
i=k =1
In view of (6.9),
I <e. (6.11)

Furthermore,

k-1
12<‘Ar|:z E,ﬂﬁo,yo] Z% 0, Y0)
i=1

Z AT(Fi; Zo, yO)

1=k+1

+ Ay (Fi; 2o, yo)| + =L+ Ly + Ls. (6.12)

Since k > ko, we have (xo,y0) € Wi—1 and therefore by virtue of (6.4)

2

T 1
Ly <o < <E (6.13)
ko

Let k and my be the corresponding numbers, i.e.,
Uy, < K < Uy

By condition, (zg,%) € ©Omg—1 C Om,—1. Therefore for any point (t,7) from
Ay C E,, we have

p[(x07 y0)7 (tv T)] > p(@mkfl’ Emk) = Pmy,- (6'14)

Since (29, yo) € Omy—1, by virtue of (6.14), for any point (¢, 7) € Ay we have

p[(:po +rcose,yo+r sin Qp)’ (t’ 7_)] > p[(an yO)? (t7 7-)]

—pl(zo + rcosp, yo + rsing), (o, Y0)] = pmy — 7 > Py, — Tk
1

_pmk > 0.

1

> P~ 3

Thus the points (zg, yo) and (zg + rcos ¢, yo + rsin p) lie at a positive distance
from Ay and therefore Fy(xo,yo) = Fi(zo + rcos @, yo + rsing) = 0. Hence

Ly = 0. (6.15)

Let us now estimate the last summand:

o

> 777“3 / Fi(t,7)dS(t,T)

=L o)

Z Ar(F'i; Zo, yO) =

i=k+1
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=2 r2 = 272
7 _ 7
<> = / Lds(tr) = Y o 2m
i=k+1 C(Posr) i=k+1

8Tl%+1 8 1
_W<W<k—o<€. (616)

From (6.10),(6.11),(6.12),(6.13),(6.15) and (6.16) it follows that
|Ar(F; x0, 0) — f (@0, y0)| < 3e, for (wo,y0) € E.
Thus A, F(xo,y0) = f(70,y0) and therefore
A F(z,y) = f(2,y)

almost everywhere.
Theorem 3.6.3 is proved. U

Theorem 3.6.4 ([77], [78] and [80]). Let f(x,y) be an arbitrary measurable
and almost everywhere finite function on S?. Then there exists a harmonic function
U(p,z,y) in V3 such that

,l)ifi Ulp,z,y) = f(z,y)

almost everywhere on S2.

Proof. By Theorem 3.6.3, for f(x,y) wee construct a continuous function
F(x,y) such that the equality

ZF(Q?, y) = f(xv y)

is fulfilled almost everywhere on S2.
Consider the expression
2

Ulp,z,y) /D —r _ }F(t, 7)dS%(t, 1), (6.17)
(1 —2pcosy + p?)2

where Ds is a Laplace operator on S2.
It is easy to show that the function U(p, z,y) defined by the equality (6.17) is
harmonic in V3. By Theorem 3.4.1, if at the point (z, y) there exists AF(z,y), then

lim U(p, 2, y) = AF (2, y).
p—

Since AF(x,y) = f(z,y) almost everywhere, we conclude that Theorem 3.6.4 is
proved. O

For any measurable boundary function f(z,y), not necessarily finite almost ev-
erywhere, O.P. Dzagnidze investigated radial boundary values by quite a different
method ([17], [18] and [19]). LI Privalov ([51], [52]) and E.D. Solomentsev ([60]—
[64]) studied the characteristic properties of harmonic functions representable by
Green—Stieltjes and Green—Labesgue type integrals in general domains.
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3.7 Representation by the Laplace Series of an Arbi-
trary Measurable Function Defined on the Unit
Sphere 52

In 1915, N.N. Luzin formulated the following problem:
Let f(x) be an arbitrary measurable function* defined on [0;27]. Does there
exist a trigonometric series

ap > .
5 + Z(an cosnx + by, sinnz), (7.1)

n=1

which is convergent or summable some method to a function f(x) almost everywhere
on [0; 27]?

N.N. Luzin ([43], [44]) proved that if f(x) is almost everywhere a finite measur-
able function, then there exists a trigonometric series of form (7.1.) which is almost
everywhere summable to f(z) by both the Abel method and the Riemann method.

In 1925, I.I. Privalov and N.N. Luzin ([53], p. 309) proved that there exists
a trigonometric series which is summable to +oo almost everywhere by the Abel
method (with respect to the normal).

Yu.B. Hermyyer ([8]) proved that there exists no trigonometric series summable
by the Riemann method to +00 on a set of positive measure.

The fundamental result in this direction was obtained by D.E. Menshof ([48]),
(see also [1]) in 1941. He established that for any almost everywhere finite on [0, 27]
measurable function there exists a trigonometric series of form (7.1) which converges
to that function almost everywhere on [0; 27].

In 1950, D.E. Menshof ([49]) proved that for a measurable function that may
transform to +o0o0 or —oo on a set of positive measure, there exists a trigonometric
series converging to that function in measure.

In 1988, S.V. Konuagin [40] proved that a trigonometric series is not convergent
to +00 on a set of positive measure. According to Menshof and Konyagin, for a
function f to be representable by an almost everywhere converging trigonometric
series, it is necessary and sufficient that this function be measurable and almost
everywhere finite on [0; 27].

Problems of representation of measurable functions of one variable by series with
respect to various systems of functions are studied with sufficient thoroughness. The
modern state of this issue is discussed in detail in [29], [31], [32], [50], [70], [71], [113]
and [114].

In this section we consider the problem of representation of a measurable and
almost everywhere finite function defined on the unit sphere S? by a Laplace series,
namely, we prove the theorem which is an analogue of the above-mentioned Luzin’s
theorem.

* f(z) may be equal to +00 or —oo on sets of positive measure
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Consider the Laplace series (see (1.12))

m=0

where Y,,,(0, ) is a spherical harmonic of order m (0 <0 < 7; -7 < ¢ < ).
Of the terms of the series (7.2) we compose the series

mz::IQYm(G, ) = —mz::l %, (7.3)
where the operator € is defined by the equality ([56], p. 293)
/ F)G e, 5)dS(y),
1 z/\y
G(z,y) = o In sin — 5

A first order generalized Laplace operator of a function f(z) = ¢(60, ) (0 <8 <
7, —m < ¢ < 7) at a point € S? denoted by Af(z) (see Section 3.3), is defined
by the equality ([56], p. 288))

Wlinh f(ac,t)—cosh f( )dS(t) - f($))

n2h

Af(z) = lim

h—0 S1

Let us assume that (7.3) is the Fourier-Laplace series of the function F(x) =
F(0,9) € L(S?).

The series (7.2) is called summable by the Riemann method (or, shortly, R-
summable) to Ip(6, ) + S(0, ¢) at a point (0, ¢) if ([56], p. 289)

ZF(@, p) =S8, p).

A point € S? is called an L-point of the function f if

From [56] (p. 296) we have the following

Theorem A. If f € L(S?), then its Fourier—Laplace series is summable by the
R method at all L-points of that function to f(x).

The following theorem is valid [92]).
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Theorem 3.7.1. If f(z) is a finite measurable function almost everywhere on
S2, then there exists a Laplace series which everywhere on S? is summable to f(z)

by both the Abel method and the R method.

Proof. Let f(x) be a measurable function on S2, finite almost everywhere. By
Theorem 3.6.3, there exists a continuous function F(z) such that AF(z) = f(z)
almost everywhere on S2. Let (7.2) be a Fourier-Laplace series of the function
F(z). Differentiating the series (7.2) termwise, we obtain the Laplace series

i DsY,, (0, ) i m(m +1)Y,,(0, o), (7.4)
m=1

where D3 is a Laplace operator on S? (see Section 3.1).

By Theorem 3.4.1, the series (7.4) is summable almost everywhere on S© by the
Abel method to f(x).

Furthermore, at all points x € S? at which there exists a finite AF(x), the series
(7.4) is summable by the R method at a point = to AF(x), and AF(z)=f(x) almost
everywhere.

The theorem is proved. O

Remark. We do not know the following: 1) whether the theorem proved
above remains valid when f(x) = 400 or f(z) = —oo on a set of positive mea-
sure; 2) whether analogous statements are valid for the method (C,a), a > 0, and
whether o depends on space dimension.






Chapter 4

Boundary Properties of
Derivatives of the Poisson
Integral for a Space R]_frl (k> 1)

4.1 Generalized Partial First Order Derivatives of
a Function of Several Variables

RF is the k-dimensional Euclidean space (R = R!).

e; (1=1,2,...,k) is the coordinate vector.

Let (see [31], p. 174) M = {1,2,...,k}, (k € N, k > 2) and B be an arbitrary
subset of the set M, B’ = M|p be a complement of the set B with respect to M.
For x € RF and B C M, by z 5 we denote a point of RF whose coordinates with
indices from the set B coincide with the corresponding coordinates of the point z,
and the coordinates with indices from the set B’ are zeros (z,, = x, Bl; = Bly). If
B ={i1,ia2,...,is} 1 < s <k (i <i, forl <r), then T, = (24, iy, .. ., Ti,) € R;
m(B) is a number of elements of the set B; L(R*) is a set of functions f(z) =
f(x1,x9,...,x), such that

% € L(R").
(1+[z*)=

Let u € R. For the function f(x) we consider the following derivatives.
1. We denote the limit

-~ flz, + x%, + ue;) — f(z, —1—:1:?3/)

(u,T ) —(0,7Y) U

a) by f,(2°) if B = 2,

87
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b) by Dy, (z,)f(2") if i € B,
c) by ﬁm%) f(20) ifi € B.
2. The limit

- f(z, +1‘ +uel)—f(m3+x%,—uei)

(u,Z ) —(0,7%) 2u

is denoted

a) by D,," f(2°) i B = 2,

b) by D5 (7,) f(20) if i € B,

¢) by Dy (z,)f(2°) if i € B.

The following statements are valid:

1) If By C Bj, then the existence of Dy, (EBl)f(azO) implies the existence of
D, (EB2)f(x0), and Dy, (T, )f(2°) = fi (2°) = Dy, (EB2)f(x0). The converse is not
true.

2) The existence of D, (@) f (2%) implies the existence of D, (Tp,)f (2%) and
their equivalence.

3) The existence of D, (T, )f(z°) implies the existence of D, (T Ty, Vf(2Y), and
D@, f(2°) = Dy, (7,,)f(2°) = f1,(2°).

4) If f (x) is continuous at the point 20, then for any B C M all derivatives
D,,(Z,)f(2°) exist, and

ﬁwi (EB)JC(‘TO) = falcl (950)

Indeed, by the Lagrange theorem we have
[y + a9, +ue) = flay +00,)  fLlw, +al + bx)uciu

u U
= fg/gi[QUB + x%, + 0(x)ue;], 0<6<1,

from which it follows that Statement 4) is valid.

5) There exists a function f(x) for which ﬁzi(m) f(2°) exist, but, on an everywhere
dense set, f; (x) do not exist (see Section 1.1) in the neighborhood of the point x°
(see Section 1.1).

6) If f(z) has, at the point 2¥, the finite derivatives

Dxl(:pg,xg,...,xk)f(mo)v ng(xg,...,xk)f(mo)7 X Dmk,l(:pk)f(x[)%

then the continuity of f at the point 2 in the argument zj is the necessary and
sufficient condition for the function f(z) to be continuous at the point 29 (see [26],
p. 15).

7) The existence of the derivatives Dy (5, 4, .. ,wk)f(:po) D, (zs,.. ,:vk [ 9),.
D, (2 f(2%) and f (2°) implies the existence of the differential df (z") (see [26]
p. 16).

In the sequel, it will be assumed that f € L(RF).
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4.2 The Boundary Properties of First Order Partial
Derivatives of the Poisson Integral for a Half-Space
R (k> 1)

The integral

k+1

BN
) ft)at
/ (I

Tl

U(f;z,Tp41) = %
s

H{~—

1 k+1

t—x|2+1:%+1) 2

M‘

L
_i /Pt—xmﬂﬁ@ﬁ

Tkl x,t € R is the kernel, is called the

where P(t — z,xp11) = =S

(|t — x|+ aciﬂ) 2
Poisson integral for a half-space R¥™ = {(z, 2541) € RF! i 2 € RF 2p4150)-

It is shown in [93] (p. 25) that there exists a continuous function of two variables
f(z,y) € L(R?) such that at some point (zq,yo) there exist finite partial deriva-
ou(f;

(f?nyJZ) and

ox

(U(f;,y, z) is the Poisson integral for R3) have no boundary values

tives f7.(zo,y0) and fy(zo,%0), but for this function the integrals

oU(f;z,y, 2)
Ay
at the point (z, yop) even with respect to the norm.

Hence there naturally arises the question whether it is possible to generalize the
notion of derivatives of a function of several variables so that a Fatou type theorem
be true for the integral U(f; z, xg+1).

In this section, for the derivatives introduced in Section 4.1, we prove the Fatou
type theorems on the boundary behavior of first order partial derivatives of the
Poisson integral for the half-space R{frl ([83], [96]-[104]). In particular, it will be
shown that the boundary properties of derivatives of the Poisson integral for a half-
space depend essentially on how the Poisson integral density is differentiable. We
construct the examples illustrating that the obtained results are unimprovable (in
a certain sense).

0
When investigating the boundary properties of partial derivatives %U ¢(r,0,0)

and aiU ¢(r,0, @) of the spherical Poisson integral U (r, 6, ¢) for a summable func-
¥

tion f(6, p) on a rectangle [0, 7] x [0, 27], O.P. Dzagnidze introduced the notion of a
two-sided angular limit ([23], p. 63) which extends to R’fl as follows: if the point

N e Rffrl tends to the point P(z",0) provide that
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Tk+1

\/g(l‘i—x?)z

then we write N(x, zx11) AN P(2°,0).
Tp

>C>0,*

If B = M, then we have an angular tendency and we write N(z,xg4+1) AN
P(2°,0). Finally, the notation N(z,zry1) — P(2° 0) means that the point
N(x,7x41) tends to P(2°,0) without any restrictions on the tendency and remains
okl
in RY.

Jr

Lemma 4.2.1. For any (z,xg+1) € Rffrl and i = 1,k the following statements

are valid: t VF(t — ties)dt
i — T —tie;
1) Il = f 513 0,’

Re ([t—a> +a3,,)2
(k + 1)xk+1r<k—;1) (ti - IEi)th

2) I = o =1

T2 re ([t — | +a7,,) 2
‘8P(t , Tht1) ‘ ) = 0;

3) lim sup
k4170 |¢>5>0

OP(t, xps1)
S A
aP(t —Z, :Z:kJrl)
)
=

Proof. We have

[ tlat = 0(1);

tldt = O(1) for 2L > C > 0.
|

(ti — i) f( )
I —
1 R/(|t—x|2+xk+1)$

oo
— / Fx+t —tie))dS Ear) / bidks =z = 0.
. Sz,
Next,

. (k + 1)%:?(%) / t2dt _

R (Pl
Passing to the spherical coordinates (p, 01,602, ...,0;—2,¢), we have
t?dt B p?sin® 0y sin? 6, . . .sin? 0;_; cos? 6;

/ (|t|2+$%+1)% _/ (P2+5’3i+1)%

Rk Rk

*Here and everywhere below, by C' we denote absolute positive constants which may, generally
speaking, be different in various relations.
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xpPLsin®2 0, .. sin* 1 0;_1 .. .sinOp_odpdh; . . . dOp_odyp
k—2
o0 ™ ™
2 k+1d ]
= T / p 5 €+3 / . / SiIlk (91 SiIlki1 02 e SinkilJr2 (91‘,1
Tk 5
H 0 (L+p%)2 0 0

x cos? 0; sin* "1 0, .. sinB_od0,ds . .. dOk_o.

Using the well-known equality ([4], p. 383)

] sin*~1 9dg = F<%>
; r(4)

we can show that

k—2
——

™ ™
/ . ./sink 01 sin® 1 0y .. .sin* 720, cos® 6, sin* 1 g,
0 0

k=2
w2

On the other hand, ([10], p. 311, No.10, and p. 1023, No 8.756), it can be
verified that

X sin® 2 0,1 .. .sinOp_od61dbs . . . dOy_o =

® Py k:l“(%)ﬁ
0/(1+p2)% - 2(k:+1)1“(’“—§1)‘

As a result, we have

(k+ 1)xk+1f(k%1> 27 k:F(%)\/E T
Iy = . . . . = 1.
s Thil 9k + 1)r(%) kr(g)
The validity of Statements 3), 4) and 5) is proved analogously.
Thus Lemma 4.2.1 is proved.
The following theorem is valid. U

Theorem 4.2.1. (a) If at the point x° there ezists a finite derivative
D, () f(2°), 1 <i <k, then

. oU(f;x,xp1)  Of (2°)
lim = . 2.1
(,@k41)—(20,0) ox; ox; (2.1)
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(b) There exists a continuous function g € L(]ﬂ such that at the point 1° =
(0,0,...,0) = 0 the equality Dxi(xB)f(O) =0, =1,k, holds for any B C M with
the property m(B) < k, but the limit

aU(ga 07 :EkJrl)

lim , 1=1,k
T+1—0+ ox;
do not exist.
0 (k+1)r(EEL) . .
Proof of Item (a). Let z° =0, Cp, = —7=>2. It is not difficult to verify

2

that

k+3
Iz t—x|2+m%+l)%

OU(f; 2, xpy1) _ Ckl‘k+1/ (ti — ;) f(t)dt
L

k+3 °

tif(z + t)dt
ZCkl‘kH/ 2f( 5 )
L (P + )

In view of Lemma 4.2.1, we have

oU(f;x,x — t2
% — Dy, () f(0) = Ck$k+1/ 5 z2 )
i St
% flx+1)— ft('x—i-t— tie;) —ﬁxi(x)f(o)}dt =1 + I,
where
I = Cywpi /, Iy = Cywpi /;
Vs CVs

Vs is a ball with center at the point o, of radius §. Let € > 0. We choose § > 0 such
that

fla+t)— fle+t—tie;) —
for |z| < 6 and [t < 20.
Thus we have

11| < Ck$k+1€/

t2dt t2dt
: s < C’kl‘kﬂe/ L T = €. (2.2)
o (

)
(It + 23 ) 2 ik [t2 + 2, ) 2

It is also easy to show that

I =0. (2.3)

(:E,:Ek+1)—>(:t0,0)

(2.2) and (2.3) show that the equality (2.1) is valid.
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Proof of Item (b). Let D = (0 <t; < o00; 0 <ty < 00,...,0 <t < o0). We
find the function g as follows:

(t) B MYtito, .. g, if (tl,tg,.. .,tk) eD,
= 0, if (t1,t2,...,tx) € CD.

We can see that g(t) is continuous in R* and ﬁxi(fB)f(o) =0,i=1,k for any
B when m(B) < k.
If in the integral

OU(g; o, xk1) Ckka/ (ti — x;)g(t)dt
(
k

4 553
Iz it — 2+ a5 )2

we pass to the spherical coordinates, then for the considered function we have

OU(g; 0, xpy1) C'kl‘kﬂ/ tig(t)dt
(

, [EE]
0 RE [t + 2%, 1) 2
o0
k+1/ &
ZC'ka/p—pka_ldp

0 (p? +x%+1) 2
Th41

x pk+k—jldp karkLHdp
= O / o Em > CTen / 2 S
0 (P + i) 2 (P* + i) 2

0
Tr+1 k
> Cx pk+mdp = ¢
k+1 :Ek+3 - k+\l/m7
0 k+1
whence
0U(g;0,x
lim (ga ) k:+1) = 400
Tp41—0+ 83&
The theorem is proved. O

Corollary 4.2.1. If at the point z° there exist finite derivatives ﬁxi(x)f(a:o),
i=1,k, then
dU(f; 2, 2p41) = df(2°).

(xvkaLl)"(mOvO)

Corollary 4.2.2. If f has a continuous partial derivative f;l(x) at the point 20,
then
U (f; x, Tr+1)

(2,2 41)—(29,0) ox;

= f1.(z").
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Corollary 4.2.3. (a) If f is continuously differentiable at the point x°, then

lim dU(f; 2, xp41) = df (29).

(x>xk‘+l)*>(m0’0)

(b) There exists a differentiable function g(ti,t2) at the point (0,0) such that
dg(0,0) =0, but the limits

oU(g; w1, 22, 73) oU(g; x1, x2, 73)

lim ; lim
(21,22,23)—(0,0,0) O0xq (z1,22,3)—(0,0,0) 0z

do not exist.

Proof of Item (b). Assume D = [0, 1;0,1]. Let

ot ta) = {;”/tiftg when (t,t,) € D,

0 when (t1,t2) €] — 00, 0;0, co[U] — 00, 00; —00, 0],

and on the set ]0, 00;0, co[\D we extend it continuously keeping in mind that the
condition g € L(R?) is fulfilled. It is easy to verify that g(t1,ts) is differentiable at
the point (0,0), and

ggl(0,0) = 922(0,0) =0.

Let (w1, 22,23) — (0,0,0) for 1 = 0, x3 = 23, z2 > 0. Then for the considered
function

00 00
3U(g,0 9, 333 - 3.’E3 // tlg tl,tg dtldtQ
0x1 T
0 0

tg — 352) + IEZ]%

3$ / / tlg ti1,to + Jig)dtldtg . 3$2 / / t1 ¥/ t3 t2 +IE2 dtldtg

2 2 2 2 2
(8 +13 + 24) s, ) (2 + 13 + 28)3
2:172 296 3 2362 2:172

33:2 / / 1B Bty 31‘2:E2 / / gt

(2 + 12 + 23)3 4x2+4x2+x2)§
a3 a5
1 0+
= ——— — OO as I9 — .
1627 /23 2
The theorem is proved. O

Theorem 4.2.2. If at the point z° there exists a finite derivative Dxi@M“)f(J:O),

then
Ulfs o, zh41) _ df(x)

lim
(@) +1)—(20,0)
1
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Proof. Let 2 = 0. By Lemma 4.2.1, we have the equality

Ulf;z,x I

% — DIZ(EMIz)f(O) = Okﬂj‘kJrl / (2 - ) -
Z Rk (|t_$| +xk+1) 2
X [ t; - Dxl(fMll)f(O)] dt =1 + I,

where Il = Ck:lik+1 f, 12 = Ckl‘k+1 f .
Vs CVs
Let € > 0, and we choose § > 0 such that the inequality

‘f(t) — f(t —tie;)
t.

xi(TM‘i)f(O)‘ <e

is fulfilled for |t| < 4.
By virtue of the above reasoning,

it — ) |dt t2dt
|| < Ckxk+16/ | Z(; ;)| s < Ck9€k+1€/ 5 : PR
=2+ i)™ e (P A+ )

t;|dt pd
+Ck1‘k+1€’$i|/ 5 | ZL B3 5+C$k+15’x1|/—pj
Ea (1% + 2% 4q) 2 (P +af,) 2
k o0
_ Capilae prdp Clai]
=&+ 543 e = (L <
L1 (1+p%)2 Th+1
whence we have
hm I =0.
2k 1)~ ~(20,0)
Analogously, we can prove that
hm I, =0.
(2p 1) ~5(29,0)
The theorem is proved. O

Theorem 4.2.3. If at the point 2° there exist finite derivatives
wi@y ) (@) and Dy fa?), i#j, B=Ml{ij},

then

U(f;z,zp41)  0f(a?)
8$i N 8% ’

lim
(2,p41)—(20,0)
B2
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oU(f;z, xp11) 3f($0).

lim =
(z,2511) 2 (20,0) Ox; Ox;

Proof. Let 2 = 0. By Lemma 4.2.1, we have

Wi tin) _g,q,,, [ =m0
L

. k+3
Ox;

|t—x|2+$i+1) 2

= Ckl‘k 1 / (tj - $J){[f(t) B f(t — tiej)] + [f(t — tiei) — f(t —tie; — tjej)]}dt
) (16— o + 2,) 5

Rk
= Ck-ﬂfxﬂ/ (tj —x)[f() — f(¢ :f;ei)]dt
RE (’t_15’2—|—xz+1)7
tj — )l (t—tiei) — J(t — tie; — L€,
+Ck$k+l/(] A : éf( e J>]dt:]1+12’
(It = +ag,,)2

Rk
where

ti t: —x; t) — t—tiei
IlzckaJrl/ (23 23) T f() ft( )
Jo(t—aP+a, )5 i

tit'—x' ft—ft—tiei
= Ckﬂfkﬂ/ (2] 2]) T [ (®) ; ) —Dxi(zM‘i)f(O) dt
C(t—2P g ) i

dt

ti(t; — x;)dt
k43
(1t~ 2 +a2,)"3

+Ck$k+1Dxi(3M|i)f(O)/ = I{ + I{/.

Rk
It is easy to see that I{' = 0 and

f(@t) — f(t —tie;)
t;

ity — ;)|
i3
(It —z> +a7,,) 2

15| < Ckxkﬂ/

Rk

Reasoning analogously as in proving Theorem 4.2.2, we obtain

lim I} = lim I; =0.
(x,xk+1)$0 (:v,:karl)LO
z; z;

Let us now show that

lim I2 = ij(EMHi,j})f(O)'

A
(z,241)—0
Tj
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Indeed,
IQZO]C:EIC+1/ |J(2J 2])’ T
PATEETITINE
f(t — tiei) — f(t — tiei — tjej)
8 t] a Dxﬁ(me,j})f(O)} 4+ Doz, 0,7 (O):
whence we easily arrive at
. af(0)
lim L=D,z f(0)= .
($,$k+l)%’0 3 MHW}) a:L‘J'
J
Finally, we have
($,$k+1)£>0 ij 83:.]
iTj
The theorem is proved. O

Analogously, we prove the following

Theorem 4.2.4. If at the point 2° there exist finite derivatives

Dml(:vg,:pg,...,mk)f(xo)7 Dmg(mg,...,:pk)f(xo)v .-

. ka,l(xk)f(xo)v fa,ck (‘To)v

then
lim oU(f; @, xp41) _ f)f(avo)7
(#Tpt1)— - " (29,0) dz1 o1
lim Ulfs o, xhe1) _ (9f(3:0),
(2,25 41) > (20,0) Oz 0z
1,22
L U 056"
(@2511) L (20,0) Oz Oxy,

Corollary. If at the point 20 there exist finite derivatives

IG0), DI,

M| M|{1 2

then

lim dU(f; 2, xp41)
(2,2p41) " (20,0)

Dy, (e f(2°), fr, (),

= df (°).
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Theorem 4.2.5.

(a) If at the point z° there exists a finite derivative D;(i )f(xo), then
iTar

lim OU(f;x — xie; + 2Ve;, wp41)

(z—zie;+x0e;, 1) —(20,0) ox;

— D3, f(a°).

(b) There erists a continuous function g(x) such that D7

Z@MH)g(fL‘O) =0, but
the limit

OU(g; x, Tp41)
8.Ti

lim
(2,2%4+1) "> (20,0)

does not exist.

Proof of Item (a). Let 2° = 0. We have

OU(f; 2, wpt1) _ Ckl'kJrl/ (ti — ) f(t)dt
L (

. ﬂ’
Oz t— 2+ a3 ) 2
hence
OU(f;x — miej, xpq1) tif(t)dt
Ox; = Ok 2 2 AR
i ki (|t =z + zieil® + 23, ) 2
Transforming t1 — x1 = 71, to — 9 = 70, ..., t; = T4, ..., tx — T = T the latter

equality yields

8U(f;x—xiei,xk+1) — O 1/tlf(tl+$1,...,ti,...,tk+$k)dt
+

. o k3
ox; FA (|t|2+xz+1) 5
tif(t+ o — xze;)dt
= Ckkarl/ ! (2 2 ZLJF):)) . (24)
S )
By means of the substitution t; = —7;, from (2.4) we get
8U(f;x—xiei,xk+1) - _C tif(ti—l-l‘l,...,—ti,...,tk—l-fl‘k)dt
0x; T kTR 24 2 \EE
: J (2 +a2,,)
tif(t +x — xie; — 2t;e;)dt
= —Ck$k+1/ 2 5 ; - wl 0 . (2.5)
PRI

(2.4) and (2.5) result in

OU(f;x — wie;, Tpq1)
8.Ti
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k+3

_ Ckkarl / ti2 ] f(t +x — xiei) — f(; +x — €T;€; — 2ti6i)dt.
(It + 254q) 2

Rk

By virtue of Lemma 4.2.1, this equality leads to

8$i Ml’L

U(fsz — wies,
(fam Zie J:kJrl) )f()

t:

= Ck$k+l/ : k+3
RE (12 +az,,) 2

f(t +x — l’iei) — f(t +x— €T;€; — 2tiei)

X 2t - Dxi(ngi)f(O)] dt. (2.6)

Reasoning as in proving Theorem 4.2.1, from (2.6) we find that Item (a) of
Theorem 4.2.5 is valid.

Proof of Item (b). Assume Dy = [0,1;0,1], Do = [-1,0;0, 1]. Let

tl\/E, when (tl, tg) €Dy,
g(t1,t2) = —tiv/t2,  when (t1,t2) € Do,
0, when 9 <0,

and on the set R%|(DyUDy) we extend g(t1, t2) continuously so that g € L(R?). Tt
is easy to verify that D;‘l(tQ)g(O) =0. Let 2§ = 2§ = 0 and (21, 79, 23) — (0,0,0) so
that xo = 0 and x3 = x1. Then for the above-constructed function,

U (g; x1, x2, x3) _ %/ (t1 — 21)g(ty, t2)dtydts
[(

Oz 2m t1 — $1)2 + (tQ — $2)2 + Ig]

R2

0 1 1 1
tl — 1,‘1 \ —tl dtldtg tl — 1,‘1 \ tl dtldtg
= C:L‘g + (1)
10 0 0

5
2

[(t; — 21)2 +t2+x3 [(t1 — 1) +t2+x3]

—C'xl[— /ml/1 fy/(h = 21 )‘)/—dt dts +1/x1/1 (” (t1+$1)\/_dt dt] o(1)

(2 + 13 + 22 12+ 12+ 22)2

z1 O z1 0

_Czl{//tl (th + 2 ‘/—dtdt
(2 4 13 + 22)3

l—x; 1
Vit t
+// 1+ 2)vVE —/(t \/E]dtldt2}+o(l)
t2+t§+m1)z
x1 O

= C$1(Il + IQ) + 0(1),
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where

dt1dty > 0,

:7/t1 t1+l‘1\/_—\/331—t1\/t_2]

(2 + 12+ 22)3

0
t 4t t1+x t1—x
//1 (V& + a1 — \/51 1)dt1dt2
(t + 5 +21)2

2901

t t1 +x t1 —x
// RY \/1 1— \/51 1)dt1dt2,
(1 + 13+ 27)2

Tr1 X1
2xq1 221
//:1:1\/_\/23: \/—)dtdt _\/§—1. 1
128 /2%
r1 Ty

Thus along the chosen path we have

aU(ga zy, 0’ xl) > C
O0x1 Yz’

aU(ga X1, Oa 1'1)

8%1
The theorem is proved. O

whence — +o0 as (z1, 2, 23) — (0,0,0) along the chosen path.

Analogously, we prove the following

Theorem 4.2.6. L
(a) If at the point 2° there erists the finite derivative ﬁ;(x)f(mo), 1 =1,k, then

(,2541)—(20,0) ox;

=D;, f(«").

(b) There exists a continuous function g(z) such that for any B C M, m(B) < k
we have Dxi(fB)g(O) =0, i=1,k, but the limits

li 8U(g707xk+1)
im —————=
Tp4+1—0+ 81’1
do not exist.
Item (a) of Theorem 4.2.1 is a corollary of Item (a) of Theorem 4.2.6.

Theorem 4.2.7. (a) If at the point 2° the function f has a total differential
df (z%), then
lim dU(f; 2, xp41) = df (20). (2.7)

(@25 41) 2 (20,0)
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(b) There exists a continuous function g whose all partial derivatives at the point
are of any order, however, but the limits

f UG @)
11m
Tpp1—0+ ox;

29

) 7::171{:7

do not exist.

Proof of Item (a). By Statements 1) and 2), from Lemma 4.2.1 we have (here

2 =0)
U(fiw,aongn)  0F(0) _ (ti = 20) Yoy [ho]
ox; ox; TR t 2 2 %
S (lt=aP+ai,)
1) — f(0) = Sk 21O)y
SO FO - G

k
D w1 |t]

In view of Statements 3), 4) and 5) of Lemma 4.2.1, the last equality yields
U(f;z,zp41) _ 0£(0)

lim = i=1

8$i 8% ’ ’

k.

(.’I?,.’I?k+1)i>0

Thus the equality (2.7) is fulfilled.
Proof of Item (b). Consider the function

Q/(Qtl — tg) (tz — %tl), when (tl,tg) eD

g(t1,t2) = = {1, ) 0t <00l <t <2m ),

0, when (t1,t2) € CD.

This function is continuous in R?, its all partial derivatives at the point (0, 0)
are of any order and all of them are equal to zero, but

2t

U (g;0,0,3) 39;3/ / tl\/ (2t —t2)(t2 — _tl)dt

Oy (2 + 2 + 22)%

2

2x3

\/ (2t) — to)(ta — 1t1)
>C{L‘3/t1dt1/ dtg

5
(82 + 13 + 23)2

20 \/ (2t1 — 3t1)(t — 1t1)
>Cl‘3/t1dt1/ 5 dty
T3

13t2 + g) 2
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2x3 2x

(*/7 dt "3 C
>CI3/t1dt1/ —/tfdtlz——)'FOO, as x3 — 04.
VI3
T3 x3
The theorem is proved. O

4.3 Generalized Partial Second Order Derivatives for a
Function of Several Variables

Let u € R, v € R. Consider the following derivatives of the function f(x) =

flxy, 29, ... xk):
k
1. Let 6 > 0, Vs = [] [z — &;2) 4 6] and [ (x) € L(Vs).
v=1

Denote the limit

_ flz, +x ,+ue) — f(xB—i-:z:O,)—fg’c,(xB—i-acO,)u
lim B : B

- = 1
(w7 5) (070 ) U2

a) by f,. () if B = ;

b) by Zgi(%)(:zo) if i € B;

c) by f) =z )(:EO) if i € B.
ilTp

2. Denote the limit

_ flzg +x ,+ue) + f(zg +x , —ue;) —2f(z, +2°))
lim 5 B
(quB)H(Ovi%) U

a) by D2 f(2°), if B = &;

b) by Dii(TB)f(:EO)7 ifi e B/;

c) by ﬁi(zB)f(xo), if i € B.

3. Denote the limit

lim flag+a?, fueitve)) = fley+a0, +ue;) — flay+20, +vej)+ f(x,+29))
('U,,'U)H(0,0) wo

= =0
mB*)CL’B

a)byD (0),ifB:®;

b) by m @, f @), if {i,j} € B’

) by D, 41z, f (@), if {i, 5} C B;
d) by %]xx)f( 0),ifi € B, j € B;

o
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4. Denote the limit

. f(z, —}—x , +ue; +vej) — f(zB—}—xg, + ue; — vej)
(u,v)IEEO,O) 4uv

= =0
$B*>IB

f(zp +1‘%, —ue; +vej) — f(ay +a:%, — ue; — vej)

4uv

a) by @ 9 if B = g;

b) by D2, f(ad) if {ij} C B!

¢) by Doz, )f( 0) if {i,j} C B;

d) D’["xi]xj(TB)f( 0)ifie B, j€ B

The following statements are valid.

1) For any B C M, the existence of E’i(EB)(mO) implies the existence of

D,, —B)(:L‘O) and

(T

~ _2 7
Fo@ (@) =Dz ) (2°) = £, (%) = Dy, ().

This follows from the equality

f(zy —|—x L+ ue;) + f(z, —i—x —uei)—Qf(acB—i-:z:g,)

U2
_1 f(l‘ +1: +u€z)+f($ —|—$ ) fg’gi(mB—l—xg,)u
=3 §u2
flay +a% —ue;) = flay +20) = fo, (2, +2))) (—u)
+ s |
2

2) If there exists f7 (z"), then there exist ?gl(xo) and D2 f(z") and they have
one and the same value.
3) If there exists a partial derivative f/ () in the neighborhood of the point 2°

and it is continuous at x¥, then there also exists f;;(x)(xo) (therefore there exists
=2
Dm(x)f(aco) too) and

= —2
Fay@)(@°) = Dy, @) f(2°) = 7 (2°).

Indeed, if to the functions f(x + ue;) — f(x) — f;. (v)u and %uz we apply the
Cauchy formula with respect to u, then we obtain
Pt ues) = F@) = f@u [+ 0@)ue) — fi (@)

= 0 <1.
u? 0(z)u y 0<0<

1
2
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Using now the Lagrange formula, we find that

f(@+ue) — f(z) = fr(x)u  O(@)uf’(x + 010ue;)

Fu? B 0(z)u

= f//(x + 910uei), 0< 6 <1

whence taking into account that f;/ () is continuous, we obtain that Statement 3)
is valid.
It should be noted that the continuity of the partial derivative f;’Q(x) at the

point z° is only the sufficient condition for the existence of derivatives [ (@ )(xo)
\*"B
and D’ ( )f(xo) for any B C M.
4) For any B C M, the existence of D

. (%) implies the existence of

=2

5) If there exists a derivative f;, () in the neighborhood of the point 20 and it

f(2°) and they have one and the same value.

. . .2 =2
is continuous at x°, then there exist D[Iixj](x)f(xo) and D[mixj](x)f(xo) = fg’c’i,xj(aro).
The continuity of f , (x) at the point zy is the sufficient condition for the
. =2
existence of D[xixj}(x)f($0)~
6) If for the function f(z) at the point z° there exists D%ixjf(qro), then at this
point there also exists D;ixj f(2°) and they have one and the same value.

4.4 The Boundary Properties of Partial Second Order
Derivatives of the Poisson Integral for a Half-Space
R (k> 1)

It can be easily verified that

k+1
82U(f,$,$k+1) _ P(T) /82P(t—l’, karl)f(t)dt
a2 it Ox?
Rk
(Bt 1)xk+1f(%) (k+3)(t; — 2)? — |t — x> — 2},
= i~ i f(t)dt.
T2 (|t — x| —|—xk+1)2

Rk

Lemma 4.4.1. For every (z,zy41) € Rffrl, the following statements are valid:
© 92P(t — x,k41)
b z?
O?P(t — v, p41)
2) |

2
RF ou;

t%}dti = O, v = O, 1,’

t;}f(t — tiei)dt = 0, v = 0, 1,‘
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k+1
F( ) o2P(t t;
3) [ = —— 22 [ PPnme) gy —q;
T2 Rk o 2
0%pP t, Tha1
0 | § =g etan = o
Rk [
2
P —
) | SRt | 2gs — o(1), for 2L > 05
J ot il
6) lim  sup ‘W—Sx’ [t[2dt = 0.

k4170 ¢ >5>0

Proof. For v = 0 the validity of Statement 1) follows from the fact that the

integral
k1

k+1
2

M

™

/P(t — T, Tpy1)dt = /P(t, Tpt1)dt = I‘(

Rk Ry,

does not depend on x and therefore

[e.o]

/ O?P(t — z,7p41)
Ox?

—00

2 [

For v = 1, the validity of Statement 1) follows from the fact that the subintegrand

is odd with respect to t;.
Statement 2) follows from Statement 1).
Consider now the integral

k+1

. F(T) /82P(t—x,xk+1) 2 0

= 022 2!
RF

k15
(1t = a2 +a3,,)"

v 2
Rk

(k+ OP (B oo (k4 3) (0 — )2 — 6 — 2 — 21
. £2dt.

Passing to the spherical coordinates (p, 61,0, ...,0;_2, ), using the equalities

([10], p.311, No 10 and p. 1023, No 8.756)

] sin*~! 9dg = FE%?

JF,
0 T T)

7 Py kI‘(%)ﬁ

S (1+p2)F 2k +1)(k+ 3)T(EL)
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Tk, - k:(k:+2)F(§>\/?
/(L+ﬁf¥__%k+DMﬁﬁﬂ(%%y

and performing calculations analogous to those we made in proving Lemma 4.2.1,
we obtain

=1

Let us now proceed prove the validity of Statement 4). We have

WPtx (k+3)t2 — |t|*> — a2
(L2 +27,,) 2
I(t t ot
S Caijrl/ ( 1,02, 2) k7$+1)|t|2dt,
PR
where I(t1,tg,...,tk, Tx+1) is @ homogeneous polynomial of degree 2 with respect

to (t1,t2, ...ty Thi1).
Passing to the spherical coordinates, we have

[e.o]

a P L T , T k+1
/‘ ot? 1) [t]*dt < kaJrl/Mdp’
0

k+5

(p? + 9524.1) 2

where T'(p, xx+1) is a homogeneous polynomial of degree 2 in (p, xx+1). Using the
substitution p = xx11p1, we obtain

02P(1, 2 % k+1+v
J1FEsre < oy [ LB — o).
! 0

Rk v=0 1 + p ER

The validity of Statement 5) follows from the inequality
kE+3)(t; — x)® + [t — x|? + 27
idt < Ck$k+1/ ( )( J z) ’ kL k+1 t?dt

JjLaErens
P [
FA ot; Ea (Jt—al+a3,)

k4 3)t7 + |t|* + a3
_ Ck$k+1/( )t + [t k+1

t; +x‘)2dt
k+5 ( i i )
Rk (1t 1z+1) :

if we continue the reasoning as in proving Statement 4) and take into account the

x
kil > C > 0. Statement 6) is obvious. O

condition
|2]
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Theorem 4.4.1. (a) If at the point x° there exists a finite derivative
=2
Dxl(ﬁ)f(IEO), then

0%f(2°)

2 Y
Ox;

UG m)

($,$k+l)~>(]}0’0) 8$? mlf(x )

(4.1)

(b) There exists a continuous function f € L(RF) such that for every B C M,
m(B) < k all derivatives Di(T )f(()) =0,i=1k, but the limits
i\Zp

82U(fa 07 I‘k+1)

I
Ik+1130+ 833?
do not exist.
k+1
Proof of Item (a). Let 2° =0, C}, = %
T2
We have
82U(f;l‘,l‘k+1) aQP(t—l‘,l‘k+1)
=C, t)dt
Rk
O*P(t
- ck/(%f’““)f(x +t)dt. (4.2)
Ox;
Rk
From the integral (4.2), using the substitution ¢; = —7;, we obtain
O*U(f; O*P(t
(f; :EQ, Tk+1) = O / Mﬂx +t— 2te;)dt. (4.3)
Ox; Ox;
Rk

(4.2) and (4.3) result in

azU(fa z, :Ek+1)
890?

2

_le, / OPTht) [ 44y 4 flatt— 20,

2 &’Ei
Rk

which by virtue of Statements 2) and 3) of Lemma 4.4.1, results in

2 X4
Ox;

PU(fi 2, 2641) 2 1 O2P(t, x411)
D (:p)f(o) = §Ck/Tt22

RF !

% [f(l‘ + t) + f(l‘ +t— Ztiei) — 2f($ +t— tiei)
2

~D. ) f(0)]dt. (4.4)

Taking into account Statements 4) and 6) of Lemma 4.4.1, it follows from (4.4)
that the equality (4.1) is valid.
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Proof of Item (b). Assume D = [0 <¢; < 00;0 <ty < 00;0 < t3 < o0]. Let

£t {\%mg, if (t1,t9,t3) € D,

0, if (t1,ta,t3) € CD.
It can be easily verified that
=2 . .,
Dxl(xl,x])f(o) =0, 4,5=1,2,3; i#}].
However, for the considered function,

O?U(f;0,mq4) 4wy [6t7 —|t]? —aF,
_—_— —\/t totadt
0x? 72 ) (gt VT
D

jus

00 2 3
4x4///6p251n 6 cos?® o — p* — a3
2 (p%+ z3)*
000

X {’/,03 sin? @ cos 0 sin ¢ cos pp? sin Odpdfdyp

3 3
= ¢ (4/ V/sin2 6 cos 0 sin® 0d6 / {/sin 2¢sin® pdyp
T4

NIE]

(ME]

/ V'sin? 6 cos 6 sin ¢df / v/ sin2 dgp

One can verify that

Y Geossmoas = Lr(Hr(2)
(4.5)

O%NI:IO\K’I:\

Y geostsint 000 — 1r(1)r(2)

Taking into account the equalities (4.5), we have

jus

2 . /
M:%/(Sm?@—g)md@

0z3
0
arcsin \/g % —arcsin \/g z
C C
:—< / + / + / )Z—(Il+IQ+Ig).
T4 X4

: 3 ™ : 3
arcsin \/g bl —arcsin \/g

[e=]
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Clearly, I) <0, Is > 0, I3 > 0. Furthermore,

arcsin \/g
3
I3 = / (cos2 0 — g) {/sin 2¢pdp.
0
It is easily seen that I1 + I3 > 0. Hence I; + Is + I3 > 0. Finally, we have

aQU(fa 07 3:4)
81:%

Theorem 4.4.1 is proved. O

— 400 as x4 — 0+.

Corollary 4.4.1. If at the point z° there exists a finite ]Z’i(m)(aco), then the
equality (4.1) is fulfilled.

02 f(x)

Ox? at

Corollary 4.4.2. If the function f has a continuous partial derivative
the point 2, then the equality (4.1) is fulfilled.

Theorem 4.4.2.

(a) If at the point x° there exists a finite derivative Di(m
SV

)f(xo), then

lim O*U(f;x — zie; + ade;, xp11)

2
(z—zie;4+20e;,241)—(20,0) 8$i

— D2 {(a9).

(b) There exists a function f € L(R*) such that D?.

f(2%) = 0, but the
i(@pg:)

limit

PU(f; 2, wp41)

lim 8%2

(2,2k41)—>(20,0)

does not exist.

Proof of Item (a). Let 2° = 0. We have

92U T, k+3 ti—ﬂfi2—t—$2—$2
(f xr xk+1) — Ck$k+1 / ( )( ) | kL{) k+1 f(t)dt,

Oz 2 (It =l +23,,)"
whence
QU(f;x — wiei, x11) = Okt / LA AR i f(t)dt.
Oz 2 (|t—m+miei|2+1‘%+1)%
Using the substitution t1—x1 =7, to—x0=70,...,t;=7;, ..., tp—xr =71 the last

equality yields
O?U(f;x — xies, Tpin) (k+3)t7 — [t|* — 27,
= Ckl‘k+1

2 k+5
Ox; (2 +23,,)

Rk
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Xf(t +x — xiei)dt.

Substituting t; = —;, from (4.6) we obtain

OPU(f;x — xies, Tpy1) _c / (k+3)t22— ]t]2—xz+1
= CgTry1

2 k45
s (1P +a2,.)"

R
Xf(tl +x,to+x9, ..., =t .., Tk +.’Ek)dt

k+3)t2 — [t — a2
= C’kl‘kJrl / ( ) ! | | karl f(t +x— Qtiei - $iei)dt.

%15
Rk (It +a3,) 2

(4.6) and (4.7) result in

O*U(f; @ — wieq, Tgr) _ Curins / (k+3)t3 — [t]* — 27,

2 k45
Ou; Jo (P +ad )

% f(t +x— $iei) + f(t +x— 2ti€i — xiei)
2

dt.

(4.7)

(4.8)

In view of Statements 2) and 3) of Lemma 4.4.1, from the equality (4.8) we

obtain

82U(f§ T — Ti€, Tpy1)
0x?

_Dx(

s

y£(0)

1 / [(k +3)t7 —[t]” — a3, ]t]

— _Ckl‘k‘+1 k15
2 (1% + 2741) 2

Rk

% f(t +x— :L‘iei) + f(t +x — Qtiei — l‘iei) — Qf(t — tiei +x — xiei)

2

D2, IOt

With Statements 4) and 6) of Lemma 4.4.1 taken into account, from the last

equality we conclude that Item (a) is valid.

Proof of Item (b). The proof is carried out for the cases i = 1 and k = 2. We

have

U (f; w1, w9,23) _ 3a3 / Aty —x1)* — (t2 — x2)* — a3

: _
Oy 2 ). (It — |2 4 23)

z
2

oo 27
_3:1:3// 4(pcosp —x1)% — (psing — x2)% — 23
0 0

) ) [(pcose —a1)2 + (psing — 2)? + 2]

— 53 p(t)at

= f(pcosp, psing)pdpdep.
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Let N(z1,x2,x3) — (0,0,0) so that zo = 0 and x5 = z1. Then

aQU(f’ X3, 0) 1:3)

x3
0o 27r4 9
3x3 p?cos? o — 8pr3cosp — p?sin? p + 32 .
— / / 2 f(pcosp, psing)pdpdp.
™ s (p? —2p:1:3c:oscp+2:p3)2

For every z1, 9 and x3, by Lemma 4.4.1, we have

/ 4(t1 — .T1)2 — (tQ — :132)2 —

7
S (t—aPad)?

2
Y3 4ty dty = 0.

This, in particular, implies

oo 21
//4,02 cos? p — 8px3cos p — p? smg0+3x3
0

(p? — 2px3cos @ + 21:3)2

e
2//4p cos® ¢ — 8px3 cosp — p?sin? <,0+33:3 pdpdy
4 (p? —2pxgcosg0—|—2x3)

Hence

oo T
//4p2cos © — 8pw3cos p — p? sin? go+3x3 pdpdyp (4.9)
/ (p? —2pIL‘3COS(,D+2333)

In the interval § < ¢ < 7, we have

4,0 cos? p — 8px3cos @ — p?sin? cp + 323
x3 pdpdp
J (p?2 — 2px3cosp + 21:3)

2

oo T
5p% cos? p — 502 cos?
>x3// p © —p 7pdpd¢_x3// P - p
0 3 0 3

———— = —pdpdyp
(p? + dpxs + 422)2 (p+ 2x3)

o0

[e.o]
o [ G oo [ G
{E3 = -
(p+ 21’3 (p+ 21’3 x5

0 0
Thus

4p? 8 3
lim // p?cos? p — 8pxscosp — p?sin? ¢ + xgpdpdgo:—i—oo. (4.10)
z3—0+ J (p%2 — 2px3cosp + 2x3)2
2
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It follows from (4.9) and (4.10) that

jus

2
lim 3:3//4p cos? p — 8px3 cos g — p sin’ 90+33:3 pdpd
r3—0+

= —00.

(p% — 2px3cosp + 213)2
We now define the function f(t1,?2) as follows:

-1, when t; >0, t2 >0,

1 when t1 <0, t >0,

f(t17 t?) — ’
0, when —oo <t] <oo, to <0,
0, when t; =0, 0<ty < oo.

Clearly, for this function

D: (,,,/(0,0)=  lim [t @2) + f(—t1, x2) — 2f(0, x)
x1(w2) ) (t1,22)—(0,0) t%

However, as it follows from (4.10) and (4.11),

2U(fa zy, 07 1:3)
Ox?

— 400,

as (z1, e, x3) — (0,0,0) along the chosen path.
The theorem is proved.

Theorem 4.4.3. If at the point x° there exists a finite derivative f

then ) Y o
lim U(f;x, k1) 7//( 0y 0° f(2")
A Ox? i o 9x2
(z,254+1)— (20,0) i i
Proof. Let 2° = 0. By Lemma 4.4.1, we have
2U(f; 90790k+1) ! 0
0x? B fg”i@Mu)(x )
(k+3)(t; —x:)* — |t — x> — 23
= Crz,,, / s L r(t)dt
PN TEFTNRTINE
E+3)(ti—x)? —|t—a?—a2., 1
= Ckkarl / ( )( : ) | :fjr{) xk+1 : tzz
Rk (It =2 +23,,)2 2
f(t) = f(t —tie;) — g(t — tie))t;
x| v ~ T (O]t

=0.

]\[|

(4.11)

(4.13)

where g(t) = f{.(t) when t € V5 and, on CVj, is extended so that g(t) € L(RF).
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From (4.13), by virtue of Statement 6) of Lemma 4.4.1, we have

U(fs 2, wpr1)

7 0
81,‘12 N fxl Ml’L ( )
_ (k4 3)(t— i) |t a2 —ad,, 1,
— Ckkarl . 5 5 th
Rk (It = x>+ z )
f(t) — f(t —ties) — f] (t —ties)ts  —y
’ 3t7 1 = fai@,y,(0)]dt + o(1). (4.14)

Taking into account Statements 5) and 6) of Lemma 4.4.1, from (4.14) we obtain
the equality (4.12).
Theorem 4.4.3 is proved. U

Analogously to Lemma 4.4.1, we prove the following

Lemma 4.4.2. For every (z,x+1) € R’frl the following statements (i,j=1,k,
i#7) are valid:
O?P(t — v, Tp41)
RF L0

2) f 782”(%%”5;’““)]0(75 —tie; — tiej)tydt = 0, v =T, k;

[t —tiep)tydt =0, v ="1,k;

(%) P(t =z, 2541)
Ly Th+1
tit;dt =1;
7-[-% Rk 8$18xj v ’
O?P(t, vx11)
4 — ;rys=1,k;
) |2t 0
O?P(t — 2,14 1) Tt
5 . = 0O(1); for >C>0,r,s=1k;
)I%fk atiat]’ ( ) f |l’ ’
2
l‘k+1ﬂo|t|>6>0 oti0t;
2P(t —
7) lim sup ‘L;TMI) [trts] =0; r,s=1,k;
k4170 |¢]>5>0 ot;

Theorem 4.4.4.
(a) If at the point x° there exists a finite derivative D[x . ](x)f(xo), i # j, then

lim ZU(f;uT,l‘kH) _ N2

0
(@, 41)—(20,0) 0x;0x; = Diia, f(27).

(b) There exists a continuous function f € L(R) such that for every B C M,
m(B) < k all derivatives D[2m»:pj](i )f(O) =0, but the limits
i B

lim QU(fv 07 xk-l—l)
Tp41—0+ 835181,‘J
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do not exist.

Proof of Item (a). Let 2° = 0 and By = . It can be

easily verified that

O*U(fy %, wi41) _ Bwkﬂ/ (ti — i) (t; — 2;) f(t)dt

Or;0x; J (Jt — 22+ 22, )
tit; fz + t)dt
=Bk$k+1/ Z; ( 5 )m‘
(It + zjyy) 2

Rk
By Statements 1), 2) and 3) of Lemma 4.4.2, we have
PU(f; 2, tpp1) 2
— = Do (o) f(0) = Bry, 1/ -
. . [ziz;](x) -+ ki5
O2i0; ’ PACTE IS
% [f(x +t) - f(l‘ +t— tiei) - f($+ t— tjej) + f(ﬂ?+ t—te; — tjej)
tit
2
_D[xixj](x)f(o)] dt,

whence, taking into account Statements 4) and 6) of Lemma 4.4.2, it follows that
Item (a) is valid.

Proof of Item (b). Let k=4 and D = (Y} £ <1, >0, i =T1). We

define the function f as follows: f(t) = /fitatsts when t € D and, on the set R*|D,
we extend it continuously so that f € L(R*). It is not difficult to verify that for
every B C M, m(B) < 4 we have D? ( )f(()) = 0. But

[mixj] EB

t?t?

2 ) Y
PU(f30,25) _ / htaVhtatsta y, o)

Ourdza ) (i + ad)?

1
5d
:ng,/u—ko(l)—hi-oo as x5 — 0+.

The theorem is proved. O

Corollary. If f has a continuous derivative f;’lxj(x) at the point z°, then

lim 82U(fa xz, ‘/L‘k+1) o a2f(l‘0)
(z,2k41)—(20,0) 8$z8$3 - 8$Z81‘J '

From Corollary 4.4.2 of Theorem 4.4.1 and from Corollary of Theorem 4.4.4 it
follows that the following theorem is valid.
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Theorem 4.4.5. If the function f is twice continuously differentiable at the
point 29, then
lim QU(f:x, xpqr) = d2f ().
o e ( +1) (=)
Theorem 4.4.6.
(a) If at the point x° there exists a finite derivative D[in]mj(x)f(xo) =0, then

82U(f;$7$k+1) _ N2 0
dwidm; | Dweid 0

lim
(2,2 41)— (2,0
Tj

(b) There exists a continuous function f € L(RF) such that for every B C M,

m(B) < k—1, all derivatives Dfx']x]’(i )]f(O) =0, but the limits
i B

11m
i +1—0+ 83)181'3

do not exist.

Theorem 4.4.7.

(a) If at the point 2° there exists a finite derivative D?

0
ximj(le{t’j})f(x ), then

82U(fa z, xk-i—l)

li
- 89328%

AN
(m7mk+l) (1070)

= wa]‘ f(xo)

(b) There exists a continuous function g € L(RF) such that for every B C M,
m(B) < k — 2 all derivatives Di,xj(i )g(O) =0, but the limits
i B

li 32U(g707 l’k+1)
11m —_— =
T +1—0+ 8‘%181’]

do not exist.

Corollary. If the function of two variables z = f(x,y) has, at (xo,yo), a finite
derivative

DQf(l‘o,yo) = lim f(xo+t,yo +7)—f(zo+t,90) — f(x0, yo + 1)+ f(z0,%0) 7
(t,T)—>(0,0) tT
then

_ 12

lim
(,1,2) " (20,40,0)
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Theorem 4.4.8. (a) If f is a twice differentiable function at the point 2°, then
lim  dU(f; 2 m000) = dF(2).

(2.5 +1)"(20,0)
(b) There exists a continuous function f € L(RF) such that it is differentiable
at the point x° = (0,0) and has, at this point, all partial derivatives of any order,
but the limits )
li 8 U(f’ 07 lik+1)
im
Tp41—0+ 8:1/‘28$]

) i)j:]')k)

do not exist.

Proof of Item (a). Let 20 = 0. The validity of Item (a) follows from the
equalities

O*U(f; @, Tpy1) B d*f(0)
a2 Oa?
- Gy [ LD =

k45

(It —2* + 27,,) 2

Rk

70— £0) = ( £ 0ot )10 = 3 3 1t ) 10
X o= v= dt
Bk

and
aQU(fa z, :EkJrl) - 82f(0)
8ZL‘1‘8$3‘ 8%181‘J
e e 2
:Bk$k+1/(tl i) (t; — xj)|t|

%15
(t —z2+23,,)>

Rk

10~ 10) = (5 1) 10 - 3( 2 k) 10
X = = dt.
i

Proof of Item (b). Consider the function

/(2t1 —t2)2,  when (t1,t2) € D = {(t1,t2) € R*:
f(t1,t2) = 0<t <oo; 3t <ty <2},
0, when (t1,t2) € CD.

This function is continuous in R?, differentiable at the point (0,0) and has all
partial derivatives of any order, equal to zero, but the limits

2t

PU;0,0,0) 15 T [ hiaif@n — ) —4n)?

—_— = —:Eg/dtl/ 7 dty
83)181’2 2T (t%‘l-t%-i-xg)?

0 %tl
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2
23 {’/(2751 — 341)2(t — )2 B

> Cxs / t3dty

7 2
A (83 + 413 + 23)2
ol C
= /tl dt; = — o0 as x3 — 0+
ZL‘3 ggg
3
do not exist. O
Theorem 4.4.9.
(a) If at the point z° there erwists a finite derivative D* f(x), then
i3 @ pryi.57)

li 82U(f’ $07 $k+1) D* f( 0)‘

1m
Tp41—0+ 8901890] Tily

(b) There exists a continuous function f € L(RF) such that Dmixj(iMH' v})f(:z,‘o) =
i3
0, but the limits
P2 U(f;z, zp+1)
0x;0x;

lim
(@,2k41)"(20,0)
do not exist.

Proof of Item (b). The proof is carried out for the case k = 2. Assume Dy =
[0,1;0,1], Dy = [~1,0;0,1]. Let

Viito, when (tl, tg) € Dy,
f(ti,t2) = § V=tita,  when (ty,t2) € Do,
0, when t9 <0,

and extend f(¢,t2) continuously on the set R |(D1 UD3y) so that f € L(R?). It is
not difficult to verify that D* f(0,0) = 0. Let 2¥ = 2§ = 0 and (21, z2, x3) — (0,0,0)
so that xo = 0 and x3 = x1. Then for the constructed function,

11
U(f; 1,22, 73) 151‘3{// t1 — x1)ta\/t1 tadt dis
0 0

Om102; (6 — 712 + B+ a2
1+x; 1
/ /tth\/ tl — I tgdtltg} { / /tltgs/tg tl +.’E1 dtltg
(t3 + t2 + 23)2 (2 + 13 + 22)2

[(tr — 1) + 13 + 23] (2 + 12 + 22)7

0 1
+// t1 — a1 t2\/_t1t2dt1dt2}+ { / /tth\/tQ t1 —|—l‘1 dtldtg
10
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1—2z1 1
" / / tltg[\/tg(l’l + tl) — \/tg(tl — :El)]dtldtg
7
P (17 + 13 + 7]
14z, 1
titar/(t1 — 1)t dt dt
- / / 1tz /(01 — 21 )tadty 2} o(1) = Cxy(I1 + I — I3) + o(1).
2 + 12 + 22)3
1—z1 O
It is easy to show that
t1t to(t t
I = // ttaly/falt + 1) \/2 Vatdts >0, I,=0(1).  (4.15)
(2 + 13+ 22)2
Furthermore,
2x1 11
//tltz Via(z1 +1t1) \/t21‘1 dtydts
(2 + 12+ a2)3
/tht /tl \/.’El‘l-tl—\/ )
? (2 + 12 + 22)%
VI $1(\/E— \/_> C
> /t;dtQ/ — dty > — . (4.16)
) J (4o +ag +ay) 11
Consequently, for o = 0 and x3 = x1, from (4.15) and (4.16), we have
2U(fa xlvov ﬂfl) > g
890181:2 :L‘17
whence
82U(fa $1,132,IE3) — 400
8$18$2
O

as (z1, e, x3) — (0,0,0) along the chosen path.

Theorem 4.4.10. If at the point z° there exists a finite derivative

Drﬂ«”m]}(a:)f(fxo); then
hm Uy _ ;w $0 .
(z,2541)—(20,0) 8x18$3 . Jf( )

Item (a) of Theorem 4.4.4 is a corollary of Theorem 4.4.10.
Theorem 4.4.11. If at the point 2° there ewists a finite derivative

Drwi]xj(x)f(xo), then

2U(f7 T — i€ — 1‘06', $k+1)
JjJ _ D f(:EO)

lim .
(:rfxieifz?ej,xk+1)~>(x0,0) aIEzafEJ Tity
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4.5 The Dirichlet Problem for a Half-Space R?

The Dirichlet problem for the Laplace equation consists in finding such a function
U(z,y, z) in the domain R% with the boundary R? that satisfying in that domain
the equation AU = 0 and the boundary condition U|gz2 = f(x,y). The solution of
the problem is given in [61] for the case f € L(R?). In this section this problem is
solved for the case in which the boundary function is measurable and finite almost
everywhere on R?, i.e., in N.N. Luzin’s formulation (see Theorem 4.5.2).

Theorem 4.5.1. Let f be an arbitrary measurable and finite function almost
everywhere on R%. Then there exists a bounded continuous function F such that

D*F(z,y) = f(z,y)
almost everywhere on R2.

Proof. By T,, we denote the square [—n,n; —n;n]. 0T, is the contour of the
square. By the well-known theorem ([57], p. 314), there exists in 7} a continuous
function ® such that

D2(1)1($7 y) = f($7 y)

almost everywhere in 7. Let M = const > 0. We construct in 77 a continuous step
function S; such that ([14], p. 16)

51(33, y) = (I)l(x’y)? when (xay) € aTl?
]51(x,y)—<l>1(x,y)| SM: for ($,y)€T1.

Assume
Oy (z,y) — Si(x,y), for (x,y) € Th,

Fi(z,y) =
1 y) {O, for (z,y) € CTy.

Clearly, Fy(x,y) = 0 when (z,y) € 9Ty, F} is continuous in R?, |Fy(z,y)] < M
for all (x,y) € R? and

f(z,y) almost everywhere in T7,

D*Fy(z,y) = {

0 almost everywhere in C'T7.

We construct a continuous function Fy in R? so that Fy(z,y) = 0 for (z,y) €
CTyUTy, |Fy(z,y)| < M for all (z,y) € R?, and

fz,y) almost everywhere in Ty — T7,
0 almost everywhere in CTh U T7.

DQFQ(x, y) = {

Continuing this process, we obtain a sequence of continuous functions {F,} in
R? such that Fy,i1(z,y) = 0 for (z,y) € CThy1 U Ty, |Furi(z,y)| < M for all
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(z,y) € R? and

f(z,y) almost everywhere in T, 11 — Tp,

D*Fpyi(2,y) =
n+1(2,9) {0 almost everywhere in CT}, 1 U T),.

Assume -
y)=>_ Fi(z,y).
k=1

It is evident that F is continuous in R?, |F(z,y)| < M for all (x,y) € R?, and

D2F($’y) = f(x,y)

almost everywhere in R?.
Consequently, F' is the required function. O

Theorem 4.5.2. Let f be an arbitrary measurable and finite function almost
everywhere on R?. Then there exists a harmonic function U in R:jr such that

lAiHl U(LE, Y, Z) = f(xo’ yO)
(ZE»y»Z)*)(anyOaO)

almost everywhere on R2.

Proof. By Theorem 4.5.1, for f we construct, in R?, a continuous bounded
function F' such that the equality

DQF(:E?y) = f(xvy)

is fulfilled almost everywhere on R2.
Consider the expression

Uz, y, 2) // (t,7) (MT —r (;_7)2+Z2]%}dtd7
_ 1o // (t=o)(7 =) F(t, 7)dtdr.

(t—2)2+ (1 —y)2 + 22]2

It is not difficult to show that U is a harmonic function in Ri. By Corollary of
Theorem 4.4.7, if at the point (zg, yo, 0) there exists D2F(zg, yo), then

lim Ulzx,y,z) = D?F(zq, o).
(2:9,2) =" (20,90,0)

Since D?F(z,y) = f(z,y) almost everywhere, the theorem is complete. O
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4.6 Generalized Partial Derivatives of Arbitrary Order

We use the same notation as in Sections 4.1-4.3.
_ Below it will be assumed that the considered functions belong to the space
L(RY). Let u € R. We will deal with the following generalized partial derivatives of
arbitrary order of the function f(z) = f(z1,z2,...,zk):

1) If there exist functions a;(Z,) (if B = @, then a;(T,) = a; = const), i =
0,7 — 1 and a number a, such that there exist limits lime 70 @i (T,) = a; and in

the neighborhood of the point zg we have

u
f($ +x +uel)_QU(EB)"Fal(EB)ﬁ_FaQ(EB)_+"'
r—1 r

=] + (ar + 5(%53)57

where lim e(u,Z,) = 0, then at the point z° the function f(x) has, with respect

u—0,

ot aT—l(EB)

= =0
IB*)IB

to the variable x;, the generalized r th partial derivative equal to a, and we denote it
a) by D) f(«°) if B = o,
b) by D) f(«) if i € B,
¢) by DU\, f(2") if i € B.
From the deﬁnltlon it follows that if for some B C M there exists D ) f(x0),
then there exist D =10) f(20) and

Dg)(ﬁ)f(xo) = Dg)(ﬁ\i)f(xo) =D f ().
2) Let r be an odd number. If there exist functions by;—1(Z,), i = 1,2,...,

—1
% and a number b, such that there exist limits lim bg;—1(Z,) = bg;—; and
mBﬂwB

in the neighborhood of the point z°

1
2(f(w 00, +ues) - [z, + 2%, — uep))
2v—1 T
u _ WU
Z boy-1(T 2 2u=1) + (b + e(u, :EB))F’
where liné e(u,T,) = 0, then at the point 2° the function f(x) has, with respect
u—0,
EBHE%

to the variable z;, the generalized partial r th symmetric derivative equal to b,,
which we denote
a) by D1\ f(a0) if B = 2,
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b) by D;E’(%B) F@a0) ifie B,

¢) by D} | f(a¥) ifi € B.

The same definition is valid when r is even, but in that case the difference
flz, + x .+ uel) flz, + :1:?3, — ue;) should be replaced by the sum f(z, + x%, +
ue;) + f(m + a0, — ue;).

It is easy to verify that from the existence of the derivatives Dg;.) f(2°) follows
the existence of derivatives D;ST) f(2°) and their equality.

For symmetric derivatives, from the existence of D;ST) f(x0) follows the existence
of ngrﬁ)f(xo) though D;Eqﬂ*l)f(xo) may not exist ([35], p. 93).

4.7 The Boundary Properties of Arbitrary Order Par-
tial Derivatives of the Poisson Integral for a Half-
Space Rt

In this section we prove the Fatou type theorems on the boundary properties of ar-
bitrary order partial derivatives of the Poisson integral for a half-space Rﬁ“ ([107)).

Lemma 4.7.1. For every r € N and (x,z41) € R{frl the following statements
are valid:

) F OP{t—x,x841)
1) Jy _lo Pa

tvdt; =0,i=1,k,v=0,r — 1;

4
2 "P(t — tr
2) JT (i) f 0 ( x7$k+1)r_z!dt: 1;

7r 2 Rk ox]
——=| |t|'dt < C;
y J [ZEG rar <
O"P(t
R a " Tal 2
o P(t kt1
5) sup ‘ (>fk+1)‘(|t|2+1:z+l) 2 |t]’ < Capyr, v=D0,r.
|t|>6>0 8ti

Proof. Statement 1) is proved by induction. When r = 1 and r = 2, the validity
of the statement is shown in Sections 4.2 and 4.3.
Let us assume now that for » = n the the equalities

v n
Ly

T onp(t — .
J("):/a (8$7$k+1)t$dti:0, v=0,n—1,

—0oQ
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are fulfilled and show that the equality

Jm+1) 3”HP t—x,Tp41)
n+1

t?dti = O, v = 0, n,

holds.

Indeed, using integration by parts, we obtain

0=J" = (=1) / O"P(t ;tm’m’““) 1 dt;

n

—0o0

o0 o0

_ Y MR~ a ag) g, L PPt — 2, wp11) i,

- s il = —— e £+t
i i

—00 —00

Hence Ji(,nﬂ) = 0 when v = 1, n, and for v = 0 we likewise have

" 8n+1
Jé +) _ n+1 / P(t — x,xp41)dt = 0.

The validity of Statement 2) is also proved by induction. For r = 1 and r = 2,
the validity of the statement is shown in Sections 4.2 and 4.3.
Assume now that for r = n the equality

k+1
J _F( 2 ) 8”P(t—x,xk+1)ﬁdt_1
" 0 nl

k+1
] !
Rk

is fulfilled. Then we can prove that the equality

dt =1

k+1
r(k) /8"+1P(t—x,xk+1) o1

J =
n+1 7TkJ2r1 83}?4_1 (n + 1)'

Rk

is valid.
Indeed, using integration by parts, we obtain

oo o0 1
O"P(t — x, Tpy) 7 OFIP(t — m, 1) 0T

dt;.
i ozt (n+1)"
—0oQ —0o0
Taking this into account, we have
ktl
TP o By gy VSRR
n ﬂ_% Mli &L‘?Jrl (n + 1)! 7

kal —00
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+
(T) / OHP(t — x,xpqq) 0T G
ot 83:?“ (n+1)! L
Rk
Let us now prove the validity of Statement 3). We have
8TP t, Tl41 8r 1
TG = s g ()
i i (|t +xk+1) 2
o I(t1,ta, sty Tey1)
- |t2’ Lh+1 2 9 k+2r+l
([t + 2741)
where I(t1,t2,...,tk, Tr+1) is a homogeneous polynomial of degree r of (t1,ta,.. .,
thy Tht1)-
Passing to the spherical coordinates, we obtain
or P OOT( ) r+k—1
t, Tht1) Py Tk1)p
/ ‘ ot [t]"dt < Cxyiq / 5 5\ kt2ril dp,
0 (P* + i) 2

where T'(p, xx+1) > 0 is a homogeneous polynomial of degree r in (p, xx+1). Using
the substitution p = xp1p1, we obtain

o" P t, , +r+v 1dp
/‘ 5 1) dt<CZ/ i =0

Statement 4) follows from Statement 3) if we take into account the conditions

Tr+1
|2

>C > 0.

Statement 5) follows from the inequality

o P(t, ket I(ty,te, ... Lk,
( karl) (|t|2+xz+l)k;1|t|v <$k+1| (1 2, s Uk $k+1)|

> , v=0,r
oty (2 +a27,,) 2

since I(t1,ta,...,tk, Tr11) is & homogeneous polynomial of degree 7.

Lemma 4.7.1. is proved. O

Theorem 4.7.1. If at the point 2° there exists a finite derivative D" )(
then

)f(z‘o),

1W|'L

rU(f;xvxk—H) D(T)f(xo)

lim —
r Z;
(221 11) o (20,0) Oz '
Tj
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Proof. Let 2 = 0. By Statements 1) and 2), from Lemma 4.7.1 we have

k+1
IU(f;x, p41) _ F(T) /8’”P(t—a},ack+1)
ozl nat A ozl
R
. (r) t (r)
—c</ />+D >( F(0) = C(1 +7) DU £(0),
Ml’L M"L
Vs CV§

where Vs is a ball with center at the point 0 and of radius §. Let ¢ > 0. We choose
6 > 0 such that

. (r)
< Z ]M|7, > Dxi(iMli)f(O) <g,

=0

for |t| < 0. By virtue of this inequality and Statement 4) of Lemma 4.7.1, we have

1| < Ce for %zom. (7.1)

Further, taking into account this inequality and Statement 5) of Lemma 4.7.1,
we get
)
|Jo| < Cxpqq for |z| < 7 (7.2)

From (7.1) and (7.2) (assuming that ¢ is arbitrarily small) it follows that Theo-
rem 4.7.1 is valid. O

Theorem 4.7.2.
(a) If at the point x° there exists a finite derivative D (() )f( 9, then
Tty

i U(f;z— xe +x?ei,ajk+1)
(z—zie;+20€;,2p41)—(20,0) 81:2

= D" f(a0).

(b) There exist functions ¢ and g such that D, *(1) o(z%) and D *(2) )g(mo)

(m]\“l) ( ]\4\7,
exist, however, there are no limits

8U(¢;$7$k+1) lim 82U(g;l',l‘k+1)
Ox; ’ (z,m,+1) Lo (29,0) 8%2

lim
(z,@,+1) L (29,0)
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Proof of Item (a). Let 2° = 0, and let r be an even number. We have

k41
"U(f;x — xiei, Ty) _ F(T) /(‘)’”P(t -z +l‘z’€z’,$k+1)f(t)dt
ozl it | ozl
R

i)
( 2 o P t,$k+1)

pEs) / O flx 4+t — zie;)dt.
T2 Ly

Note that for even r 0" P(t —x + xe;, £141)/0z] is an even function of ¢;. There-
fore, using first the substitution t; = —7; and then t = 7 4+ x — x;¢;, we find that

k1
"U(f;0 — ziei, Tpy1) F( T ) /W (t —x + xie;, Tpy1)
N ox’

r L
8$i ™ 7

f(t — 2t16i)dt
Rk

( 5 )

2 P(t,

Py / karl) f(l’ +t—xe; — Qtiei)dt,
T2

whence we obtain

7”U(f; T — l’iei,ﬂfkﬂ)
oz’

)

s

r(5) / O P(t, 2rs) f(x 41— wied) + f(z 4+t — ziei — 2hie1)
k+1 r dt.
- ox 2

i v

RE ‘

By Statements 1) and 2) of Lemma 4.7.1, we have

"U(f; 7 — ziei, Try1)
ox]
(%) / O"P(t,xps1) (r! [ flx+t—xie;) + f(x+t — 30, — 2t€5)
o ozl t: 2

l\.’)

Rk

2 tQU w(r t r
_Z_:‘)b%(%“)W) -D (()M|)f( )) —dt + D (()M|)f( )-

Hence, by virtue of Statements 3) and 5) of Lemma 4.7.1, we obtain the validity
of Item (a).
The validity of Item (b) is proved in Theorems 4.2.5. and 4.4.2. O
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Theorem 4.7.3. (a) If at the point x° there exists a finite derivative ﬁ;fa)f(O),
then
im -
(z,254+1)—(20,0) O

=DV f(20).

(b) There exist continuous functions ¢ and g such that for every B C M,

m(B) < k all derivatives D ((i ye(z % and ﬁ;g?%B)g(xo), i = 1,k eist, however,

there are no limits

i U (¢; 2°, wp41) i 9*U(g; 2%, zp11)
Tp41—0+ (93:1 ’ Tp41—0+ 8Il2

Item (a) can be proved analogously to Item (a) of Theorem 4.7.2. Item (b) is
proved in Theorems 4.2.1 and 4.4.1.

4.8 Generalized Mixed Derivatives and Differentials of
Arbitrary Order

We use the same notation as in Sections 4.1-4.3, o = (a1, 09,...,a,) and =
(61,02 .., Bs) are multi-indices, «; and (3; are nonnegative integers, |a| = o + o +
Foag; ol = aglag! . Lagl if B = {iy,i09,.. .05} C M ={1,2,...k}, 1 <s <k

(i1 <'iy, for [ <), then T, = (x4, 4y, ..., 24,) € R®; TQ = xa1$a2 .. .st; m(a) is

a number of coordinates for a; D(®) = (%)al (aim)a2 o <8§: )as; L(RF) is a
L(RM).

set of functions f(z) = f(x1,x9,..., k), such that % €
(1+ |z?) =

In the sequel, it will be assumed that the considered functions belong to E(Rk)
We will consider the following generalized mixed derivatives and differentials of
arbitrary order of the function f(z) = f(z1,z2,...,zk):

1) Let A C M, B C M. If there exist functions a,(T) (m(8) = m(A), [8] < r—1
if B = @, then a,(7,) = ag = const) and numbers a, (m(a) = m(A), |a| =r), such
that there exist limits _lim a,(Z,) = a, and in the neighborhood of the point 20

T, —T0
B B

the representation

_ﬁ aa_ n — |Z |T
flz, +a°, Z Z 2+ > el 7o) A

i=0 |B]=i laf=r

holds; here lim ¢(f,,Z,) = 0, and the value r! Y 937" is called a generalized
[t 4]—0 |oe|=
EBAHE% o

differential of order 7 of the function f(x) at the point 2% with respect to variables
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whose indices represent the set A, and we denote it by ([65], p. 313; [117], p. 70)
dQ), (@) (d) f(a0) = d f(a),
D f(a®) = dOf(a%); dn) ) =d] f(0),
() —(r)
ay) £ =7 1)),

The value a, will be called a generalized mixed derivative of the function f(x)
at the point z¥ of order r = |a| with respect to variables whose indices represent
the set A, and we denote it by

a0 =D f(a") (D) f(a") =D f(a"),
D) f(2") = D@ f(2®); D) f(a%) =D f(a0),

D) f(a") =D f(a").

2) Let 7 be an even number. If there exist functions b,(7) (3] is even, m(3) =
m(A), |8] <r—2if B =g, then b,(T;) = b, = const) and numbers by, (|a| =)
such that the limits exist _lim = b,, and in the neighborhood of the point 20 the

EBHEB
equality
1
§[f(x3+$(;3/+tA) + f(:EB—HE% — Z Z ﬂ' :EB
=0 |B|=2i
.1
+Z_bt +e(ty, Tp) rl
|af=r
where lim &(¢,,7,) = 0, is valid, then r! ) %fi is called a generalized sym-
[t,1—0 laj=r
CL'B CE%

metric 7 order differential of the function f(z) at the point 2° with respect to those
variables, whose indices represent the set A, and we denote it by

) F0) (48 f(20) = a2 f(0);
() = dOF ;4 fa) = a7 Fa0);
410 = a7 1),

When r is odd, we suggest the same definition
with the only difference that the sum f(xBero +t, )+

f(z 4 p0 ﬁtA) should be replaced by the difference f ( el i, )
- f(xBer%/ftA) ([65]7 b. 315’ [117]7 p. 70)
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We call the number b, a generalized mixed symmetric derivative of the function
20 at the point 7 = || of order f(z) with respect to variables whose indices represent
the set A, and we denote it by

b = D% £(a%) (DAe) f(2%) = DY f(a"),

A(D)

D @ f(20) = D* f(z%); D) f(x0) =DV f(a0),

A(M)

D,V f(%) = D" f(a").

M

The above generalized derivatives are widely used in studying the boundary
properties of differentiated Poisson integrals in the space Rff”l.

4.9 The Boundary Properties of Mixed Derivatives and
Differentials of Arbitrary Order of the Poisson In-
tegral for the Half-Space R*™ (k > 1)

In this section we continue our discussion started in Sections 4.2, 4.4 and 4.7. We
prove the Fatou type theorems on the boundary properties of mixed r € N order
derivatives of the Poisson integral for a half-space R{frl (k > 1), when the integral
density has a mixed derivative or a generalized differential ([108]).

Lemma 4.9.1. For any (z,xp11) € Rffrl, re N, Ac M, D C M and «,
(la] = r, m(a) = m(A)) the following statements are valid.

o "P(t — g, T
1) 1\ = il _:EIkH)tﬁdt = 0, where m(B) = m(a), |B] < |af,
« ATTA
Rm(4) Ty
B # a;
(52) 0Pt — 2 aesn)
oy i = 22y DTt ) Gy = 1
T2 Rk oTg '
O"P(t
3) [ W‘ywdxc;
RE 8:I:A
T'P _ _
5 2 E=20) 3 gy < 0 for T4 S 05 0,
oT™ P
Rk Ty % |
O"P(t
5) sup ‘M‘(MQ + :L‘iﬂ)%w” < Cxp1, v=0,r.
|t|>6>0 (%A

Proof. The relation 1) is proved by induction. For r = 2, oy = oj = 1, 7 # j,

I6] < 2, B # « the equality [ éa) = 0 is easy to prove. Assume that for every a
(m(a) =m(A)) and 8 (m(a) =m(B), [8] < |af, B # a)

I(oz) - / 8TP(t -, karl)
5 =

_[3 —
5 tdt,

Rm(A)
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(0.0
S5 - O"P(t —x,xk41)
= / £ di,, / = £5dt, =0,
A

Rm(A)—1 —o0

where s € {0,1,2,...,|8|}, |6| = |8| — s and show that the equality

83:7
R™(A)

where |y| = |a] + 1, |d] < |y| and 5 # 7, holds.
Indeed, using integration by parts, we have

/ O"P(t —x,xp41) 15dty = (—1)4 / 87"P(t_—/l‘713k+1) tydty
5 oz, ot

—00 —0o0

[o.¢]
1 / O TIP(t — 2, 2p41) s+ gy
T st ows ot v

—00

Therefore we have

1 Ot P(t —
0= / A\uthlv / ( = ka) tzﬂdtv

s+1 85“’ Ozt
Rm(A)—1 —o0
1 otipP(t —
L[ T sy
s+1 81"7
Rm(A)

Hence I[(;), when |3| > 0, and for |3| = 0, Igﬁ =0, as well.
The validity of Statement 2) is also proved by induction. For r = 2, o = o,

1 # 7 the equality I2(a) = 1 follows from the fact (see Lemma 4.4.2) that

@) _ F(%)(k + 1) (k4 3)zr41 / (t; — ) (t; — z))tit ]dt
’ 't ([t — 2 +22,,]F

=1.

P(E5L) (k1) (k + 3)zin / 2Pt
5
[ +

%t5
™ 12+ 22 ,]

Assume now that the equality

ket -
I(a)_F( 2 )/5 (t — @, ap41) 1 =1
no ktl T -
T 2 IL’A
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is fulfilled for » = n and any |a| = r.
Hence we can show that the equality
kt1
7 F( 2 ) /8n+1p(t—$,$k+1) . Adt_ 1
Rk
holds for |y| = |a| + 1.
Indeed, using integration by parts, we obtain
k+1 e oo
Rkl Ry gt
kal —00
F(kil)
_ 2 (_1)2(8+1)/ 8n+1P(t—$,$k+1) ) Adt _ I(,y)
% afl ’7' n+1
Rk
which was to be shown.
Let us now prove that Statement 3) is valid. We have
raTP(t7 l‘k+1) r 8T 1
|t| aza - ’ ’ Tk+1 7o 8t 9 9 Erl
4 (12 + 2344)
_ r I(t17t2)'°°)tk7xk+1)
= [t|"wy, 2 2 ki2ril
(It + 23 41)
where I(t1,ta, ..., tk, Trr1) is @ homogeneous polynomial of degree r in (¢4, ta, . . ., tg,

$k+1)-
Passing to the spherical coordinates, we obtain

[e.o]

9" P(+ T r+k—1
/‘% |t|rdt < Crpp / 2,0, xk;rl)pkwrﬂ dp,
A (p? + xk+1) 2

Rk

where T'(p, zx+1) > 0 is a homogeneous polynomial of degree r in (p, Tg41).
Using the substitution p = zp41p1, we obtain

or P t, xk 1 ., +T+I/ 1dp1
2

Statement 4) follows from Statement 3) and the fact that

ltp + 7, " <27 ([, " + 75 7).
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Indeed,

o"P(t — J" P(t,
/‘ ( $)Ik+1 ‘|t |7'dt /‘ Ik+1 ‘|t +$D|Tdt

ot 85“
RF A
§2/

Rk

8P(t l’k+1 |t|rdt+2r/‘8ptl’k+1 ‘| |rdt
D

<c+c/‘apmk+1 ‘y LIt

Passing to the spherical coordinates, we obtain

O"P(t, k1) (p, zps1)p* Ldp
1= / ‘ 3?1 ‘ |z D|Tdt < ka+1|xD’ / 2 Er2ril
(P +xiq) 2

where T'(p, z+1) > 0 is a homogeneous polynomial of degree r in (p, Tg41).
Using the substitution p = zp41p1, we obtain

k+1 P tdp
= |T.,.Ttk+
I <Clz,| 2y Z/ k+2r+1 (1+ o2zt

Th+1
o0
k—l—v 1
Tht1
- / HW <C for = >C>0.
90k+1 09 (1+p3)" 2 e

Thus Statement 4) is proved.
Statement 5) follows from the inequality

|I(t1, tg, ey tk, :Ek+1)|

8TP(t) karl)

2 2 \EHL
SN2 + 2 ) FI < 2 L o=T,
ot, (|t + 22, )73
since I(ty,ta, ..., tg, Trt1) is a homogeneous degree polynomial of degree r in (i1, to,
) tlﬁ l’k+1)-
Lemma 4.9.1 is proved. O

Theorem 4.9.1. Let AC M, B C M and B' C A. If f(x) has, at the point
2%, a generalized r-th order differential of d\) f(z°), then for every o (o] = r,

A(B)
m(a) = m(A)),

rU(fa z, xk-i—l)
oz

lim
(z,2k41) 2 (29,0)
TA|B

=D2,, f(2).
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Proof. Let 2 = 0. By Statements 1) and 2) of Lemma 4.9.1, we have

k+1
U(f;x, Tky1) _ F(T) /3’”P(t—a:,a:k+1)f(t)dt
oz . 2 T4

k1)
I‘( )/8P(t—x—|—xm3,xk+1)f(t+x it
ANB
m

2 Ea Ty
F<k2i1) O"P(t—x
- +x s l‘k+1) _
= TR / e Az [z, [f(t + T )
mw 2 A
Rk

S 3 elfan Tadse 5] dt o
I e VDD ﬁ'tA} A, o
R 8=
:C</ /)JFDA%)JC( )= C(I +I) + D), £(0),

Vs CVs
where Vj is a ball with center at the point 0 and of radius d. Let € > 0 and choose

6 > 0 such that
<e€

7’

Z Z xAmB? A tﬂ Z ﬁtﬁ

‘ t + xAmB /8‘
=0 |B|=i |B]=r

for [t +z,.,| <0.
Hence
d"(

|Il| < CE/

<C’5/‘ tIL‘k+1< Zt2+2t+x 2>dt

t—a+ J:AHB’-TkJrl)

O
o7 9

£, ["dt

8504 i€ ANB 1€EB’
< Cs/‘ t, ka < o o2+ Z(tﬁm)?) dt
1€ANB iep’
< Ce / 8 ”’““ [( > t?) +< Z(ti—kxi)Q) ]dt
1€ANB i€’

<C’ /‘ t:z:k+1 ‘|t|rdt /‘8Pt:1:k+1 ‘| TFz |7"dt>,

whence by virtue of Statements 3) and 4) of Lemma 4.9.1 it follows that
Lh+1 >C>0.

|$B/’

|I;| < Ce, for (9.1)
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Furthermore,
O"P(t —x 4+ 2,5, Tht1)
|| < / T [ |1£t+2400)
cv(; A
Ja,( ﬂﬁAnB, LA RmI |a|
Y i+ (3 S
=0 |B|=1 |B|=r
This inequality, by Statement 5) of Lemma 4.9.1, yields
0
|Is| < Cxpyy for |z| < 3 (9.2)

From (9.1) and (9.2) (assuming ¢ arbitrary small), it follows that Theorem 4.9.1.
is valid. O

Theorem 4.9.2. Let AC M, BC M and B' C A. If f(x) at the point 2° has
a generalized symmetric r-th order differential d*(r) (20), then for every a (|a| =7,

m(a) =m(A))

T‘U(f’ l'B + x%,7xk+1)

— D*) £(0
im = x
(z5+20, 2pp1)—(20,0) oz B>f( )
Proof. Let 2 = 0, and r be an even number. We have
k+1
rU(f;wakarl) F( 2 ) 87’ (t—$+$B,,$k+1)
T4 ok A T4
E+1
F(%) O"P(t—x+x,,Tpe1)
= —%a pr f(t)dt.
T 2 A

Note that B for even r is the even function of variables ¢ o
T
A —
therefore using first the substitution ¢, = —7_, and then ¢ = 7 + x, we obtain

k41
TU(f;‘TB"/L‘kJrl) _ F( 2 ) /8T (t_$+$3/7xk+1)
oz . oz4
Rk

f(t—2t,,)dt

i)

( 2 OPlt—xz+x,,Tk+1)

[Es) / P A f(t—l—xAmB—QtB,)dt.
T A

w

Rk
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The above equalities yield

+
Uiz () [Tzt zm)
Bt
7r

8?3 ozT® 9

l\.’)

Rk

x f(t + :EAQB) + fét + Lanp — 2tB/)dt.

By Statements 1) and 2) of Lemma 4.9.1, we have

k+1
TU(f;xB7xk+1) _ F( ) /ar (t—ﬂf+$A7fEk+1)

oz e oz 2

A w2 R A

7‘ 1

% f(t+$AmB)+f(2t+mAmB_ _ZZ B Lsnp>s A/)tﬁ
i=0 |B|=1
b7 dt
-y ﬂ'tA] NG + D% £(0).
|Bl=r

Reasoning as in proving Theorem 4.9.1, from the last equality we conclude that
Theorem 4.9.2 is valid. O

Theorem 4.9.3. If at the point z° there exists an r-th order symmetric differ-
ential Ei(r)f(xo), then for any o (|a| =r, m(a) = m(A))

lim M:ﬁ;@ﬂmo),
(@,2r41)—(200)  gFY

Proof. Let 2%, and 7 be an even number. We have

"U(f; 2z, Tpq1) 2 J"P( t— T :L"kH)
s i / o
A
i)
( 2 o P t karl)
t+x)d
and also
+
(fax karl (T> /a P t, karl)f( —t)dt

oz . oz
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These equalities imply that

k+1
"U(f; o, Tp11) _ F<T) /3’"P(t, Tip1) flx+1t) + f(x —t) &t
oz ot J oz< 2

By Statements 1) and 2) of Lemma 4.9.1, we have

Uf5x xpep) _ F(k+1> /87" (t, Tp41) t

853 - W% g 8xi‘ £l
'r 2
flx+1t)+ f(x —1t) z) b, dt a
A ) ZZ 10) 7 Zﬁ'tf 7 |T+D()f(0).
i=0 |B|=i |B]=i

Hence by Statements 3) and 5) of Lemma 4.9.1, we obtain that Theorem 4.9.3
is valid. O

Remark. The examples in Sections 4.2 and 4.4 show that if the type of a
generalized derivative changes, then the theorems are not true.

4.10 The Generalized Laplace Operator in R* (k > 2)

In this section, we use the notation introduced in Section 3.1.

Let Q(t), t € R*, |t| = 1 be a spherical harmonic, i.e. the restriction on the unit
sphere of a harmonic polynomial Q(x) # 0 of degree v, v = 0,1,...; z € R¥. Let
the function f(z) given in the neighborhood of the point 2" be integrable on the
spheres |z — 20| = p for all sufficiently small p > 0. If in the neighborhood of the
point 2" we have the equality

le

kl b1
|Sk 1y / ftt Q(|t| dS g/f$+pt (t)dS*~L(t)

r

aip” ™ +o(p") (p— 0+), (10.1)
1=0

where de,f_l(t) is an element of the (k — 1)-dimensional space of the sphere Sﬁ_l,
and

r($)
Ay, (10.2)
7‘!2”+27"F(% + v+ r)

Ay =
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then the number A, is called the spherical Laplace Q2-operator of degree r in the
function f(z) at the point 29, and we denote it by QA" f(2°) (for k = 2 and Q(t) =
expansions of the form (10.1) are considered in [67], for kK = 2 and Q(t) = ¢; + {2 in
[37], for k =2 and Q(t) = t1t2 in [38], and in a general case in [39]).

If Q(t) = 1, the equality (10.1) can be written in the form

/ F()dSE1(t) = g/fa:+pt)ds’“<>

Sk 1 .’I?O
_ 21 2r
—E aip”" +o(p™) (p—0).

It is not difficult to notice that

L k=1(4\ _ #(,.0
o E—1) Jgk—1(50 f(t)dS (t) f(l‘ )
Af(2°) = lim 15,711 7% (@) T ’ .
p—0 55 P
Let Q(x), z € R*, k = 1,2,..., be a harmonic homogeneous polynomial of
degree v, v =0, 1,.... We say that an integrable function f(z) in the neighborhood

of the point 2 € R¥ has, at this point, a spherical Laplace Q-operator QA f ()
of order r, r =0,1,2,..., if

dt prv+21_|_0( U+27‘) (,0—>0+),

where
1

r!2“+2r+1F(§ +u+r+1

by = ) QA" f(x).

The derivatives QA" f(2°) are considered in [27] (p. 495). It is shown there that
if an integrable function has a spherical derivative QA" f(2°) of order 7, then it
has a globular derivative QA f(z°) of order r with the same value. The converse
statement is, generally speaking, invalid, an example of such a function is given.

It is proved in [39] (p. 222), that if a function f(z), € R¥ has in the neighbor-
hood of the point z° all partial derivatives of order v + 2r + 1, then

QA" f(x0) = Q(grad)d” fxo), (10.3)

where the operator Q(grad) is obtained by the substitution of operators 8%1_, 1<
i < k in the polynomial Q(z) instead of the coordinates z; of the point x.
From (10.3) it, in particular, follows ([27], p. 494) that

QK"einm — Q(TL) . |n|2reinmz~v+2r.
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Analogously, we can show that

o [— ] - oy Lnte st i) (10.4)
(It + a3, y) 2 (It +27) 2

where I(t1,to, ..., g, Tx+1) is a homogeneous polynomial of degree 2r in (t1, 2, . .
th, Thy1)-

Here we introduce the notion of a spherical €2 and a globular Laplace operator
@ in a strong sense.

Let f(x) be a given function in the neighborhood of the point z° that is integrable
on the spheres |z — 20| = p for all sufficiently small p > 0; B be any subset of the
set M ={1,2,...,k}. If there exist functions a;(T,) (if B = &, then a;(T,) = a; =
const), i = 0,7 — 1, given in the neighborhood of 2° and a number a, such that

there exist limits _lim a;(T,) = a;, and in the neighborhood of Y,
Ty HEB

1 t

- Qf =\d k—1

et | sma(g)as o
Sgil(xBer%,)

r(s)

= 7 / flag +2°, 4 pt)Q(t)dS* (1)
Sk—1

*

B

212
r—1 ‘
= ai(@,)p P + [ar +e(p, T) 0",
1=0
where
ﬁl)li% E(pva) =0,
Tp—TY
r(3)
Ay = Ar7

T!2”+27T(% + v+ T‘)

then we call the number A, a spherical Laplace Q2-operator of degree r in the function
f(x) at the point x° in a strong sense, and we denote it by QA;Bf(xO). It is clear

that if B = @, then QA; f(2°) = QA" f(2°), and if B = M, we put QA; f(2°) =
QAL f(20).
It is obvious that for 2(¢) = 1 and » = 1 we have

o[ fWdSEO ~ S, )

k—
— Sp l(xBer%,)

1 2
0 %P
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Let there exist functions b;(Z,) given in the neighborhood of the point 2% (if
B = @, then b;(Z,) = b; = const), ¢ = 0,7 — 1 and a number b, such that there
exist limits _lim bi(T,) = b;, where B is any subset of the set M.
EBHEB
We say that an integrable function f(z) in the neighborhood of the point 20 € R*
has at that point a Laplace globular Q-operator QZ;B f(x%),r=0,1,... in astrong
sense, if

r—1

—1 v+2i = v42r
2T / flag + 2, +p)Q(t)dt =Y bi(T,)p" ™ + [br + e(p, 7)),
vk =0

where

lim e(p,7,) =0,

xB—i%
1 — 0
r!2v+2r+1r(§ fo+r+ 1) 2

The notions of Laplace spherical € and globular operators @ in R* are used
when dealing with problems of summability of differentiated multiple Fourier series
and also when studying the boundary properties of differentiated Poisson integrals
in a space Rl_frl (k>1).

4.11 The Boundary Properties of the Integral
QA'U(f; 2, Th41)

In this section we prove the Fatou type theorem on the boundary properties of
the integral QA"U(f; z, xx+1) when the Poisson integral density has a generalized
spherical derivative ([93], [105], [108]-[111]).

The following theorem is easy to prove.

Lemma 4.11.1. The following statements are valid:
oo 3p? — kai, k—1
1) f 9 g5 P dp = 0;
0 (P +xp )2
k+1
(k+ 1)xk+1F(T) % 3p* — kg

2) k+5 karldp =1;
kﬁr(g) 0 (pP+ag,) 2
o [3p? — kaj |

3) 1 [ ————s oM dp = 0(1).

0 (P +afyq) 2
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Theorem 4.11.1. (a) Let B C M. If at the point x° there exists a finite
derivative ZmB f(z%), then

(2 +a0 h;:nﬂ (20,0) AU (f5 2, +$%/’mk+1) = AxBf(l‘O)'
rptal, Te1)— (2

(b) There exists a function f € L(R) for which Af(x°) exists, but the limit

lil’/l\l AU(f; 2, xp41)

(z,2p41)—)(20,0)
does not exist.

Proof of Item (a). It can be easily verified that

2 .
AxU(fa x, l‘k+1) = _8 U(fa x, l‘k+1)

O} 4
k+1

3t — x| — ka?
PES| / | | kt%ﬁ (t)dt.
T2 Fa ([t =z +23,,) 2

k+1
Assume Dy = w and 6 = [0, 7]*~2 x [0, 27].
var (%)
Passing to the spherical coordinates, we obtain

[ee)
3p? — ka?
Aa:U(fQQUB‘FﬂU%/yl’kJrl):Ckl‘kJrl/#ktis
0 (PP agy)

X / flay +a°, +6)p" " sin* 260, .. .sin by _odpdo; . .. dB),_odp
0

T 302 — ka?

p° — kx _ 1

ZDkaﬂ/ k& o 1[ /
2 (

> 2 =1
+x 2 1Sy
P k+1) SE M (a0,

Hence, by virtue of Lemma 4.11.1, we find that

f)ydsy (t)} dp.

AxU(faxB +$%/7xk+l)_AxBf($ ):Dkl‘kJrl/( 2+ ; )M
Pe T X)) 2

0
o Jst v ) FOASE0) — g +28)

N 0 ,02
2k

whence, with Lemma 4.11.1 taken into account, we conclude Item (a) is valid
The validity of Item (b) follows from Item (b) of Theorem 4.4.2.
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Corollary 4.11.1. If at the point 2° there exists a finite derivative A f(x°), then

lim  AU(f;2°% 2111) = Af(a).
Tp4+1—0+
Corollary 4.11.2. If at the point x° there exists a finite derivative A, f(z°),
then
lim AzU(f;2° x = A, f(2%).
o 00 (f k1) f(@”)

Using the equality (10.4), analogously to Lemma 4.9.1, we prove the following

Lemma 4.11.2. For arbitrary integers v > 0, r > 1 and k > 1 the following
statements are valid

< QAT P ) -
N <Q + ) P dp = 0,1 =00 = T; 7
+1
20 —— o /ON", P
2) ( 2 > f < pY ) pv+k+2r71dp =1;
x=0

ﬁr!Q”*z’T(g + v+ r) 0

2(i7)

0| (QAT, P
3) [ pf pUtkt2r=1q, < C;
0 Q( t ) 2=0
t]
QA
4) sup < tp@ > PPt < Cxpyq for every § > 0.
p>6>0 Q(m) =0
0| (QA )P .
) | <Q ; ) o < O, i =0
(@)’

Theorem 4.11.2. Let B C M. If at the point 2° there exists a finite derivative
QA? f(x0), then
B

lim QAU (fi, +2°, ap41) = OK,f(a?).

(z g +z0 , Try1)—(29,0)
B

Proof. We have

r()
QA"U(f; 25 + xg,,xkﬂ) = —5m /QA"P(t -5 — $(;/,xk+1)f(t)dt
T

2

o) :
- T/QA%:O flt g +2°)dt

2
k+1
2

Rk

*A,p is the Laplace operator written in terms of the spherical coordinates (p, 61,02, ...,0k—2,¢)
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k+1 oo 7r27r

T QApeP

= // // 1Y le=o g+
0

X smk 1o, .. .sin ok,dedel o dB_ody

o) oy
=

5 (L) °| S e [ o) rwasie

»

0 1t S5~ Heg+al,)
2F<ki> /QAT k*ld 1 / 0 t k—1
= — o ) f(8)dS; ().
e o) =S e

By Statements 1) and 2) of Lemma 4.11.2, we obtain

2F(k+1) 7QA;9P
va(s)q o(n)
x{“wrr(%”“)[ L[ a(b)wasio

k—1
F(E) v+2r |S | ’t’
2 p p Sf]f—l(xBer(})B/)

r—1 r k U+2rd
ST D) ()

i—0 r!2”+2rf(§ + v+ r)
k+1 &9
_ 2F( ) / QAT P

\/7_Tr!20+2rf<§+v+r) ; Q(ﬁ)

rI2VT2 T (E 4y 4
X{ o) Ls,’flll | oo

k—1
=0

QAU (fy 2, + 2%, ap11) — QA f(a”) =

=0

F(E) v+2r ’t’

2 p 5571(134»%(])3/)
r—1 '

— Z a; (TB),O”H’} _ QK;Bf(xO)}p”””kldp.
i=0

Hence, by Statements 3), 4) and 5) of Lemma 4.11.2, we conclude that Theorem
4.11.2 is valid. O

Corollary 4.11.3. If at the point z° there exists a finite derivative QA" f (),
then
lim  QATU(f;2°% zpy1) = QA" f(20).

$k+1*>0+
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Corollary 4.11.4. If at the point 2° there exists a finite derivative QA f(x0),
then
lim QAU (f; z, xpe1) = QAL f(a).
(@,2k+1)—(20,0)
Remark. An analogue of Theorem 4.11.2 is valid if instead of the Laplace
spherical 2-operator we use a more general globular Laplace Q)-operator.






Chapter 5

Boundary Properties of a
Differentiated Poisson Integral
for a Bicylinder, and
Representation of a Function of

Two Variables by a Double
Trigonometric Series

5.1 Notation and Definitions
Let 27 be a periodic with respect to the variables x and y function f € L(Q),

(Q = [—m,m; —m,7|) and N
> AmnAmn(2,y) (1.1)

m,n=0
be its Fourier series, where
- when m=n =0,
4
_J1
3 when m=0, n>0 or m>0, n=0,
1 when m >0, n >0,

Apn(2,Y) = ampn cosma cosny + by, , sin ma cos ny

+Cm,n cOsmx sinny + dp, , Sin ma sinny,

145
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while )
U = — [[ f(x,y) cosma cos nydxdy,
T
Q

b, = % {gf f(z,y) sinmx cos nydxdy,

1 (1.2)
cmn = —5 [ f(z,y) cosma sinnydxdy,
T
Q
1
A = — [[ f(z,y) sinma sin nydzdy,
T
Q J
We denote the series (1.1) by S[f].
In a complex form, the Fourier series S[f] can be written more concisely,
o0 .
Sifl= Y. conel™ T, (1.3)
m,n=—o00

where

1 —(mx+ny)t
Cmn = m // f(xv y)e ( v) d‘Tdy
Q

(m=0,£1,£2,...; n=0,£1,£2,...).

The abelian means of the series (1.1) are denoted by U(f;r, p,z,y) and defined
by the equality

Ufir,poz,y)= > AmmAma(z, y)rmp"

m,n=0

0<r<l; 0<p<l)

Taking (1.2) into account, we can easily show that

Utfirpa) = 25 [ [ 6Dt = )Pl m = yyitar
Q

= % // flx+t,y+7)P(r,t)P(p, 7)dtdr, (1.4)
Q

where
1—r2

1—2rcost+r2

P(r,t) = 1 + ir”cosnt _L
2 o 2

The right-hand side of the equality (1.4) is commonly called the Poisson integral

of the function f for a bicylinder. Therefore the expressions “Abelian means of the

series S[f]” and “the Poisson integral of the function f for a bicylinder” are the

synonyms.
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5.2 The Boundary Properties of Arbitrary Poisson
Integral for a Bicylinder

In this section we consider the question on the validity of Fatou results ([33]) for the
Poisson integral in a bicylinder ([87],[88].]90]). We show that in this case no smooth-
ness of density in the neighborhood of some point ensures the existence of boundary
values of derivatives in the Poisson integral at the point under consideration. The
sufficient conditions for the convergence of derivatives in the Poisson integral are
found for a bicylinder. It is proved that the obtained results are unimprovable (in
a definite sense).
The following theorem is valid.

Theorem 5.2.1. No matter what good property the function f(x,y) possesses
in the neighborhood of the point (zg,yo), the limits

3U(f,r, P, Zo, yO) U(farv P, Z0, yO) *

lim , lim 2.1
(r,p),—(1,1) Oz (r,p)y—(1,1) dzdy 1)
do not, generally speaking, exist for none of X > 1.
Proof. Let xy = yg = 0. Since
OP(r,t—z)  r(1—r?)sin(t —x)
Oz © 1 —2rcos(t — x) + 122’
therefore
U(fﬂ"»P,l"O,yo)_?“(l—T 1— // Slnt—:E)
Oz B 272 1 —2rcos(t — z) + r?]?
X ! F(t, 7)dtd
T)dtdr
1—2pcos(t—y)+p2° " ’
whence
U(f;r,p,0,0)_r(l—r )(1—p // sint
Ox B 272 1 —2rcost +r?)?
y ! £t 7)dtd
T)dtdr.
1—2pcosT+p2" "’
Let 0 < 0 < . Assume Ds = [—m,7; —7, ] U [0, 7; d, | and define the function

f(t,7) as follows:

0, when (t,7)€ Ds,
flt,m)=
1,  when (¢,7)€ Q|D;s.

*The symbol (r,p), — (1,1) denotes such tending of r and p to 1 under which 1/ < i:; <,
A is the given number > 1
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Clearly, the above-constructed function f(¢,7) has in the neighborhood of the
point (0,0) a derivative of any order, and

s

aUuzn@oxn___m1—r%a-wﬂ)]; sin tdt L/ dr
N (1 —2rcost+1r2)2 ) 1—2pcost+ p?
5

ox 272
0

™

(44 p) dr 1 1
T 472 6/1—2pcos7’—|—p2(1_r)(l_p){(l—T)Q_(1+7“)2]'

Hence the limit
. 8U(f’ r, p7070)
lim ———————~
(rp)—(L1) O
does not exist for A > 1.
For the constructed function we can also verify that

: oU(f;r, p,0,0)
lim ———
(r.p)y—(1,1) dxdy
does not exist for A > 1.
There naturally arises the question: what the sufficient conditions are for the
limits (2.1) to exist?
Assume (see Section 4.3)

Di,f(x,y)= lim A(fiz,y,t,7)

(t,7)—(0,0)
_ oy Jlettydr) - fleytT) - fletty) + f(ey)
(t,7)—(0,0) tr ’
The following lemma is valid. O

Lemma 5.2.1. Let the derivative D%yf(aro,yg) exist and be finite. If 48 < 2,
such that

y2t 527
1
Sup ——5 | [ 1m0t = 0(1) 2.2
21<<L . )
QJS% —y2t —§29

(4,5 =0,1,2,...),

then

lim A ; 0, T, =0
(4:6)—(0,0) 67(]0 0 yO)

for Yo > 3, where

~2¢ 527
1
As(fio,m0,90) = Sugm / / |A(f; 20,90, t, 7) — D3, f (20, o) |didr.
gi<2m
-y —y2t —§27

P
21<2m
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Proof. Let § < ¢. From (2.2), we have

~2¢ 527
1
fg’ﬁm / / |A(f; 0,90, t, 7) — D2, f (20, yo)|dtdr = O(1). (2.3)
Sic W —y2t —§27
<F

In view of (2.3), for Ve > 0 we can choose N (g) > 0, such that

2§27
1
QSE%W / / |A(f; 0,50, t,7) — D3, f (w0, yo)|dtdr < ¢, (2.4)
yoie S2i _52

is fulfilled, when ¢ 4+ 5 > N for Vv, § > 0.
Indeed, let i + 7 > N. Then

~2¢ 527
1
283£W/ /|A(f;$o,yo,t,7)—Diyf(ﬂﬁo,yo)’dth
2i<2n 2“ -2 -0
. ~2t  §27
B D2
_Qillg)_wQ( —B)(i+7)  §26(i+7) / /|A fiwo,90,%,7) = myf(x07y0)|dtd7
= 2§23
2<2m
~2F 527
1
< 30N gzsilgr’yézﬁ ) / / IAU520:90,17) = Dy, o)t
21<27r —2 -2

Hence it is clear that for the given ¢ > 0, we can choose N(e) > 0, such that
(2.4) is fulfilled.
On the other hand, when i 4+ j < N, we have

~v2¢ 527
1
EILPNW/ /’A fi 0, Y0, t,7) — D2, f (w0, yo) |dtdr
(A
! —y2t —§23
,YQN 62N
[ [ 18Ut — D2y o ) ldrd, (2.5)
,,YQN ,52N

Taking into account (2.5) and the fact that

li A(f; t,7) = D?
(t,T)E}’(lO,O) (fax[))y(% 77—) myf(l'[),yo),
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for the given € > 0 we can choose n(g) > 0 such that

y2t 627
1 2
zf]lipNW / / |A(fa Z0, Yo, t 7-) - nyf(l'o, y0)|dth <g (26)
—2% —§27
when 0 < 7, 0 < n(e).
The validity of Lemma 5.2.1 follows from (2.4) and (2.6). O

Theorem 5.2.2. Let Dgyf(fbo, yo) exist and be finite. If at the point (xq, yo) the
condition (2.2) is fulfilled, then

. O*U(f;r, p,x,y)
lim
iz N 1TQ 83783/

re —e

= D:?:yf(x(b 330). (27)
Proof. It can be easily verified that

1 *U(f;r, 2y
rp 0x0y

= % // trA(f;xo,y0,t, T)K (1t + 29 — ) K (p, 7+ yo — y)dtdr,
Q

where
(1 —r?)sinu

(1 —2rcosu+r?)?’

K(r,u)=

Without restriction of generality, we may assume that zg = yo = 0.
By the condition

™

1
lin% — [ tK(r,t—z)dt=1, for Vz € (—m, m),
r—17
—T

we have
. aQU(fa T, P,x,y) 2
lim - D f(O» 0)
(r2) 2 (1,0 ddy ’
(p,y) > (1,0)
-5 im [[iag0oen - b 00)
T (re) 5 (1,0)

(py) = (1,0)
xtrK(r,t —x)K(p, T — y)dtdr, (2.8)
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It follows from (2.8) that in order to prove (2.7), it suffices to show that

lim I(r,p,x,y)= (f:0,0,t,7)— D:2c £(0,0)]
(r,z) 25 (1,0) (r, ) // ’
(p,y) == (1,0) (p, y) <1,0>
xtTK(r,t —x)K(p, 7 — y)dtdT = 0. (2.9)
We have

4
X [A(fa Oa Oa t, T) - Dgyf(ov 0)]tTK(T7 t— 'T)K(p7 T = y)dth = Z Ik(r, Py T, y)

k=1
Using the estimates
K(rt—2)] < 2((1tf7|§:|,)), 0<t<m (2.10)
we obtain ([35], p.470)
w3 (1—r)
| K (r,t )]_m, l—r<t<m 2lz|<t, (2.11)
o] < A= =0) 2l =p) & Iyl = 1) + o]

(== P

1 J—
/ / (£;0,0,t,7)— DZ,£(0,0)|dtdr < 1
0 O

(1—r)(1—p)
1—p
/ A(f;0;0,t,7) — —Diyf(0,0)|dtd7< CAl,T,l,p(f;o,O,O), (2.12)
when ] vl
z Y
T, < C, 1_p<C.

Let 1 be an integer satisfying the condition 7 < (1 — r)2# < 27w. Next, not
decreasing the generality, we can restrict ourselves to the case

||

._.
|
<
N —
—_
|
o)
N —
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According to those inequalities, with regard for (2.10) and (2.11) ([35], p.469),
we have

|]2(T P, T, y)’
T 1—p
(1—7") (1—p)+1yll 2
< 22(1— p)? IA £;0,0,t,7) — D2, f(0,0)|dtdr
a-nia-p -+l [ [
47T 1—7' + y
< r2(1_ / / —=|A(f;0,0,t,7) = D2, f(0,0)|dtdr
1-
1—r
S . / |A(f;0,0,¢,7)— D2, £(0,0)|dtdr
AT-n-p) :0,0,4,7) = D, (0,
—(1-r) —=(1-p)
C1—1) & e
) . 2
=ln r)QH 0
C(1—r) - )
Z = 2222 A(f30,0,t,7) — D2, £(0,0)|dtdr
=1 —(1-r)2i —(1—p)
Ay, :0,0,0
<CZ 1-r1- p f o, ),
whence
1 I2(r, p, @, y)| < CArp(f50,0,0), (2.13)
when
|~’U\ 1y 1
1<o<?2, 1= 5 1 g < 5
Clearly, the same inequality remains for I3(r, p, z,y).

Analogously ([35], p.470),

1 — 1 —
[ L4(r, p, 2, y)| < rg / /
161r2p t— |a:| (t—|y|)3

12125,
x|A(f;0,0,¢, 7')— yf((] 0)|dtdr
(1-r)27  (1—p)2

<CA—-r)(1-0p Z / / t22|Af00tT) D2,£(0,0)|dtdr

4,J= 11 —r)2i—1 (1—p)27—1
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(1-r)2i  (1-p)2

W
16
< C(l - T)(l - :0) Z (1 — T)222i(1 — p)222j ’A(fa 07 07 t? 7-)
n=t —(15r)2i —(15p)20
A1r1-p(f;0,0,0)
D3, £(0,0)|dtdr < C Z o)
7]_
<CAi_y1-p(f;0,0,0) (2.14)

when " ) w .
L Y
1 2 - — < -
<0<2 <3, 1_p<2
By Lemma 5.2.1, it follows from (2.12),(2.13) and (2.14) that the equality (2.9)
is valid, which proves Theorem 5.2.2. O

From Theorem 5.2.2 we obtain a number of corollaries, the most characteristic
ones are cited here.

Corollary 5.2.1. Let chyf(xo,yo) exist and be finite. If (2.2) is fulfilled for
§<g§)\,)\21th6n

i 2U(firpoyy) _
iz N 1TQ 8:an

rew —e

Diyf(x[)? yO)

. A .
ezy _ elyo

o
—r
Xglfpg)\

Corollary 5.2.2. Let for all (z,y) € Q,

A(fsz,y,t:7)] < @(x,y),

where o(x,y) is finite always everywhere. Then the equality (2.7) is fulfilled almost
at all points Q.

Indeed, by Ward’s theorem ([116], or [57], p. 212), almost at all points @ there
exists chy f(z,y) which is finite. Hence our statement follows from Theorem 5.2.2.

Definition 5.2.1. The point (z,y) is called D-point of the function f(¢,7), if
at that point the conditions

T+t Yy+T
tTHOt’T / / flu,v)dudv = f(z,y),

-+t ™

Sup- //yfu V)| dudv = M (z) <

lt)>o0t
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T y+7

1
Sup—/ / | f(u, v)|dudv = Ms(y) < oo
|7'|>07—_7r )

are fulfilled.

As is known, if f(¢,7) € LIn" L, then almost all points (z,%) of the segment Q
are the D-points.

Lemma 5.2.2. If (z9,yo) is the D-point of the function f(z,y), then at that

point the function
z oy
Fe) = [ [ . odude

—T =T

satisfies the condition (2.2) for V3 > 1.

Corollary 5.2.3. If (zo, y0) is the D-point of the function f(x,y), then

11/1\1’1 U(fa T? P»%y) = f(x07 3/0)

i elro

re

. A .
pezy — 623/0

The last statement involves the theorem due to Jessen, Marcinkiewicz and Zyg-
mund ([35] or [36], see also [45]-[47]).

Theorem 5.2.2 is complete in a sense that the following theorem is valid.

Theorem 5.2.3. Let (g, yp) € Q and 0 < § < min(m —zg, T+xo, T—Yo, T+Yo)-
There exists the function f(z,y) which is infinitely many times differentiable in the

domain ( —m, x9 + g; -7, Yo + 5), *and A(f;zo,t,7) € L(Q), however, the limit

2 .
llm 8 U(fﬂr7 p? x? y)
(r,p)—(1,1) 0xdy

exists at no point (z,y) € {(zo,y),y € (—m, 7))} U{(z,v0), 2 € (—m,7)}.

Proof. Let 29 = yp =0, 0 < 6 < . We define the function f(¢,7) as follows:

vV sint, when 0<t<mw, d<7<m,
flt,7) =< —/—sinT, when d<t<mw, —7m<7<0,
0, when (t,7) € Q{(0,m0,m)U (<t <m —7m<7<0)}.

*We consider the case 0 < 2o < 7 and 0 < yp < 7.
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For that function A(f;0,0,t,7) € L(Q), in the domain (-, d; —,
tion has derivatives of any order, and for every point (z,y) € (—7, 9
=0,k >1"*. For every point (0,y), —7 < y < m we have

2U(f5tp,0,y) _ ,0(1—7“ // sint
0xdy 1 —2rcost+ r?)?

SLE RGN
P

[1—2pcos(T—y) + (1 —2rcost + r2)2

;T

o —m

Sin(T_ ) —SlnT T
1= 2pcos(r —y) T 71" ‘“d}

_rp(1=r?)(1-p?) ] sin? td ] sin(r — y)dr
w2 (1 —2rcost+12)2 | [1—2pcos(t —y) + p?]?
0 b
n /7T sin tdt ] VsinTsin(r + y)dr
( [ ‘

1—2rcost+1?)? ] [1—2pcos(T +y) + p?]?

)

Consider the integral

™

- / Sin% xdxr B / sm2 zdx
) (1—-2rcosz+7r2)2 4 2
0 0 2 + 4rsin 5]

By the substitution ¢ = tg 5, we obtain

[e.e]

1_2%/ t3dt
J (L 2)2[(1 = )2 (14 )22
28 [ tidt

1_7~% V1 (1 =721+ (14 )22
Hence it is not difficult to see that the limit

2
i U@ p,0,y)
(r,p)—(1,1) 0xdy

does not exist.
Analogously, we can show that for every point (x,0), —7 < z < 7 the limit

2 .
lim a U(f’ r? p? x? O)
(r,p)—(1,1) 0xdy

*Where d*(f(z,y) is the total k-th order differential of the function f(z,v)
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does not exist.
Assume now (see Section 4.3)

g(fi2,y,t,7)
f(IEth,y‘FT)*f(.'E‘Ft,y*T)*f($*t,y+7')+f($*t,y*7')
4tr ’

If there exists the limit lim 0 g(f;x,y,t,7), then this limit is called a sym-
metric derivative of the function f(x,y) at the point (z,y), and we denote it by

D3y f(z,y). O
Reasoning as above, we can prove the following theorems.

Theorem 5.2.4. (a) Let D}, f(zo,y0) exist and be finite. If 33 < 2, such that

y2t 527
218;113% 752ﬂ ~598(i+7) / / lg(f; zo, 0, t, 7)|dtdT = O(1), (2.15)
o —n2i 520
2/ < 21
then 2U(f‘7“ P, %0, o)
L) ooy~ Deul(20:90)-

(b) There exists the function f(t,T), such that D}, f(zo,y0) = 0, and the condi-
tion (2.15) is fulfilled, however, there is no limit

I 2U(f;r,p,,y)
reir N, gizo dzdy
AN

peiy —_ eiyO
Theorem 5.2.5. Let

. x, - Zo,
lim (@ y) = f(z0,9) = D, f(z0,%0)-
(z,y)—(x0,y0) T — g

exist and be finite. If 36 < 2, such that

2t 527

t,
Sup / / Lot ty) = F@oy), g o), (2.16)
2J < 2“ e
then U
lim UL 22 Y) _ 1y tlaone).
iz N 10 81:
re — €

. A .
pely JEEREN elyo
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Theorem 5.2.6. (a) Let

L )~ fwoy) _ 0f(we,y)

T—T0 T — X0 ox

f(zo0,y)
ox

and yy 1s the Lebesgue point of the function
(2.16) is fulfilled, then

uniformly with respect to € L(—m, ) in some neighborhood of the point yo,

of(xo,y)
ox

. If, moreover, the condition

lim U(f? r,p,T, y) — 8f($0, yO) )
iz N iz ox ox

EEANZ )

re

. A .
pezy — elyo

(b) Let (zo,%0) € @ and 0 < § < min(m — yo, ™+ yo). There exists the function
f(x,y) which is infinitely many times differentiable in the domain (— T, —T, Yo+

%)* and f(@.y) = J(@o,y) € L(Q), however, the limit
r — X0
im QU5 P20 y)
(r,p)—(1,1) Oz

exists at no point (zg,y), —m <y < 7.

Remark. Theorem 5.2.2 and Item (a) of Theorem 5.2.4 are valid, respectively,
for the derivatives

h 1
C\D3, f(x,y) = hhino %//[f(ac-i—t,y-i—ﬂ—f(m-i—t,y)
10 o0
—f(z,y+ 1)+ f(z,y)ldtdr,

h
1
h—o P2 5

I —0
—flx+t,y—7)+ flz —t,y — 7)|dtdr.

o\{\

*We consider the case 0 < yo < .
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5.3 Representation of a Function of Two Variables by a
Trigonometric Series in the Case of Spherical Con-
vergence

This section is devoted to the consideration of the problem of representability of
a measurable and always everywhere finite function of two variables by a double
trigonometric series in the case of spherical convergence; namely, we prove the the-
orem, analogous to that proven by N.N. Luzin ([43], p.236) for the function of one
variable.

The spherical § order Riesz means of the series (1.3) are called the sum

2 2.6 )
spfimy) = > (1- mﬁ#) ™ (5 >0, R > 0).
vVm24n2<R

If Rlim S}S%(f; x,y) = S, then they say that the series (1.3) at the point (z,y) is
—00

summable to the number S by the Riesz method with exponent §.

Assume
o0

A(fizy) = Y empellmatnizeV/mint],

m,n=0

If there exists a finite limit
lim A.(f;z,y) =S,
e—0

then they say that the series (1.3) at the point (z,y) is summable to the number §
by the Abel-Poisson method.
From the theorem proven in [117], as a consequence we obtain the following

Theorem A. Let f(x,y) € L(Q) (Q = [-7, 7, —m,7|) be of period 2w with
respect to every argument, and at the point (x,y) have a total differential, then
1) limEA (fix,y) = o1 and limgA (fiz,y) = of
e—0 Ox ALY _8:1: 5—»083/ AT Y= 8:(/’
.0 of .0 af 3
2) lim —=Sp(fi2,y) =5 and lim —ySiz(f;x,y) =g, lro> 3

The following theorem is valid ([94]).

Theorem 5.3.1. Let fi(z,y) and fo(z,y) be arbitrary measurable and almost
everywhere finite functions on Q. Then there exists the continuous function F(z,y),
such that if (1.3) is its Fourier series, then almost everywhere on Q) we have

.0 .0
1) ili% %AE(F7 xz, y) - fl(li’y) and ig% a_yAE(Fax’y) - f2(x7y)’

. 0 : 0 3
2) Jim == Sk(Fiz,y) = fi(w,y) and lim @S%(F;w,y) = fa,y) for 6> 3.
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Proof. Let fi(z,y) and fo(z,y) be arbitrary measurable and almost everywhere
finite functions on Q). By A. Jvarshishvili’s theorem ([14]), there exists the contin-
uous function F'(x,y), such that almost everywhere on @,

dF(z,y) = fi(z,y)dz + fo(z,y)dy.

Let (1.3) be the Fourier series of the function F'(zx,y), then by Theorem A, almost
everywhere on Q:

1) lim agAs(F; r,y) = fi(z,y) and 111% agAs(F; z,y) = fa(z,y),
Yy

e—0 Ox e—

2) lim ags‘s (F;2,y) = fi(w,y) and lim (%S}%(F;:r,y) = fa(z,y) for 6 > ;

R—o00

Thus Theorem 5.3.1 is complete. U

5.4 On One Method of Summation of Double Fourier
Series

In this section we consider the method of summation of double Fourier series. The
method allows one to establish not only summability almost everywhere, but also
to show a set of points of total measure at which the summability takes place.

Let the function f(x,y) be summable on Q = [—7, 7; —m, 7|, and 27-periodic
with respect to every variable. Assume (see Section 4.10)

NP2 10 (% L ol ()

4

)
ir2

where C(P;r) is the circumference of radius r, with center at the point P(z,y).
The generalized Laplace operator ([74], p.61; [55], p.279) Af(P) of the function
f(P) = f(x,y) at the point P(x,y) is defined by the equality

Af(P) = lim A(f; P).

The operator © on @ is defined ([55], p.281); [56],p.293) by the equality

Of(w,5) = O f o) = ~5- [ [ 1t )9l yit,
Q

where g(z,y;t,7) is the Green’s function on Q.
The point P(x,y) is called the L-point of the function f(t,7), if

/ |f(t,7) (z,y)|dtdr = o(r?) for 7 — 0,
I1(P;r)
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where I(P;r) is a circle of radius r, with center at the point P(z,y).

As is known, if f € L(Q), then almost all points (x,y) of the segment @) are the
L-points of the function f(t, 7).

The following lemma is valid ([55], p. 282; [56], p. 296).

Lemma A. Let f € L(Q) and P(x,y) be the L-points of the function f(t, 7).
Then Qf(x,y) is finite almost everywhere on Q, and

Further,

— 0? 0?
A(sinmzx cosny) = 922 (sinmzx cosny) + B (sinmax cosny)

= —(m? + n?) sinmx cos ny,

whence ([56], p.294)

QA(sinma cosny) = —(m? + n?)Q(sin mx cos ny) = sinma cosny.
Consequently,
Qs ) 1 :
sinmz cosny) = ———— sinmx cos ny.
Y m? + n? Y

Consider the double trigonometric series (1.1). Of the terms of the series (1.1) we

compose the series

o0 . o0 .
1 Q0 COSMT + by gsinma 1 ag,n COSNY + Co n SINNY
2 >

2 m?2 n?

m=1 n
b

1
-y fmplnd), (4.1)

m,n=1

Assume that (4.1) is the Fourier series of the function F' € L(Q).

1
Definition 5.4.1. We call the series (1.1) R* summable to 70,0 + S(x,y) at
the point P(z,y), if

AF(z,y) = S(x,y).

The following lemma is valid.
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Lemma 5.4.1. Let f € L(Q) and

[e.e]

Z (@m0 cosma + by, g sinmz)

m=1

oo oo
Z ap,n COSNY + o n sinny) + Z Apn(z,y),

m,n

1

SUfl =5

l\:>|>i

then Qf € L(Q), and the series (4.1) is its Fourier series.

Proof. Indeed, as is known ([56], p.294), Qf € L(Q), and hence

// Qf (z,y) sinmaz cos nydzdy

= ——// sin mx cosnydxdy/ f(t,m)g(x,y; t, 7)dtdr

= ——//f (t, T dth//&nmxcosnyg(x y; t, T)dtdr

= / f(t, 7)Q(sinmt cos nt)dtdr

=i //f (t, ) sinmt cosnrdtdr.
m2 +n

Consequently,
b (f)

bm,n(Qaf) = _m2 + n2’

(4.2)

Equalities for another coefficients are proved analogously. Thus the lemma is

proved.

O

Theorem 5.4.1. For every summable function f(x,y), the series S[f] is R*-

summable at all L-points of the function to f(x,y).

Proof. Let (4.2) be the Fourier series of the function f. Then according to

Lemma 5.4.1, the series (4.1) is the Fourier series of the function Qf.

Assume now that the point (x,y) is the L-point of the function f(¢, 7). Then by

Lemma A,
AQf(z,y) = f(z,y).

Thus the theorem is complete.
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5.5 Representation of a Function of Two Variables by a
Double Trigonometric Series in the Case of Pting-
sheim’s Convergence

In this section we consider the problem of representability of a function of two
variables by a double trigonometric series, and also in the case of Pringsheim’s
convergence.

Regarding this problem, the function of many variables is, as L. Zhizhiashvili
says in his review paper ([29], p. 76), very little studied.

The question on the representation of measurable functions of two variables by
a double trigonometric series has been considered by A. Jvarsheishvili ([11]. O.
Dzagnidze’s work [16] deals with the same problem.

In this section, we establish the existence of a continuous function F(z,y) of two
variables, whose differentiated Fourier series is, depending on a way of differentia-
tion, summable almost at every point to different arbitrarily fixed and independent
of each other measurable functions.

We will use the following derivatives of the function of two variables f(x,y):

flzo+t,y) — f(zo,y)

Dy f (w0, y0) = (t,y)li%,yo) t 7
Dl (@osy) = lim (@ o+ TT) — f@p0)
lﬁwﬂmwwzmxgawﬂ%+@w;ﬂm—uw,
Dy f (@0, y0) = (LT)ILI%EO’O) f,yo + T)Q—Tf(l‘, Yo —T)

(see Section 4.1),

Dgyf(xm yO)
lim flxo+t,yo +7) — f(zo+t,90) — f(xo,%0 +7) + f(x0, y0)
(t,7)—(0,0) tT

(see Section 4.3),

~ r f (z r f(t T)dS(t 7-) f(:EO?yO)
Af(aj[))y()) = 71'1*1)1’[1) 2 C 0.40; ) Z117_2

(see Section 4.10).
Assume

h 1
Bs(fiw o) = s [ [ty m) = flot by =)
0 0
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—fle—ty+7)+ flz—ty—7)ldidr,

h
AQl(faxy,hl / x+t,y+7)—f(ac—t,y—|—7’)
0
+f(@x+t,y—1)— flx —t,y—7)]dtdr,

h
1
A12(fa$?/7hl 2/ I+t’y+7—)_f($+t’y_7—)
0

+flx—t,y+71)— flx —t,y — 7)|dtdr.
Let

D = 1 A ; h,l
22f(1:) Z/) (h,l)gr(l0,0) 22(f’ x,y,n, ))

D = 1l A ; h,l
21f($7 y) (h,l)gr(l(),()) 21(fa Z,y,n, )7

D = 1l A ; h,l
12f($, y) (h,l)gl%[),[)) 12(f’ x,y,n, ))

We can easily verify that the following lemma is valid.

Lemma 5.5.1. 1) From the existence of Dyy)f(%0,y0) (D), f(z0,0)) fol-
lows that of D} f(xo,y0) (D7, f(x0,%0)), and Dy f(x0,40) = Dauyf(zo,y0)
(D{ayyf (0, 90) = Diayyf (20, v0))-

2) From the ezistence of D;(y)f(xo, Yo) (D?x)yf(xg, yo)) follows that of Doy f(xo,
yo) (Di2f(xo,90)), and Daif(zo,y0) = Dy f(zo,) (Diaf(zo,p0) =
Dy, f (@0, 90)).

3) From the existence of D?Byf(ﬁo, yo) follows that of

Doy f(wo,90) and Doz f(xo,y0) = D3y, f (20, %0)-
Analogously to Theorem 3.6.3, we can prove the following ([84])

Theorem 5.5.1. Let fi(x,y), i = 1,2,3,4, be arbitrary measurable and almost
everywhere finite function on @ = [0,2m;0,2w]. Then there exists the continuous
function F(x,y), such that almost everywhere on @,

Dy F(2,y) = fi(z,y); D@y F(x,y) = f2(z,y);
D3 F(x,y) = fs(z,y); AF(x,y) = fi(z,y);

Assume there is a double trigonometric series

Z Am,nAm,n(xvy)v (51)

m,n=0
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where

for m=n=0,

for m=0,n>0, or m>0, n=0,

|
[l NN N

for m>1, n>1,

Apon(2,Y) = ampn cosma cosny + by, , sin ma cos ny

+Cm,n cOsmx sinny + dp, , Sin ma sinny,

The series (5.1) is called R(af)-summable (o and 3 are natural numbers) to S(z, y)
at the point (z,y), if

lim Ryg(x,y,u,v)=S(z,y),
™) Bz, y,u,v) = S(z,y)

where

R ﬁ(x v, u, v) Z )\mnAmn(ﬂU y)<smmu> (sinm})ﬁ.

mu nv
m,n=0

We will consider the methods R(2,2), R(2,1), R(1,2) and R*. The method R(2,2)
has been considered in [7], [11], [12], [28], [72] and [73].
Of the terms of the series (5.1) we compose new double series

2 o0 [ee]
aoo 22y — y Z moﬂﬁ y @ ZAo,n(%y) Apon(x,y)
2 5 dule) | §° Sl

4 n2 men? (5.2)
n=1 m,n=1
2 (o0 .
agg 2y yz mo x,y) x Zag,nsmny—co,ncosny
4 n
n=1
n Z (—am,n cos M Sinny — by, p SIN M SINNY + ¢y, COS MT COS NY
m2n
m, n=1
. n SIN M COSNY
; (5.3)
2
men
aoo Zamosmmx bm,0 cos mx xz Onazy
2
=1
n Z (—am,n sin mx cos nyY + by, p COSMT COSNY — Cpy .y SINNMT SINNY
mn?
m,n=1
dyp.n COSMT SiN NY
e (5.4)
mn

16 2

m=1

(o ¢] .
apo(r? +1y?) 1 Q.0 COS MT + by, o SN T
—15 32 —



Representation of a Function by a Double Trigonometric Series 165

iaOncosnerCOnsmny i Apn(z,y) (5.5)
m2+n2 '

l\Dl'—‘

n=1 m,n=1

If (5.1) is the Fourier series of the function f(z,y) € La(Q), then in view of the

inequality
ol <3(@+ )

all the above-mentioned series (5.2), (5.3), (5.4) and (5.5) converge absolutely and
uniformly, and hence they define continuous functions which we denote, respectively,

by ¢22(,y), d21(,y), d12(x,y) and é(z, y).
Assume
A*2(F;z,y,2u,20) = F(z + 2u,y + 2v) + F(x + 2u,y — 20)
+F(x —2u,y+2v) + F(z — 2u,y — 2v) + 4F(z,y) — 2F(x + 2u, y)
—2F(z — 2u,y) — 2F(z,y + 2v) — 2F (z,y — 2v),

A*YFsz,y,2u,v) = F(z 4+ 2u,y +v) + F(z — 2u,y + v)
+2F(z,y —v) —2F(z,y+v) — F(x 4+ 2u,y —v) — F(z — 2u,y — v),
AR(F;2,y,u,20) = F(x +u,y + 20) + F(z 4+ u,y — 2v)

) =

+2F(x —u,y) = 2F(x + u,y) — F(x —u,y + 2v) — F(x — u,y — 2v).

Lemma 5.5.2. The equalities ([7])

22(¢22; z,Y, 2“) 22})

RQQ(J"7 Y, u, U) =

16u2v?2 ’
2 'L, Y, 2”7 v
R21($, Y, u, U) = (¢218u2l}y )7
A12 ¢12§$7y7 u, 2v
RlZ(x7 Yy, u, U) = ( 8UU2 )7
Ad(z,y) = S[f]

are valid.

Let (5.1) be the Fourier series of the continuous function F(x,y). Consider the
following series:

0
%Am,n(xay), (56)
i A 2A (z,y) (5.7)
m,nay mn\L, Y),
0

2
Z Am,nmAm,n(xay)’ (58)
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Z Amn DAy n(2,y). (5.9)

m,n=0

Of the terms of these series we compose the series

Fo(z,y) =

Z (Gm,n smmax smny — bm,n COSMI SINNY — Cy,p SIN NI COSTY

mn
m,n=1

dp,n cOS M COS ny)
)
mn

(o] .
Y Q.0 SINMT — by, g COS MT
le(x,y):§z - - -

m=1

n Z (am,n sinmx sinny — by, p COSME SINNY — Cppy 1y SINMNMT COS Y

mn
m,n=1

+

dp,n cOS M COS ny)
mn ’

oo .
x ag n Sinny — o n COSNY
FIZ(L y) = 5 E : . n =

n=1

(o) . . . .
n Z (am,n sin max sinny — by, p COSMT SINNY — Cpy  SIDMNMT COS NY

mn
m,n=1

+

dpn,n COS M COS ny)
mn '

The functions Fas(z,y), Fo1(x,y) and Fia(z,y) are continuous, and ([12], p. 14)

)
Fon(z,y) = / / F(t,7)dtdr + yo(z) + 21 (y),
0 0

z Y
Fy(z,y) = //FtTdth-l-m/)l()
00
z oy
Flgmy://FtTdth+yg01()
00

Lemma 5.5.3. The following equalities are valid:

2u 2v

A2 (Fyg: .y, 2u, 20) = / / (e +t,y+7)
0 0



= Apo(F; 2, y, 2u, 20) 16002,

2u v

A2 (Fyys 2y, 2, v) = / / (e +t,y+7)
0 0

—Flz—t,y+7)+Flz+t,y—71)— F(z —t,y—7)|dtdr
= AQl(F’ x,Yy, 2u7 ’U)8U2U,

u 2v

A12(F12;x,y,u,2v)://[F(x+t,y+7)
0 0

—Flz+t,y—7)+Flz—t,y+71)— F(z —t,y — 7)|dtdr
= Ap(F;x,y, u, 20)8uv.

This lemma and Theorem 5.5.1 lead immediately to

Theorem 5.5.2. Let fi(xz,y), i = 1,2,3,4 be arbitrary measurable and every-
where finite functions on Q = [0, 2m;0,2x]. Then there exists the continuous func-
tion F(x,y), such that if (5.1) is the Fourier series, then almost everywhere on @,
we have:

1) The series

2) The series

3) The series

4) The series

is summable by the method R(2,1) to fi(x,y);
is summable by the method R(1,2) to fo(z,y);
is summable by the method R(2,2) to f3(z,y);

5.6
5.7
5.8
5.9) is summable by the method R* to fi(x,y).

/_\AA/_\
~— — N —

There are no answers to the questions ([29], p. 78) 1) whether Theorem 5.5.2
remains valid for the case, where f(z,y) = 400 or f(z,y) = —o0 on a set of positive
measure; 2) whether the analogous theorem is valid for the Abelian method, or for
another methods of summation, as well as for ordinary convergence in Pringsheim’s
sense.
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