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Preface

The boundary properties of derivatives of the Poisson integral for a circle were
investigated in full detail by P. Fatou ([33]). In particular he proved

Theorem A. If there exists a finite derivative f(x0), then the derivative of the
Poisson integral has f ′(x0) as its nontangential limit for a function f .

Theorem B. If there exists a finite or an infinite symmetric derivative of first
order f∗(1)(x0), then the derivative of the Poisson integral has f∗(1)(x0) as its radial
limit for a function f .

In this book we investigate the boundary properties of the differentiated Poison
integral for various domains such as circle, ball, half-plane, half-space, bicylinder
and give the application of these properties for the solution of the Dirichlet problem
when the boundary function is measurable and finite almost everywhere.

Chapter I deals with the boundary properties of derivatives of any order of
the Poisson integral for a half-plane when the integral density has a generalized
derivative (in this sense or another) of any order. The boundary properties of
a first order derivative of the Poisson integral for a half-plane, when the integral
density has an ordinary derivative, were investigated by A.G. Jvarsheishvili in [13].
In Section 1.3 it is shown that the existence of a finite symmetric derivative of
the density integral does not ensure the existence of an angular limit of a Poisson
integral derivative. In Section 1.4, the Dirichlet problem is solved in N.N. Luzin’s
formulation for a half-plane.

Chapter II investigates the boundary behavior of derivatives of any order of the
Poisson integral for a circle. It is shown in Section 2.3 that Theorem B cannot be
made stronger in terms of the existence of an angular limit. Various analogues of
the Fatou theorems are proved for generalized derivatives of any order and the fact
that they cannot be strengthened in a certain sense is proved.

In Chapter III consideration is given to the problems connected with the bound-
ary properties of derivatives of the Poisson integral for a ball (of any finite dimen-
sion), where the differentiation operator is a Laplace operator on the unit sphere, i.e.,
an angular portion of the Laplace operator written in terms of spherical coordinates.

For k = 3, the boundary properties of the first and second order partial deriva-

vii



viii Sergo Topuria

tives of the Poisson integral for a ball have been studied by O.P. Dzagnidze in [18–25].
In Section 3.3, we introduce the notions of generalized Laplace operators on the

unit sphere, while in Section 3.5 we prove the theorems on the boundary properties
of an integral Dr

kU(f ; ρ, θ1, θ2, . . . , θk−2, ϕ) (k > 2, r ∈ N), where U(f ; ρ, θ1, θ2, . . . ,
θk−2, ϕ) is the Poisson integral for the unit ball in Rk k > 2, and Dk is a Laplace
operator on the unit sphere Sk−1. In this section it is proved that the obtained
results are non-improvable in a certain definite sense. In Section 3.6 the Dirichlet
problem is solved for a ball when the boundary function is measurable and finite
almost everywhere.

Chapter IV deals with the boundary properties of partial derivatives and dif-
ferentials of arbitrary order of the Poisson integral for a half-space Rk+1

+ (k > 1).
In Section 4.2 the existence of a continuous function with first order finite partial
derivatives at the point x0 = (x0

1, x
0
2, . . . , x

0
k) is established, while first order partial

derivatives of the Poisson integral of this function have no boundary values at the
same point even with respect to the normal. Hence there arises a question how to
generalize the notion of derivatives of functions of several variables so that Fatou
type theorems be valid for the Poisson integral U(f ; x, xk + 1). In Sections 4.1,
4.3, 4.6, 4.8 and 4.10 we introduce the notions of a generalized partial derivative, a
generalized differential and a generalized spherical derivative for functions of several
variables. In Sections 4.2, 4.4, 4.7, 4.9 and 4.11 we prove Fatou type theorems on
the boundary properties of partial derivatives and differentials of arbitrary order
for the Poisson integral in the case of a half-space, when the integral density has
a generalized partial derivative, a generalized differential or a generalized spherical
derivative. The results obtained in this chapter show that in the case of a half-space
the boundary properties of derivatives of the Poisson integral depend essentially on
on a form in which the integral density is differentiable. It is also proved that the
obtained results are non-improvable in a certain sense. In Section 4.5 the Dirichlet
problem is solved for a half-space when the boundary function is measurable and
finite almost everywhere.

Chapter V deals with the boundary properties of the differentiated Poisson in-
tegral for a bicylinder. It is proved that whatever the smoothness of the Poisson
integral density is in the neighborhood of a given point, it does not ensure the
existence of boundary values of partial derivatives of the Poisson integral at the
considered point. Furthermore, the sufficient conditions are found for the existence
of limiting values of first and second order partial derivatives of the Poisson in-
tegral in the case of a bicylinder. It is proved that the obtained results cannot be
strengthened (in a certain sense). In Sections 5.3 and 5.5 we consider the problem os
representing an arbitrary measurable and almost everywhere finite function of two
variables by a double trigonometric series both in the case of spherical convergence
and in the case of convergence in the Pringsheim sense.
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Chapter 1

Boundary Properties of
Derivatives of the Poisson
Integral for a Half-Plane

1.1 Notation, Definitions and the Well-Known State-

ments

We use the following notation: R = R1 =] − ∞;∞[; L̃(R) is a set of measurable
functions f(x) such that

f(x)
1 + x2

∈ L(R); R2
+ = {(x, y) ∈ R2; y > 0};

U(f ; x, y) is the Poisson integral of the function f(x) for a half-plane R2
+, i.e.,

U(f ; x, y) =
y

π

∫

R

f(t)dt
(t − x)2 + y2

=
1
π

∞∫

−∞

P (t− x, y)f(t)dt,

P (t − x, y) =
y

(t − x)2 + y2
.

The symbol M(x, y) ∧−→ P (x0, 0) means that a point M(x, y) ∈ R2
+ tends to

P (x0, 0) along the nontangential path, i.e., there exists a positive number C such
that

|x− x0|
y

< C.

M(x, y) → P (x0, 0) means that the point M(x, y) tends to P (x0, 0) in an arbi-
trary manner, remaining in the half-plane R2

+.

1



2 Sergo Topuria

Assume (see [35], p.92) that the function f(x) is defined in some neighborhood
of the point x0 and that there exist constants α0, α1, . . . , αr such that for small t,

f(x0 + t) = α0 + α1t + · · ·+ αr−1
tr−1

(r − 1)!
+ [αr + ε(t)]

tr

r!
,

where ε(t) → 0 as t→ 0. Then that the function f(x) is said to have the generalized
rth derivative f(r)(x0) at the point x0 and, by definition, f(r)(x0) = αr. It is clear
that α0 = f(x0), α1 = f ′(x0). Moreover, if there exists f (r)(x0), then there likewise
exist f(r)(x0) and f (r)(x0) = f(r)(x0). The converse statement is not true. This
definition is due to Peano.

Let us now recall the notion of a generalized symmetric derivative which belongs
to Valée-Poussin.

Let r be an odd number. If there exist constants β1, β3, . . . , βr such that

f(x0 + t) − f(x0 − t)
2

= β1t + β3
t3

3!
+ · · ·+ βr−2

tr−2

(r− 2)!
+ [βr + ε(t)]

tr

r!
,

where ε(t) → 0 as t→ 0, then βr is called the r-th generalized symmetric derivative
or, shortly, the r-th symmetric derivative of f at the point x0. We denote this
derivative by the symbol f∗(r)(x0), i.e., βr = f∗(r)(x0). The same definition is given
for even r, but the difference f(x0 + t) − f(x0 − t) should be replaced by the sum
f(x0 + t) + f(x0 − t).

Clearly,

β1 = lim
t→0

f(x0 + t) − f(x0 − t)
2t

= f∗(1)(x0), (1.1)

β0 = f(x0), β2 = lim
t→0

f(x0 + t) + f(x0 − t) − 2f(x0)
t2

= f∗(2)(x0).

It can be easily verified that the existence of derivatives f(r)(x0) implies the
existence of derivatives f ∗(r)(x0) and their equality (see [35], p.93).

For symmetric derivatives, from the existence of f∗(r)(x0) follows the existence of
f∗(r−2)(x0), but not necessarily f∗(r−1)(x0) (see [35], p.93).

If there exist functions αi(x), i = 0, 1, 2, . . . , r− 1, defined in the neighborhood
of the point x0 and a number αr such that there exist limits lim

x→x0

αi(x) = αi, and

in the neighborhood of the point x0 we have for small t,

f(x+ t) = α0(x) + α1(x)t+ · · ·+ αr−1(x)
tr−1

(r− 1)!
+ [αr + ε(x, t)]

tr

r!
, (1.2)

where lim
(x,t)→(x0,0)

ε(x, t) = 0, then we say that the function f has the generalized

r-th derivative in a strong sense at the point x0 and we define f (r)(x0) = αr.
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Clearly, α0(x) = f(x), while

α1 = f1(x0) = lim
(x,t)→(x0,0)

f(x+ t) − f(x)
t

. (1.3)

From the above definition it follows that if f (r)(x0) exists, then there also exists
f(r)(x0), and they are equal.

Let us now give the definition of a generalized symmetric derivative in a strong
sense. Let r be an even number. If there exist functions β0(x), β2(x), . . . , βr−2(x)
defined in the neighborhood of the point x0, and a number βr such that there exist
limits lim

x→x0

β2i(x) = β2i, i = 0, 1, 2, . . . , r−2
2 , and in the neighborhood of the point

x0 we have for small t:

(f(x+ t) + f(x− t)
2

= β0(x) + β2(x)
t2

2!
+ · · ·+ βr−2(x)

tr−2

(r− 2)!
+ [βr + ε(x, t)]

tr

r!
,

where lim
(x,t)→(x0,0)

ε(x, t) = 0, then we say that f has the r-th generalized symmetric

derivative in a strong sense at the point x0, and we define f∗(r)(x0) = βr.
The same definition is given for an odd r, but the sum f(x+ t)+f(x− t) should

be replaced by the difference f(x+ t) − f(x− t).
It is not difficult to see that from the existence of a derivative f (r)(x0) follows

the existence of a derivative f∗(r)(x0) and their equality.
Clearly, β0(x) = f(x),

β1 = lim
(x,t)→(x0,0)

f(x+ t) − f(x− t)
2t

= f
∗
(1)(x0),

β2 = lim
(x,t)→(x0,0)

f(x+ t) + f(x− t) − 2f(x)
t2

= f
∗
(2)(x0).

The following statements are valid:
(1) The existence of f ′(x0) implies the existence of f∗(1)(x0) and f∗(1)(x0) = f ′(x0).

The converse statement is not true (see, for e.g., [115], p. 614).
(2) The existence of f ′′(x0) implies the existence of f∗(2)(x0) and f∗(2)(x0) =

f ′′(x0).
Using the function

f(x) =

x∫

0

t sin
1
t
dt

as an example it is easy to show that the converse statement is not true.
(3) The existence of f (r)(x0) implies the existence of f (i)(x0) and fi(x0) = αi

(i = 1, 2, . . . , r− 1).
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Indeed, let there exist f (r)(x0), i.e., let the equality (1.2) hold. Then

f(x+ t) = α0(x) + α1(x)t+ · · ·+ αr−2(x)
tr−2

(r− 2)!

+ [αr−1 + ε0(x)]
tr−1

(r− 1)!
+ [f (r)(x0) + ε(x, t)]

tr

r!
, (1.4)

ε0(x) → 0 as x→ x0. Thus (1.4) can be rewritten as follows:

f(x+ t) = α0(x) + α1(x)t+ · · ·+ αr−2(x)
tr−2

(r− 2)!
+ [αr−1 + ε1(x, t)]

tr−1

(r− 1)!
,

where ε1(x, t) = ε0(x)+ t
rf (r)(x0)+ t

rε(x, t). which tends to zero as (x, t) → (x0, 0).
The existence of the remaining derivatives can be shown analogously.

(4) The existence of f (1)(x0) implies the existence of f ′(x0) and f (1)(x0) = f ′(x0).
Using the function

f(x) =

{
x2 sin 1

x , for x 6= 0,
0, for x = 0

as an example it is easy to show that the converse statement is invalid.
(5) If there exists f (1)(x0), then almost everywhere in the neighborhood of the

point x0 there exists f ′(x).
(6) If f ′(x) exists in the neighborhood of the point x0 and is continuous at the

point x0, then f (1)(x0) exists too, and f (1)(x0) = f ′(x0).
The converse statement is not true: there exists a function f(x) which at the

point 0 has f (1)(o), but in the neighborhood of the point 0 there exists almost
everywhere a dense set whose every point does not contain f ′(x).

Indeed, let {rk} be a sequence of rational numbers, everywhere dense in the
neighborhood of the point 0. Consider the function

ϕ(x) =
∞∑

k=1

|x− rk|
2k

.

ϕ(x) is continuous and differentiable everywhere except for the points r1, r2, . . . .
Let

f(x) = xϕ(x).

It is clear that the function f(x) is also differentiable everywhere except for the
points r1, r2, . . ., and f ′(o) = 0. It is not difficult to show that f (1)(o) also exists,
and f (1)(o) = 0.

(7) If the derivative f ′′(x) exists in the neighborhood of the point x0 and is
continuous at the point x0, then there exists f (2)(x0), and f (2)(x0) = f ′′(x0).

Note that the continuity of the derivative f ′′(x) at the point x0 is only the
sufficient condition for the existence of f (2)(x0).

In the sequel it will be assumed that f(x) ∈ L̃(R).
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1.2 Auxiliary Statements

The following lemma is valid.

Lemma 1.2.1. For every r ∈ N and (x, y) ∈ R2
+, the following statements are

valid.

1) I
(r)
i =

∞∫
−∞

∂rP (t−x,y)
∂xr tidt = 0, i = 0, 1, 2, . . . , r− 1;

2) Ir =
1
π

∞∫
−∞

∂rP (t−x,y)
∂xr

tr

r!dt = 1;

3)
∞∫

−∞

∣∣∣∂
rP (t, y)
∂tr

∣∣∣ |t|rdt < C;∗

4)
∞∫

−∞

∣∣∣∂
rP (t − x, y)

∂tr

∣∣∣ |t|rdt < C for y
|x| ≥ C > 0;

5) sup
|t|≥δ>0

∣∣∣ ∂
rP (t,y)
∂tr

∣∣∣ (t2 + y2)|t|v < Cy, v = 0, r.

Proof. Statement (1) is proved by induction. When r = 1 and i = 0, the
validity of the statement follows from the equality

∞∫

−∞

P (t − x, y)dt =

∞∫

−∞

P (t, y)dt = y

∞∫

−∞

dt

t2 + y2
= π.

For r = 2, we have

I
(2)
0 =

∂2

∂x2

∞∫

−∞

P (t− x, y)dt = 0

and

I
(2)
1 =

∞∫

−∞

∂2P (t− x, y)
∂x2

tdt =

∞∫

−∞

∂2P (t, y)
∂t2

(t+ x)dt

=

∞∫

−∞

∂2P (t, y)
∂t2

tdt+ x

∞∫

−∞

∂2P (t, y)
∂t2

dt =

∞∫

−∞

3t2 − y2

(t2 + y2)3
tdt = 0.

Let us now assume that the equality

I
(n)
1 =

∞∫

−∞

∂nP (t − x, y)
∂xn

tidt = 0, i = 0, n− 1

∗Here and in the sequel, by C we denote the absolute positive constants which may, generally
speaking, be different in various correlations.
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is fulfilled for r = n and show that

I
(n+1)
1 =

∞∫

−∞

∂n+1P (t − x, y)
∂xn+1

tidt = 0, i = 0, n.

Indeed, the integration by parts yields

0 = I
(n)
i = (−1)n

∞∫

−∞

∂nP (t − x, y)
∂tn

tidt

=
(−1)n+1

i+ 1

∞∫

−∞

∂n+1P (t − x, y)
∂tn+1

ti+1dt =
1

i+ 1

∞∫

−∞

∂n+1P (t − x, y)
∂xn+1

ti+1dt.

Thus In+1
i = 0 when i = 1, n, and for i = 0 we likewise have

I
(n+1)
0 =

∂n+1

∂xn+1

∞∫

−∞

P (t − x, y)dt = 0.

The validity of Statement (2) is also proved by induction. For r = 1, we have

I1 =
1
π

∞∫

−∞

∂P (t− x, y)
∂x

tdt =
2y
π

∞∫

−∞

(t− x)t
[(t− x)2 + y2]2

dt

=
2y
π

∞∫

−∞

t(t+ x)
(t2 + y2)2

dt =
2
π

∞∫

−∞

t2dt

(1 + t2)2
= 1.

(see [10], p. 79).
When r = 2, we have

I2 =
1
π

∞∫

−∞

∂2P (t− x, y)
∂x2

t2

2
dt =

2y
π

∞∫

−∞

3(t− x)2 − y2

[(t− x)2 + y2]3
t2dt

=
2y
π

∞∫

0

(3t2 − 1)t2

(1 + t2)3
dt = 1.

Assume that for r = n the equality

In =
1
π

∞∫

−∞

∂nP (t − x, y)
∂xn

· t
n

n!
dt = 1
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is fulfilled.
Taking this into account, we can show that

In+1 =
1
π

∞∫

−∞

∂n+1P (t − x, y)
∂xn+1

· tn+1

(n+ 1)!
dt = 1. (2.1)

Indeed, using the integration by parts, we obtain
∞∫

−∞

∂nP (t− x, y)
∂xn

· t
n

n!
dt =

∞∫

−∞

∂n+1P (t − x, y)
∂xn+1

· tn+1

(n+ 1)!
dt,

which shows that the equality (2.1) is valid.
Let us now prove the validity of Statement (3). We have

|t|r
∂rP (t, y)
∂tr

= |t|ry ∂
r

∂tr

( 1
t2 + y2

)
= |t|ry I(t, y)

(t2 + y2)r+1
,

where I(t, y) is a homogeneous polynomial of degree r of (t, y). Thus

∞∫

−∞

∣∣∣∂
rP (t, y)
∂tr

∣∣∣ |t|rdt = y

∞∫

−∞

∣∣∣ I(t, y)tr

(t2 + y2)r+1

∣∣∣dt ≤ C

∞∫

0

∑r
v=0 t

v+r

(1 + t2)r+1
dt = O(1).

Statement (4) follows from Statement (3) if we take into account the conditions

y

|x|
≥ δ > 0.

Indeed, using the inequality |a+ b|p ≤ 2p(|a|p + |b|p) for p ≥ 1, we obtain

∞∫

−∞

∣∣∣∂
rP (t − x, y)

∂tr

∣∣∣ |t|rdt =

∞∫

−∞

∣∣∣∂
rP (t, y)
∂tr

∣∣∣ |t + x|rdt

≤ 2r

∞∫

−∞

∣∣∣∂
rP (t, y)
∂tr

∣∣∣ |t|rdt + 2r|x|r
∞∫

−∞

∣∣∣∂
rP (t, y)
∂tr

∣∣∣ dt

= O(1) + C|x|r
∞∫

−∞

y|I(t, y)|
(t2 + y2)r+1

dt

= O(1) +
C|x|ry2+r

y2r+2

∞∫

−∞

|I(ρ, 1)|
(1 + ρ2)r+1

dρ

≤ O(1) + C

∞∫

0

∑r
v=0 ρ

v

(1 + ρ2)r+1
dρ = O(1).
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Statement (5) follows from the inequality

∣∣∣∂
rP (t, y)
∂tr

∣∣∣(t2 + y2)|t|v = y
|I(t, y)|

(t2 + y2)r+1
(t2 + y2)|tv|

≤ y
|I(t, y)|

(t2 + y2)r+1
(t2 + y2)

v
2
+1 = y

|I(t, y)|
(t2 + y2)r−v

2

(t2 + y2)r−v
2 < Cy,

v = 0, r, |t| ≥ δ,

since I(t, y) is a homogeneous polynomial of degree r.

1.3 The Boundary Properties of Derivatives of the Pois-

son Integral for a Half-Plane

The boundary properties of a first order derivative of the Poisson integral for a half-
plane in case the integral density has a finite ordinary derivative, are studied in [13].
The same problem is investigated in [91] for the case, where the integral density has
a first symmetric derivative. In the same work, it is shown that the obtained results
cannot be strengthened in the sense of the existence of an angular limit.

In this section, we study the boundary properties of derivatives of any order of
the Poisson integral for a half-plane, when the integral density has a generalized
derivative of arbitrary order.

The following theorems are valid (see [13], [91], [98]).

Theorem 1.3.1. (a) If at the point x0 there exists a finite f∗(r)(x0), then

lim
y→0+

∂rU(f ; x0, y)
∂xr

= f∗(r)(x0).

(b) There exist continuous functions ϕ and g ∈ L(R) such that ϕ∗
(1)(x0) and

g∗(2)(x0) are finite, but the limits

lim
(x,y)

∧−→(x0,0)

∂U(ϕ; x, y)
∂x

and lim
(x,y)

∧−→(x0,0)

∂2U(g; x, y)
∂x2

do not exist.

Proof of Item (a). Let r be even. We have

∂rU(f ; x0, y)
∂xr

=
1
π

∞∫

−∞

∂rP (t − x0, y)
∂xr

f(t)dt =
1
π

∞∫

−∞

∂rP (t, y)
∂xr

f(x0 + t)dt. (3.1)
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Note that ∂rP (t,y)
∂xr is an even function of t for even r. Thus using the substitution

t = −τ , we obtain

∂rU(f ; x0, y)
∂xr

=
1
π

∞∫

−∞

∂rP (t, y)
∂xr

f(x0 − t)dt. (3.2)

The equalities (3.1) and (3.2) result in

∂rU(f ; x0, y)
∂xr

=
1
π

∞∫

−∞

∂rP (t, y)
∂xr

· f(x0 + t) + f(x0 − t)
2

dt.

Owing to Statements (1) and (2), from Lemma 1.2.1 we obtain

∂rU(f ; x0, y)
∂xr

=
1
π

∞∫

−∞

∂rP (t, y)
∂xr

×

[ f(x0+t)+f(x0−t)
2 −

r−2
2∑

v=0
β2v

t2v

(2v)!

tr

r!

− f∗(r)(x0)

]
tr

r!
dt+ f∗(r)(x0)

=
1
π

(∫

Vδ

+
∫

CVδ

)
+ f∗(r)(x0) =

1
π

(I1 + I2) + f∗(r)(x0),

where Vδ =] − δ, δ[. Let ε > 0 and choose δ > 0 such that
∣∣∣∣∣∣∣∣∣∣

f(x0+t)+f(x0−t)
2 −

r−2
2∑

v=0
β2v

t2v

(2v)!

tr

r!

− f∗(r)(x0)

∣∣∣∣∣∣∣∣∣∣

< ε (3.3)

for |t| < δ.
By virtue of the above formula and Statement (3), from Lemma 1.2.1 we have

the estimate |I1| < Cε for |t| < δ.
Next, taking into account Statement (5), from Lemma 1.2.1 we obtain

|I2| ≤
1
π

∫

CV

∣∣∣∂
rP (t, y)
∂xr

∣∣∣
[
f(x0 + t) + f(x0 − t)

2
+

r−2
2∑

v=0

|β2v|
|t2v |
(2v)!

]
dt

+|f∗(r)(x0)|
∫

CV

∣∣∣∂
rP (t, y)
∂xr

∣∣∣ |tr|dt < Cy. (3.4)
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The validity of Item (a) follows from (3.3) and (3.4) (assuming ε is arbitrarily small).
Proof of Item (b). 1. We assume that D = [−1; 1]. Let

ϕ(t) =

{√
−t, when − 1 ≤ t ≤ 0,√
t, when 0 ≤ t ≤ 1,

and on the set R|D we extend the function ϕ(t) continuously so that ϕ ∈ L(R). It
can be easily verified that ϕ∗

(1)(o) = 0. Let (x, y) → (o, o) so that x > 0 and y = x.
Assume that x < 1

4 . Then for the constructed function

∂U(ϕ; x, y)
∂x

=
2y
π

1∫

0

(t− x)
√
t

[(t− x)2 + y2]2
dt+

2y
π

0∫

−1

(t− x)
√
−t

[(t− x)2 + y2]2
dt+ O(1)

=
2y
π

1−x∫

−x

t
√
t + x

(t2 + y2)2
dt− 2y

π

1∫

0

(t + x)
√
t

[(t+ x)2 + y2]2
dt+ O(1)

=
2y
π

x∫

−x

t
√
t+ x

(t2 + y2)2
dt+

2y
π

1−x∫

x

t(
√
t+ x −

√
t− x)

(t2 + y2)2
dt+ O(1)

= I1 + I2 + O(1), (3.5)

where

I1 =
2y
π

x∫

−x

t
√
t+ x

(t2 + y2)2
dt =

2y
π

x∫

0

t(
√
t + x−

√
x− t)

(t2 + y2)2
dt > 0, (3.6)

I2 =
2x
π

1−x∫

x

t(
√
x+ t −

√
t − x)

(t2 + x2)2
dt >

2x
π

2x∫

x

t(
√
x + t−

√
t− x)

(t2 + x2)2
dt

>
2x
π

2x∫

x

x(
√

2x−
√
x)

(5x)4
dt =

C√
x
. (3.7)

It follows from (3.5) and (3.7) that

∂U(ϕ; z, y)
∂x

→ +∞,

as (x, y) → (o, o) along the chosen path.
2. We now construct the function g. Let

g(t) =

{√
−t, when − 1 ≤ t ≤ 0,

−
√
t, when 0 ≤ t ≤ 1,
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and on the set R|D we extend the function g(t) continuously so that g ∈ L(R). As
is easily seen, g∗(2)(o) = 0. Let (x, y) → (o, o) so that x > 0, y = x and x < 1

2 .
For this function,

∂2U(g; x, y)
∂x2

=
2x
π

0∫

−1

3(t− x)2 − x2

[(t− x)2 + x2]3
√
−tdt−

1∫

0

3(t− x)2 − x2

[(t− x)2 + x2]3
√
tdt+ o(1)

=
2x
π

( 1+x∫

x

3t2 − x2

(t2 + x2)3
√
t − xdt−

1−x∫

−x

3t2 − x2

(t2 + x2)3
√
t+ xdt

)
+ 0(1)

=
2x
π

(
−

1−x∫

x

3t2 − x2

(t2 + x2)3
(
√
t + x−

√
t − x)dt−

x∫

0

3t2 − x2

(t2 + x2)3
√
x− tdt

−
x∫

0

3t2 − x2

(t2 + x2)3
√
x+ tdt

)
+ o(1)

=
2x

πx
5
2

(
−

1−x
x∫

1

3t2 − 1
(1 + t2)3

(
√
t + 1 −

√
t − 1)dt

−
1∫

0

3t2 − 1
(1 + t2)3

√
1 − tdt−

1∫

0

3t2 − 1
(1 + t2)3

√
1 + tdt

)
+ o(1)

=
2

πx
3
2

(
−

1−x
x∫

1

3t2 − 1
(1 + t2)3

(
√
t + 1 −

√
t − 1)dt

−
1∫

1/
√

3

3t2 − 1
(1 + t2)3

(
√

1 + t+
√

1 − t)dt+

1√
3∫

0

1− 3t2

(1 + t2)3
(
√

1 + t+
√

1− t)dt+ o(1)
)

=
2

πx3/2
(−I1 − I2 + I3) + 0(1). (3.8)

It can be easily verified that

I3 >

(√
1 +

1√
3

+

√
1 − 1√

3

) 1√
3∫

0

1 − 3t2

(1 + t2)
dt

=
9

16
√

3

(√
1 +

1√
3

+

√
1− 1√

3

)
. (3.9)
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I1 <
√

2

∞∫

1

3t2 − 1
(1 + t2)3

dt =
√

2
4
. (3.10)

I2 <

(√
1 +

1√
3

+

√
1 − 1√

3

) 1∫

1/
√

3

3t2 − 1
(1 + t2)3

dt

=
9 − 4

√
3

16
√

3

(√
1 +

1√
3

+

√
1 − 1√

3

)
. (3.11)

The expressions (3.9), (3.10) and (3.11) yield

I3 − I1 − I2 >
1
4

(√
1 +

1√
3

+

√
1− 1√

3
−
√

2

)
> 0. (3.12)

It follows from (3.8) and (3.12) that

∂2U(g; x, y)
∂x2

>
1

2πx3/2

(√
1 +

1√
3

+

√
1 − 1√

3
−

√
2
)
,

whence
∂2U(g; x, y)

∂x2
→ +∞

as (x, y) → (o, o) along the chosen path.
The theorem is proved.

Let F (x) be an undefined integral of a function f ∈ L(R), i.e.,

F (x) =

x∫

−∞

f(t)dt.

Corollary 1.3.1. At every point x0 at which there exists a finite F ∗
(1)(x0) (see

(1.1)), we have
lim

y→0+
U(f ; x0, y) = F ∗

(1)(x0).

Proof. Integrating by parts, we obtain

U(f ; x, y) =
1
π

∞∫

−∞

P (t − x, y)f(t)dt

= − 1
π

∞∫

−∞

F (t)
∂P (t− x, y)

dt
dt =

∂

∂x
U(F ; x, y). (3.13)

Hence by virtue of Theorem 1.3.1, it follows that Corollary 1.3.1 is valid.
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Theorem 1.3.2. (a) If at the point x0 there exists a finite f(r)(x0), then

lim
(x,y)

∧−→(x0,0)

∂rU(f ; x, y)
∂xr

= f(r)(x0).

(b) There exists a function g ∈ L(R) such that g′(x0) is finite, but the limit

lim
(x,y)→(x0,0)

∂U(g; x, y)
∂x

does not exist.

Proof of Item (a). Let x0 = 0. By Statements (1) and (2) of Lemma 1.2.1,
we have

∂rU(f ; x, y)
∂xr

=
1
π

∞∫

−∞

∂rP (t − x, y)
∂xr

f(t)dt

=
1
π

∞∫

−∞

∂rP (t− x, y)
∂xr

[f(t) −
r−1∑
v=0

αv
tv

v!

tr/r!
− f(r)(o)

]
tr

r!
dt+ f(r)(o)

=
1
π

(∫

Vδ

+
∫

CVδ

)
+ f(r)(o) =

1
π

(I1 + I2) + f(r)(o), (3.14)

where v
δ

=] − δ, δ[. Let ε > 0. We choose δ > 0 such that



f(t) −
r−1∑
v=0

αv
tv

v!

tr/r!
− f(r)(o)


 < ε, for |t| < δ.

Hence by Statement (4) of Lemma 1.2.1, we have

|I1| < Cε, for |t| < δ and
y

|x| ≥ C > 0. (3.15)

Furthermore, in view of Statement (5) of Lemma 1.2.1, we have

|I2| ≤
1
π

∫

CV

∣∣∣∂
rP (t− x, y)

∂xr

∣∣∣
[
|f(t)| +

r−1∑

v=0

|αv|
|tv|
v!

]
dt

+|f(r)(o)|
∫

CV

∣∣∣∂
rP (t− x, y)

∂xr

∣∣∣ |tr|dt < Cy, (3.16)
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for |x| < δ
2 and y

|x| ≥ C > 0.
By virtue of (3.15), (3.16), from (3.14) we obtain

lim
(x,y)

∧−→(0,0)

∂rU(f ; x, y)
∂xr

= f(r)(o).

Proof of Item (b). Let

g(t) =





√
|t3| sin 1

t
, when t ∈ [−1; 0[∪]0; 1],

0, when t = 0 and t ∈] −∞,−1[∪]1,+∞[.

Clearly, g′(o) = 0, but as for g′(o) = lim
(t,x)→(0,0)

f(x+t)−f(x)
t , it does not exist. Indeed,

let t = x2 and 0 < x < 1
2 . Then

lim
(x,t)→(0,0)

√
|x+ t|3 sin 1

x+t −
√

|x3| sin 1
x

t

= lim
x→0

√
(x+ x2)3 sin 1

x+x2 −
√
x3 sin 1

x

x2

= lim
x→0

1√
x

[√
(1 + x)3 sin

1
x+ x2

− sin
1
x

]
.

If xn = 1
2nπ , then 1

xn+x2
n

= 2nπ − 2nπ
2nπ+1 , and hence

lim
x→0

1√
x

[√
(1 + x)3 sin

1
x+ x2

− sin
1
x

]

= lim
n→∞

√
2nπ

√
(1 +

1
2nπ

)3 sin
2nπ

2nπ + 1
= +∞.

Thus g′(o) does not exist.
Let (x, y) → (0, 0) so that x > 0, y = x2 and x < 1

2 . Then for the above-
constructed function

U(g; x, y) =
2y
π

∞∫

−∞

(t− x)g(t)dt
[(t− x)2 + y2]2

=
2y
π

1∫

−1

(t− x)
√
|t3| sin 1

t dt

[(t− x)2 + y2]2

=
2y
π

{ 1−x∫

0

√
(x+ t)3 sin 1

x+t

(t2 + y2)2
dt−

1+x∫

0

t
√

|x− t|3 sin 1
x−t

(t2 + y2)2
dt

}

=
2y
π

1−x∫

0

t[
√

(x+ t)3 sin 1
x+t −

√
|x− t|3 sin 1

x−t ]
(t2 + y2)2

dt+ o(1)
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=
2x2

π

{ x∫

0

+

1−x∫

x

}
=

2
π

(I + I1).

I1 = x2

1−x∫

x

t[
√

(x+ t)3 sin 1
x+t −

√
(t− x)3 sin 1

x−t ]
(t2 + x4)2

dt

= [t = xτ ] =
√
x3

1−x
x∫

1

t[
√

(1 + t)3 sin 1
x+xt −

√
(t− 1)3 sin 1

x−xt ]
(t2 + x2)2

dt.

whence it follows that

|I1| < C
√
x3

∞∫

1

t
√

(1 + t)3

t4
dt < C

√
x3

∞∫

1

t
5
2

t4
dt = C

√
x3

∞∫

1

dt

t3/2
.

This implies that
lim
x→0

I1 = 0.

To investigate the integral

I(x) = x2

x∫

0

t[
√

(x+ t)3 sin 1
x+t −

√
(x− t)3 sin 1

x−t ]
(t2 + x4)2

dt

x2

x∫

0

t[
√

(x+ t)3 sin 1
x+t +

√
(x− t)3 sin 1

t−x ]
(t2 + x4)2

dt (3.17)

we perform the Maclaurin-series expansion of the functions

sin
1

t + x
and sin

1
t − x

.

We have

sin
1

t+ x
= sin

1
x

+
(
− 1
x2

cos
1
x

)
· t
1!

+
( 2
x3

cos
1
x
− 1
x4

sin
1
x

)
· t

2

2!

+
[(

− 6
x4

+
1
x6

)
cos

1
x

+
6
x5

sin
1
x

]
· t

3

3!

+
[(24
x5

− 12
x7

)
cos

1
x

+
(
− 36
x6

+
1
x8

)
sin

1
x

]
· t

4

4!

+
[(

− 120
x6

+
120
x8

− 1
x10

)
cos

1
x

+
(240
x7

− 20
x9

)
sin

1
x

]
· t

5

5!
+ · · ·

and

sin
1

t − x
= − sin

1
x

+
(
− 1
x2

cos
1
x

)
· t
1!

−
( 2
x3

cos
1
x
− 1
x4

sin
1
x

)
· t

2

2!
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+
[(

− 6
x4

+
1
x6

)
cos

1
x

+
6
x5

sin
1
x

]
· t

3

3!

−
[(24
x5

− 12
x7

)
cos

1
x

+
(
− 36
x6

+
1
x8

)
sin

1
x

]
· t

4

4!

+
[(

− 120
x6

+
120
x8

− 1
x10

)
cos

1
x

+
(240
x7

− 20
x9

)
sin

1
x

]
· t

5

5!
− · · ·

Substituting these expansions into (3.17), we can see that lim
x→0+

I(x) does not

exist, and hence

lim
∂U(g; x, y)

∂x

does not exist as (x, y) → (o, o) along the chosen path.
The theorem is proved.

Corollary 1.3.2. Let F (x) =
∫ x
−∞ f(t)dt. At every point x0 at which F ′(x0) =

f(x0) exists and is finite (i.e., at every point x0, where f(x0) is a finite derivative of
its undefined integral. Hence the Poisson integral U(f ; x, y) of the function f tends
almost everywhere) to f(x0) as (x, y) → (x0, 0) along the non-tangential path.

The validity of this statement follows from Theorem 1.3.2 and equality (3.13).

Theorem 1.3.3. If at the point x0 there exists a finite f
∗
(r)(x0), then

lim
(x,y)→(x0,o)

∂rU(f ; x, y)
∂xr

= f
∗
(r)(x0).

Proof. Let r be an even number. Then by Statements (1) and (2) of Lemma
1.2.1, we have

∂rU(f ; x, y)
∂xr

=
1
π

∞∫

−∞

∂rP (t, y)
∂xr

×
[ f(x+t)+f(x−t)

2 −
r−2
2∑

v=0
β2v(x) t2v

(2v)!

tr

r!

− f
∗
(r)(x0)

]
tr

r!
dt+ f

∗
(r)(x0).

This equality, on the basis of Lemma 1.2.1, shows that the statement of the theorem
is valid.

Corollary 1.3.3. If at the point x0 there exists a finite f (r)(x0), then

lim
(x,y)→(x0,o)

∂rU(f ; x, y)
∂xr

= f (r)(x0).
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Lemma 1.3.1. Let F (x) =
x∫

−∞
f(t)dt. If f(x) is continuous at the point x0,

then F (1)(x0) = f(x0) (see (1.3)).

Indeed,

F (x+ h) − F (x)
h

=
1
h

x+h∫

x

f(t)dt =
1
h

x+h∫

x

[f(t)− f(x0)]dt+ f(x0).

This implies that Lemma 1.3.1 is valid.
From Lemma 1.3.1 and Corollary 1.3.3 we have

Corollary 1.3.4. At every point, at which F (1)(x0) = f(x0) exists and is finite,
(hence everywhere for a continuous function) we have

lim
(x,y)→(x0,0)

U(f ; x, y) = f(x0).

Remark. The above theorems are valid for the generalized C1-derivatives de-
fined by the equalities

1. C1f(r)(x0) = lim
h→0+

(r+ 1)!
hr+1

h∫
0

[
f(x0 + t) −

r−1∑
v=0

αv
tv

v!

]
dt;

2. C1f (r)(x0) = lim
(x,h)→(x0,0)

(r + 1)!
hr+1

h∫
0

[
f(x + t) −

r−1∑
v=0

αv(x)
tv

v!

]
dt; where αv(x)

and v = 0, r− 1 are defined in the neighborhood of the point x0, and there exist
limits lim

x→x0

αv(x) = αv.

3. Symmetric Derivatives. For odd r′s,

C1f
∗
(r)(x0) = lim

h→0

(r + 1)!
hr+1

h∫

0

[
f(x0 + t) − f(x0 − t)

2
−

r−2
2∑

v=1

β2v−1
t2v−1

(2v − 1)!

]
dt.

For even r′s,

C1f
∗
(r)(x0) = lim

h→0

(r + 1)!
hr+1

h∫

0

[
f(x0 + t) + f(x0 − t)

2
−

r−2
2∑

v=0

β2ν
t2v

(2v)!

]
dt.

4. Symmetric Strong Derivatives. For odd r′s,

C1f
∗
(r)(x0) = lim

(x,h)→(x0,0)

(r+ 1)!
hr+1

h∫

0

[
f(x+ t) − f(x− t)

2
−

r−1
2∑

v=1

β2t−1(x)
t2ν−1

(2v − 1)!

]
dt,
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for even r′s,

C1f
∗
(r)(x0) = lim

(x,h)→(x0,0)

(r+ 1)!
hr+1

h∫

0

[
f(x+ t) + f(x− t)

2
−

r−2
2∑

v=0

β2v(x)
t2v

(2v)!

]
dt,

βv(x) are defined in the neighborhood of the point x0, and there exist limits
lim

x→x0

βv(x) = βv.

1.4 The Dirichlet Problem for a Half-Plane

The Dirichlet problem for a half-plane R2
+ is formulated as follows: Given a function

f(t) on R, find the function U(x, y), harmonic (i.e., satisfying the Laplace equation
∂2U

∂x2
+
∂2U

∂y2
= 0) in the domain R2

+ whose values tend to those of f(x) when the

point M(x, y) ∈ R2 tends arbitrarily to the points P (x, o) ∈ R.
It can be easily verified that the Poisson integral U(f ; x, y) is harmonic in the

domain R2
+.

Based on the results obtained in Section 1.3, we can conclude that:
(1) If f(t) ∈ L̃(R) is a continuous function, then the Poisson integral U(f ; x, y)

is a solution of the Dirichlet problem in the sense that for all x ∈ R,

U(f ; x, y) → f(x)

no matter how the point M(x, y) tends to P (x, o) provided only that it remains
in R2

+.
This follows from Corollary 1.3.4.
(2) If f(t) ∈ L̃(R), then the Poisson integral U(f ; x, y) is a solution of the

Dirichlet problem in the sense that almost for all x ∈ R,

U(f ; x, y) → f(x)

when the point M(x, y) ∈ R2
+ tends to the point P (x, 0) along a non-tangential

path.
This follows from Corollary 1.3.2.
In this section, the Dirichlet problem is solved for the case where the boundary

function is measurable and finite almost everywhere on R, i.e., in N. N. Luzin’s
formulation ([43], p. 86).

Theorem 1.4.1. Let f be an arbitrary measurable and finite function almost
everywhere on R. Then there exists a harmonic function U(x, y) in R2

+ such that

lim
(x,y)

∧−→(x,0)

U(x, y) = f(x)

almost everywhere on R.



The Boundary Properties for a Half-Plane 19

Proof. Using Luzin’s theorem on finding primitive functions (see [43], p. 78),
we construct, for f in R, a continuous bounded function F such that the inequality

F ′(x) = f(x)

is fulfilled almost everywhere on R.
Consider the function

U(x, y) =
y

π

∫

R

F (t)
∂

∂x

[ 1
(t− x)2 + y2

]
dt.

It is not difficult to verify that the function U(x, y) is harmonic in R2
+. By Theorem

1.3.2, if at the point x ∈ R there exists F ′(x), then

lim
(x,y)

∧−→(x,0)

U(x, y) = F ′(x).

Since F ′(x) = f(x) almost everywhere on R, Theorem 1.4.1 is proved.





Chapter 2

Boundary Properties of
Derivatives of the Poisson
Integral for a Circle

2.1 Notation and Definitions

Let 2π be a periodic function f ∈ L(−π; π), and

1
2
a0 +

∞∑

v=1

(av cos vx+ bv sin vx) (1.1)

its Fourier series, i.e.,

av =
1
π

π∫

−π

f(t) cos vtdt, bv =
1
π

π∫

−π

f(t) sin vtdt (1.2)

(v = 0, 1, 2, . . .).

We denote the series (1.1) by the symbol S[f ].
The abelian means for S[f ], denoted by U(f ; r, x), are defined by the equality

U(f ; r, x) =
1
2
a0 +

∞∑

v=1

(av cos vx+ bv sin vx)rv, (0 < r < 1).

Taking (1.2) into account, we can easily show that

U(f ; r, x) =
1
π

π∫

−π

f(t)P (r, t− x)dt =
1
π

π∫

−π

f(x+ t)P (r, t)dt, (1.3)

21
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where

P (r, t) =
1
2

+
∞∑

v=1

rv cos vt =
1
2
· 1 − r2

1 − 2r cos t + r2

=
1
2
· 1− r2

(1− r)2 + 4r sin2 t
2

.

The right-hand side of the equality (1.3) is usually called the Poisson integral of
f for a circle. Hence the expressions “abelian means of the series S[f ]” and “the
Poisson integral of the function f for a circle” are synonyms.

The symbol (r, x) ∧−→ (1, x0), (reix ∧−→ eix0) denotes ([2], p.30) that the point
M(r, x) tends to P (1, x0) along a tangential path, i.e., there exists a positive number
C, such that ρ

1−r < C, where ρ is the distance between the points M(r, x) and
P (1, x0).

Under M(r, x) → P (1, x0) we mean that the point M(r, x) tends to P (1, x0)
arbitrarily, remaining in the unit circumference.

2.2 Auxiliary Statements

It is easy to verify that

∂P (r, t)
∂t

= −r(1 − r2)
A1(r, t)

[(1− r)2 + 4r sin2 t
2 ]2
,

where

A1(r, t) = sin t
∂2P (r, t)
∂t2

= −r(1 − r2)
A2(r, t)

[(1− r)2 + 4r sin2 t
2]

3
,

where A2(r, t) = (1 − r)2 cos t + 4r cos t sin2 t
2 − 4r sin2 t.

∂3P (r, t)
∂t3

= −r(1 − r2)
A3(r, t)

[(1− r)2 + 4r sin2 t
2 ]4
,

where

A3(r, t) = −(1 − r)4 sin t − 8r(1− r)2 sin t sin2 t

2

−6r(1− r)2 sin 2t− 16r2 sin t sin4 t

2
− 24r2 sin 2t sin2 t

2
+ 24r2 sin3 t.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∂nP (r, t)
∂tn

= −r(1− r2)
An(r, t)

[(1− r)2 + 4r sin2 t
2 ]n+1

.

The following statements are valid:
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1) An(r,−t) = (−1)nAn(r, t). (2.1)
2) All terms in An(r, t) with respect to (1 − r) and sin t are of degree ≥ n.
The validity of Statement 1) is easily verified.
Statement 2) is valid for n = 1, 2 and 3. Assume that this is the case for An(r, t).

Then

An+1(r, t) = A′
n(r, t)

[
(1− r)2 + 4r sin2 t

2

]
− 2(n+ 1)r sin t ·An(r, t).

This equality shows that Statement 2) is valid.
From Statement 2) we have

|An(r, t)| ≤ In(r, t), (2.2)

where In(r, t) is a homogeneous polynomial of degree n of (1 − r, t) with a positive
coefficient.

Lemma 2.2.1. For any n ∈ N , the following statements are valid:

1)
π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣|t|ndt = O(1),

2)
π∫

−π

∣∣∣∂
nP (r, t− x)

∂tn

∣∣∣|t|ndt = O(1) for
|x|

1 − r
≤ C,

3) lim
r→1

max
0<δ≤t≤π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣ = 0.

Proof. Taking into account (2.2) and the inequality | sin t| ≥ 2
π |t| for |t| ≤ π

2 ,
we obtain

π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣|t|ndt ≤ 2(1− r)

π∫

−π

|An(r, t)||t|n

[(1− r)2 + 4r sin2 t
2 ]n+1

dt

≤ 2(1− r)π2(n+1)

π∫

−π

In(r, t)|t|ndt
[(1− r)2π2 + 4rt2]n+1

. (2.3)

After substituting t = (1 − r)τ , (2.3) yields

π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣|t|ndt < C(1 − r)

π
1−r∫

− π
1−r

(1 − r)2n+1
(∑n

v=0 Cv |t|v
)
|t|ndt

(1− r)2n+2(1 + t2)n+1

< C

∞∫

0

∑n
v=0 Cvt

v+n

(1 + t2)n+1
dt = O(1).
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Statement 2) follows from 1) if we take into account the conditions |x|
1−r < C

(non-tangential approach of the point (r, x) to the point (1, 0)) and the inequality

|a+ b|p ≤ 2p(|a|p + |b|p), p ≥ 1

(for the proof of Statement 4), see Lemma 1.2.1).

Lemma 2.2.2. If from the conditions g(o) = 0 and g(k)(o) = 0, k = 1, 2, . . . , n
follows

lim
(r,x)→(1,0)

∂nU(g; r, x)
∂xn

= 0

then the condition f (n)(o) = S results in

lim
(r,x)→(1,0)

∂nU(f ; r, x)
∂xn

= S.

Proof. First of all, we have to show that if α0, α1, α2, . . . , αn are the given
numbers, then there exists a trigonometric polynomial Tn(t) =

∑n
v=0 ave

ivt ([69],
p. 287; [67], p.2 25), such that

Tn(o) = α0 and T (k)
n (o) = αk , k = 1, 2, . . . , n, ??





a0 + a1 + a2 + · · ·+ an = α0

i(a1 + 2a2 + · · ·+ nan) = α1

i2(a1 + 22a2 + · · ·+ n2an) = α2

. . . . . . . . . . . . . . . . . .

in(a1 + 2na2 + · · ·+ nnan) = αn.

The above system has a unique solution since its (Vandermonde) determinant is
not equal to zero.

Let now g(t) = f(t) − Tn(t), where Tn(o) = f(o) and T
(k)
n (o) = f (k)(o), k =

1, 2, . . . , n (T (n)
n (o) = S).

Moreover,

U(g; r, x) = U(f ; r, x)− U(Tn; r, x) = U(f ; r, x)−
n∑

v=0

avr
veivx

whence
∂nU(g; r, x)

∂xn
=
∂nU(f ; r, x)

∂xn
− ∂n

∂xn

( n∑

v=0

avr
veivx

)
.

Hence we obtain

lim
(r,x)→(1,0)

∂nU(g; r, x)
∂xn

= lim
(r,x)→(1,0)

∂nU(f ; r, x)
∂xn

− S = 0.

Lemma 2.2.2 is proved.
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2.3 Boundary Properties of Derivatives of the Poisson
Integral for a Circle

The boundary properties of derivatives of the Poisson integral were studied by P. Fa-
tou ([33]). In particular, he proved the following

Theorem A. If there exists f ′(x0) and is finite, then

lim
reix

∧−→eix0

∂U(f ; r, x)
∂x

= f ′(x0)

([2], p. 156; [34], p. 167).

Theorem B. If f∗(1)(x0) exists and is finite or infinite (see Ch. I, (1.1)), then

lim
r→1−

∂U(f ; r, x0)
∂x

= f∗(1)(x0),

where f∗(1)(x0) is the first symmetric derivative of f(x) at the point x0 ([2], p. 161;
[34], p. 166).

In [89], the author constructed a continuous 2π-periodic function f(x) such that
f∗(1)(x0) = 0, but the limit

lim
reix

∧−→eix0

∂U(f ; r, x)
∂x

does not exist. Thus it is shown that Theorem B cannot be strengthened in a sense
of the existence of an angular limit.

In this section, we prove analogues of the Fatou theorem for generalized deriva-
tives of any order ([98]) and show that they cannot be strengthened in a certan
sense.

Theorem 2.3.1. (a) If at the point x0 there exists a finite function f∗(n)(x0),
then

lim
r→1−

∂nU(f ; r, x0)
∂xn

= f∗(n)(x0).

(b) There exist 2π-periodic continuous functions ϕ(t) and g(t) such that ϕ∗
(1)(x0)

and g∗(2)(x0) are finite, but the limits

lim
(r,x)

∧−→(1,x0)

∂U(ϕ; r, x)
∂x

, lim
(r,x)

∧−→(1,x0)

∂2U(g; r, x)
∂x2

do not exist.
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Proof of Item (a). Let n be an even number. We have

∂nU(f ; r, x0)
∂xn

=
1
π

π∫

−π

∂nP (r; t− x0)
∂xn

f(t)dt =
1
π

π∫

−π

∂nP (r, t)
∂xn

f(x0 + t)dt. (3.1)

Taking into account (2.1), from (3.1) we find that

∂nU(f ; r, x0)
∂xn

=
1
π

π∫

−π

∂nP (r, t)
∂xn

· f(x0 + t) + f(x0 − t)
2

dt. (3.2)

By Lemma 2.2.2, it can be assumed that f(x0) = f∗(1)(x0) = f∗(2)(x0) = · · · =
f∗(n)(x0)= 0. Let ε > 0 and choose δ > 0 such that

f(x0 + t) + f(x0 − t)
2

< ε|tn| for |t| < δ. (3.3)

By Statements 1) and 3) of Lemma 2.2.1 and inequality (3.3), from (3.2) we obtain

∣∣∣∂
nU(f ; r, x0)

∂xn

∣∣∣ ≤ ε

π

δ∫

−δ

∣∣∣∂
nP (r, t)
∂tn

∣∣∣|tn|dt

+C max
δ≤1≤π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣
π∫

−π

|f(t)|dt = o(1) as r → 1− .

Thus Item (a) is proved.

Proof of Item (b). Define the function ϕ(t) as follows:

ϕ(t) =





√
−t, when − π < t < 0,√
t, when 0 ≤ t < π,

0, when t = ±π

and ϕ(2kπ+ t) = ϕ(t), k = ±1,±2, . . . . It is not difficult to verify that ϕ∗
(1)(o) = 0.

For this function we have

∂U(ϕ; r, x)
∂x

=
r(1− r2)

π

π∫

−π

sin(t− x)ϕ(t)dt
[(1− r)2 + 4r sin2 t−x

2 ]2

= C(1 − r)
{ 0∫

−π

√
−t sin(t− x)dt

[(1 − r)2 + 4r sin2 t−x
2 ]2

+

π∫

0

√
t sin(t − x)dt

[(1− r)2 + 4r sin2 t−x
2 ]2

}
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= C(1 − r)
{
−

π+x∫

x

√
t− x sin tdt

[(1− r)2 + 4r sin2 t
2 ]2

+

π−x∫

−x

√
t+ x sin tdt

[(1 − r)2 + 4r sin2 t
2 ]2

}

= C(1 − r)
{ x∫

−x

√
t + x sin tdt

[(1− r)2 + 4r sin2 t
2 ]2

+

π−x∫

x

(
√
t + x−

√
t − x) sin tdt

[(1− r)2 + 4r sin2 t
2 ]2

−
π+x∫

π−x

√
t− x sin tdt

[(1− r)2 + 4r sin2 t
2 ]2

}

= C(1 − r)(I1 + I2 + I3). (3.4)

Let x0 = 0 and (r, x) → (1, 0) so that 0 ≤ x < π
4 and sinx = 1− r. It can easily

show that
I1 > 0. (3.5)

Next,

I3 = −
π+x∫

π−x

√
t− x sin tdt

[(1− r)2 + 4r sin2 t
2 ]2

=

x∫

−x

√
π + t− x sin tdt

[(1− r)2 + 4r cos2 t
2 ]2

=

x∫

0

(
√
π + t − x−

√
π − t− x) sin tdt

[(1− r)2 + 4r cos2 t
2 ]2

> 0. (3.6)

and

I2 =

π−x∫

x

(
√
t + x −

√
t− x) sin t

[(1− r)2 + 4r sin2 t
2 ]2

dt ≥
2x∫

x

(
√
t+ x−

√
t − x) sin t

[(1− r)2 + 4r sin2 t
2 ]2

dt

≥
2x∫

x

(
√
t+ x−

√
x) sin tdt

[(1− r)2 + 4r sin2 t
2 ]2

>

2x∫

x

√
x sin tdt

3[(1− r)2 + 4r sin2 t
2 ]2

>

2x∫

x

√
x sin tdt

3[(1− r)2 + 4r sin2 x]2
≥ x

√
x sinx

75(1− r)4

≥ C(1 − r)2
√

1 − r

(1 − r)4
=

C

(1− r)
√

1 − r
. (3.7)

Thus, for sinx = 1 − r, from (3.4), (3.5), (3.6) and (3.7) we find that

∂U(ϕ; r, x)
∂x

<
C√
1 − r

,

whence
∂U(ϕ; r, x)

∂x
→ ∞,
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as (r, x) → (1, 0) along the chosen path.
2. The function g(x) is defined as follows:

g(t) =





√
−t, when − π < t ≤ 0,

−
√
t, when 0 ≤ t < π,

0, when t = ±π

and g(2kπ + t) = g(t), k = ±1,±2, . . . . The function g(t) is continuous on the
interval ] − π; π[, and g(2)(o)∗ = 0. Let (r, x) → (1, 0) so that 1 − r = sinx and
0 < x < π

4 . For this function,

∂2U(g; r, x)
∂x2

=
r(1− r2)

π

{ 0∫

−π

T (r, t− x)
√
−t

[(1− r)2 + 4r sin2 t−x
2 ]3

dt

−
π∫

0

T (r, t− x)
√
t

[(1− r)2 + 4r sin2 t−x
2 ]3

dt

}
= C(1 − r)(I1 − I2),

where

T (r, t− x) = 4r sin2(t− x) − 4r cos(t − x) sin2 t − x

2
− (1− r)2 cos(t − x),

I1 =

π∫

0

T (r, t+ x)
√
t

(sin2 x+ 4rsin2 t+x
2 )3

dt =

π+x∫

x

T (r, t)
√
t− x

(sin2 x+ 4rsin2 t
2)3

dt,

I2 =

π−x∫

−x

T (r, t)
√
t + x

(sin2 x+ 4rsin2 t
2)3

dt,

I1 − I2 = −
π−x∫

x

T (r, t)
(sin2 x+ 4rsin2 t

2)3
(
√
t+ x −

√
t− x)dt

−
x∫

−x

T (r, t)
√
t + x

(sin2 x+ 4rsin2 t
2)3

dt+

π+x∫

π−x

T (r, t)
√
t− x

(sin2 x+ 4rsin2 t
2)3

dt

= −
π−x∫

x

T (r, t)(
√
t + x−

√
t− x)

(sin2 x+ 4rsin2 t
2)3

dt−
x∫

0

T (r, t)
√
t + x

(sin2 x+ 4rsin2 t
2)3

dt

−
x∫

0

T (r, t)
√
x− t

(sin2 x+ 4rsin2 t
2)3

dt+ o(1) = [t = xτ ]

= −

π−x
x∫

1

T (r, tx)
√
x(
√

1 + t −
√
t − 1)

(sin2 x+ 4r sin2 tx
2 )3

xdt
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−
1∫

0

T (r, tx)
√
x · x

√
1 + t)

(sin2 x+ 4r sin2 tx
2 )3

dt−
1∫

0

T (r, tx)
√
x · x

√
1− t

(sin2 x+ 4r sin2 tx
2 )3

dt+ o(1).

It can be easily verified that

lim
(r,x)→(1,0)

T (r, tx)
x2

= lim
(r,x)→(1,0)

4r sin2 tx − 4r cos tx sin2 tx
2 − sin2 x cos tx

x2
=3t2 − 1,

lim
(r,x)→(1,0)

sin2 x+ 4r sin2 tx
2

x2
= 1 + t2.

Therefore

4r sin2 tx− 4r cos tx sin2 tx

2
− sin2 x cos tx = x2(3t2 − 1) + o(1)x2,

sin2 x+ 4r sin2 tx

2
= (1 + t2)x2 + o(1)x2.

Consequently,

∂2U(g; r, x)
∂x2

=
C(1 − r)

√
x · x3

x6

(
−

π−x
x∫

1

3t2 − 1
(1 + t2)3

(
√
t + 1 −

√
t − 1)dt

−
1∫

0

3t2 − 1
(1 + t2)3

√
1 + tdt−

1∫

0

3t2 − 1
(1 + t2)3

√
1 − tdt

)
+ o(1)

=
C

x3/2

[
−

π−x
x∫

1

3t2 − 1
(1 + t2)3

(
√
t+ 1 −

√
t − 1)dt−

1∫

1/
√

3

3t2 − 1
(1 + t2)3

(
√

1 + t +
√

1 − t)dt

+

1/
√

3∫

0

1− 3t2

(1 + t2)3
(
√

1 + t+
√

1− t)dt
]

+ o(1).

whence we obtain (see the proof of Theorem 1.3.1)

∂2U(g; r, x)
∂x2

→ +∞

as (r, x) → (1, 0) along the chosen path.
Theorem 2.3.1 is proved.

Let F (x) be an undefined integral of the integrable and periodic function f , i.e.,

F (x) =
x∫

−π

f(t)dt.
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Corollary 2.3.1 ([34], p. 168). At every point x0 at which there exists F ∗
(1)(x0),

we have
lim

r→1−
U(f ; r, x0) = F ∗

(1)(x0).

Proof. Assuming without loss of generality that the free term in S[f ] is equal
to zero, the integration by parts leads to

U(f ; r, x) = − 1
π

π∫

−π

F (t)
∂P (r, t− x)

∂t
dt =

∂

∂x
U(F ; r, x). (3.8)

By virtue of Theorem 2.3.1, this equality shows that Corollary 2.3.1 is valid.

Theorem 2.3.2. (a) If at the point x0 there exists a finite function f(n)(x0),
then

lim
(r,x)

∧−→(1,x0)

∂nU(f ; r, x)
∂xn

= f(n)(x0).

(b) There exists a function g such that g′(x0) is finite, but the limit

lim
(r,x)→(1,x0)

∂U(g; r, x)
∂x

does not exist.

Proof of Item (a). Let x0 = 0. By Lemma 2.2.2, we may assume that f(0) =
f(1)(0) = · · · = f(n)(0) = 0.

Let ε > 0 and choose δ > 0 such that

|f(t)| < ε|t|n, for |t| < δ. (3.9)

Then

∂nU(f ; r, x)
∂xn

=
1
π

∫

Vδ

∂nP (r, t− x)
∂xn

f(t)dt+
1
π

∫

CVδ

∂nP (r, t− x)
∂xn

f(t)dt = I1 + I2,

where Vδ = [−δ; δ].
By virtue of (3.9) and Statement 4) of Lemma 2.2.1, we have

|I1| <
ε

π

π∫

−π

∣∣∣∂
nP (r, t− x)

∂xn

∣∣∣|tn|dt =
ε

π

π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣|t+ x|ndt

< Cε

π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣(|t|n + |x|n)dt < Cε

{ π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣|t|ndt
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+

π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣|x|ndt
}
< Cε + Cε|x|n

π∫

−π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣dt

< Cε + Cε|x|n
π∫

−π

In(r, t)(1− r)
[(1− r)2 + 4r sin2 t

2 ]n+1
dt

< Cε + Cε(1 − r)|x|n
π∫

−π

In(r, t)dt
[(1− r)2 + t2]n+1

dt

< Cε + Cε(1 − r)|x|n

π
1−r∫

− π
1−r

(1 − r)n+1
( n∑

v=0
Cv |t|v

)
dt

(1 − r)2n+2(1 + t2)n+1

< Cε + Cε
|x|n

(1 − r)n

∞∫

0

( n∑
v=0

Cvt
v
)
dt

(1 + t2)n+1
< Cε (3.10)

for

|t| < δ

2
and

|x|
1 − r

< C.

Next, taking into account Statement 3) of Lemma 2.3.1, we have

|I2| < max
δ≤t≤π

∣∣∣∂
nP (r, t)
∂tn

∣∣∣
π∫

−π

|f(t)|dt for |x| < δ

2
. (3.11)

It follows from (3.10) and (3.11) that Item (a) of Theorem 2.3.2 is valid.

Proof of Item (b). Let

g(t) =

{√
|t3|sin1

t , when − π < t < π and t 6= 0,
0, when t = 0 and t = ±π

when g(2kπ + t) = g(t) and k = ±1,±2, . . .. In Section 1.3 it has been shown that
g′(o) = 0, but g′(0) does not exist. Let (r, x) → (1, 0) so that 1 − r = sin2 x, x > 0.
Then for the given function,

∂U(g; r, x)
∂x

=
r(1− r2)

π

π∫

−π

√
|t3| sin(t− x) sin 1

t

[(1− r)2 + 4r sin2 t−x
2 ]2

dt

=
r(1− r2)

π

π−x∫

−π−x

√
|t + x|3 sin t sin 1

t+x

[(1− r)2 + 4r sin2 t
2]

2
dt
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=
r(1 − r2)

π

π−x∫

0

[
√

(x+ t)3 sin 1
t+x −

√
|x− t|3 sin 1

x−t ] sin t

[(1 − r)2 + 4r sin2 t
2 ]2

dt+ o(1)

= C sin2 x

x∫

0

[√
(x+ t)3 sin 1

t+x −
√

(x− t)3 sin 1
x−t

]
sin t

(sin4 x+ 4r sin2 t
2)

2
dt + o(1).

Continuing our reasoning like in proving Item (b) of Theorem 1.3.2, we see that
the limit

lim
∂U(g; r, x)

∂x

does not exist as (r, x) → (1, 0) along the chosen path.
Theorem 2.3.2 is proved.

Corollary 2.3.2 ([34], p. 168). Let F (x) =
∫ x
−π f(t)dt. At each point x0 at

which F ′(x0) = f(x0) exists and is finite (therefore almost everywhere),

lim
(r,x)

∧−→(1,x0)

U(f ; r, x) = f(x0).

The validity of this statement follows directly from Theorem 2.3.2 and equality
(3.8).

Lemma 2.3.1. Given the functions αi(x), i = 0, 1, . . . , n, there exists a function
Tn(x, t) =

∑n
v=0 av(x)eivt such that

Tn(x, o) = α0(x),
∂kTn(x, o)

∂tk
, k = 1, 2, . . . , n.

This lemma is proved in the same manner as the corresponding statement in
Lemma 2.2.2.

Tn(x, t) can also be written in the form

Tn(x, t) = α0(x) + α1(x)t+ α2(x)
t2

2!
+ · · ·+ αn(x)

tn

n!
+ ε1(x, t)

tn+1

n!
, (3.12)

where lim
t→0

ε1(x, t) = 0 for any fixed x.

Lemma 2.3.2. Let g(t) = ε(x, t)tn. If lim
(x,t)→(x0,0)

ε(x, t) = 0, then

lim
(r,x)→(1,x0)

π∫

−π

∂nP (r, t)
∂tn

g(x, t)dt = 0.



Boundary Properties for a Circle 33

The proof of the lemma is given by the inequality

∣∣∣∣
π∫

−π

∂nP (r, t)
∂tn

g(x, t)dt
∣∣∣∣ ≤

π∫

−π

∂nP (r, t)
∂tn

|tn||ε(x, t)|dt,

after applying Statements 1) and 3) of Lemma 2.2.1.

Theorem 2.3.3. If at the point x0 there exists a finite function f (n)(x0), then

lim
(r,x)→(1,x0)

∂nU(f ; r, x)
∂xn

= f (n)(x0).

Proof. On the strength of the condition of the theorem,

f(x+ t) = α0(x) + α1(x)t+ · · ·+ αn−1(x)
tn−1

(n− 1)!

+[f (n)(x0) + ε(x, t)]
tn

n!
, (3.13)

where lim
(x,t)→(x0,0)

ε(x, t) = 0.

We construct Tn(x, t) in such a way that the corresponding coefficients in
equalities (3.12) and (3.13) be equal to each other for i = 0, 1, . . . , n − 1, and
lim

x→x0

αn(x) = f (n)(x0) = ∂nTn(x0,0)
∂tn . Then

f(x+ t) − Tn(x, t)

= [ε(x, t) + f (n)(x0) − αn(x)− ε1(x, t)t]
tn

n!
= ε2(x, t)

tn

n!
, (3.14)

where lim
(x,t)→(x0,0)

ε2(x, t) = 0.

Further,

∂nU(f ; r, x)
∂xn

=
1
π

π∫

−π

∂nP (r, t− x)
∂xn

f(t)dt =
(−1)n

π

π∫

−π

∂nP (r, t)
∂tn

f(x+ t)dt

=
(−1)n

π

π∫

−π

∂nP (r, t)
∂tn

[f(x+ t) − Tn(x, t)]dt+
(−1)n

π

π∫

−π

∂nP (r, t)
∂tn

Tn(x, t)dt

= I1 + I2, (3.15)

where with regard for (3.14),

I1 =
(−1)n

πn!

π∫

−π

∂nP (r, t)
∂tn

ε2(x, t)tndt.
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By Lemma 2.3.2, we have

lim
(r,x)→(1,x0)

I1 = 0. (3.16)

It can be easily verified that

I2 =
∂n

∂tn

( n∑

v=0

av(x)rveivt

)∣∣∣∣
t=0

.

Hence we obtain
lim

(r,x)→(1,x0)
I2 =

∂nTn(x0, 0)
∂tn

= f (n)(x0). (3.17)

From (3.15), (3.16) and (3.17) it follows that our theorem is valid.
Theorem 2.3.3 is proved.

Corollary 2.3.3. Let F (x) =
∫ x
−π f(t)dt. At every point, at which F (1)(x0) =

f(x0) exists and is finite (therefore, by Lemma 1.3.1, for a continuous everywhere
function), we have

lim
(r,x)→(1,x0)

U(f ; r, x) = f(x0).

The validity of this statement follows from the equality (3.8) and Theorem 2.3.3.

2.4 The Dirichlet Problem for a Circle

The Dirichlet problem for a unit circle (of radius 1 and with center at the origin) is
formulated as follows: given the function f(t) on the circumference R = 1, find the
function U(r, x), harmonic inside the circle and tending to the prescribed values of
f(x) on the circumference, when the point (r, x) (r < 1) tends in this manner or
another to the points of the circumference (1, x).

Let us give the well-known theorems in terms of the Dirichlet problem which
follow from the results of Section 2.3.

Theorem 2.4.1. If the 2π-periodic function f(t) is continuous, then the Poisson
integral U(f ; r, x), harmonic inside the circle, is a solution of the Dirichlet problem
in the sense that for all x ∈ [−π, π],

lim
(r,x)→(1,x)

U(f ; r, x) = f(x)

(see Corollary 2.3.3).

Theorem 2.4.2. If the 2π-periodic function f(t) ∈ L[−π, π], then the Poisson
integral U(f ; t, x), harmonic inside the circle, is a solution of the Dirichlet problem
in the sense that almost for all points x ∈ [−π, π],

lim
(r,x)

∧−→(1,x)

U(f ; r, x) = f(x)

(see Corollary 2.3, the Fatou theorem).
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Using the Fatou theorem and the theorems on the existence of a primitive func-
tion, N. N. Luzin ([43], p. 87) solved this Dirichlet problem in the case, where the
function f(t) is measurable and finite almost everywhere on [−π, π].

Theorem 2.4.3. Let f(t) be an arbitrary measurable and almost everywhere
finite function on the circumference R = 1. Then inside the circle there exists a
harmonic function U(r, x) which is a solution of the Dirichlet problem in the sense
that

lim
(r,x)

∧−→(1,x)

U(r, x) = f(x)

almost everywhere on the circumference.

Proof. By Luzin’s theorem ([43], p. 78) on the existence of a primitive function,
there exists for f(t) a continuous function F (t) such that F ′(x) = f(t) almost
everywhere.

Consider the function

U(r, x) =
1
π

π∫

−π

F (t)
∂

∂x

[ 1 − r2

1 − 2r cos(t− x) + r2

]
dt.

It is clear that the function U(r, x) is harmonic inside the circle. By the Fatou
theorem (see Corollary 2.3.2), for the points x at which F ′(x) exists, we have

lim
(r,x)

∧−→(1,x)

U(r, x) = F ′(x).

But since F ′(x) = f(x) almost everywhere, Theorem 2.4.3 is proved.





Chapter 3

Boundary Properties of
Derivatives of the Poisson
Integral for a Ball

3.1 Notation, Definitions and Statement of Some Well-

Known Facts

1. Rk is a k-dimensional Euclidean space; x = (x1, x2, . . . , xk), t = (t1, t2, . . . , tk),

x0 = (x0
1, x

0
2, . . . , x

0
k) are points of the space Rk; (x, t) =

k∑
i=1

xiti is a scalar product;

|x| =
√

(x, x); ht = (ht1, ht2, . . . , htk); x+ t = (x1 + t1, x2 + t2, . . . , xk + tk).
2. Sk−1

ρ (x) is a (k − 1)-dimensional sphere, V k
ρ (x) is a k-dimensional ball in Rk

with center at x and of radius ρ (Sk−1
ρ = Sk−1

ρ (0), Sk−1 = Sk−1
1 is the unit sphere;

V k
ρ = V k

ρ (0), V k = V k
1 ); |Sk−1

ρ (x)| is a (k − 1)-dimensional space of the sphere

Sk−1
ρ (x), and |Sk−1

ρ | =
2πk/2ρk−1

Γ(k/2)
;

Dk−1(x; h) = {t ∈ Sk−1 : (x, t) > cosh, 0 < h ≤ π};
Ck−2(x; h) = {t ∈ Sk−1 : (x, t) = cosh, 0 < h ≤ π};

|Ck−2(x; h)| = |Sk−2| sink−2 h =
2π

k−1
2 sink−2 h

Γ
(

k−1
2

) ;

|Dk−1(x; h)| =
h∫

0

|Ck−2(x, γ)|dγ = |Sk−2|
h∫

0

sink−2 γdγ;

|V k
ρ | =

2πk/2ρk

kΓ(k/2)
is the volume of the ball V k

ρ ; Γ(α) =
∞∫
0

e−ttα−1dt (α > 0) is a

37



38 Sergo Topuria

gamma-function or a Euler integral of second kind.
3. If (ρ, θ1, θ2, . . . , θk−2, ϕ) are the spherical coordinates of the point x(x1, x2, . . . ,

xk), then
x1 = ρ cos θ1;

x2 = ρ sin θ1 cos θ2;
x3 = ρ sin θ1 sin θ2 cos θ3;

. . . . . . . . . . . . . . . . .. . . . .

xk−1 = ρ sinθ1 sin θ2 . . .sin θk−2 cosϕ;
xk = ρ sinθ1 sin θ2 . . .sin θk−2 sinϕ;

0 ≤ ρ <∞; 0 ≤ θ1 ≤ π (i = 1, k− 2), 0 ≤ ϕ ≤ 2π,

dSk−1
ρ (x) = ρk−1 sink−2 θ1 . . . sin θk−2dθ1 . . . dθk−2dϕ

(1.1)

is an element of a (k − 1)-dimensional area of the sphere Sk−1
ρ (dSk−1

1 = dSk−1).
4. If γ is an angle between the radii drawn from the center of the ball V k = |x| <

1 to the points x(θ1, θ2, . . . , θk−2, ϕ) ∈ Sk−1, y(θ′1, θ
′
2, . . . , θ

′
k−2, ϕ

′) ∈ Sk−1, then

(x, y) = cosγ = cos θ1 cos θ′1 + sin θ1 cos θ2 sin θ′1 cos θ′2 + · · ·
+ sin θ1 sin θ2 . . . sin θk−2 cosϕ sin θ′1 sin θ′2 . . . sin θ

′
k−2 cosϕ′

+ sin θ1 sin θ2 . . . sin θk−2 sinϕ sinθ′1 sin θ′2 . . . sin θ
′
k−2 sinϕ′. (1.2)

If θ1 = 0, which means that x coincides with the pole, then from (1.2) we obtain
cosγ = cos θ′1 and therefore γ = θ′1. Thus, transforming the coordinate system so
that the pole would coincide with x, we have θ′1 = γ.

5. ∆ =
k∑

v=1

∂2

∂x2
v

is a Laplace operator in Rk, ∆r = ∆(∆r−1); ∆′ = ∆; Dk is a

Laplace operator on Sk−1, i.e., the angular part of the Laplace operator ∆ written
in terms of spherical coordinates ([41], p.240; [74], p.59; [4], p.227),

∆ =
1

ρk−1
· ∂
∂ρ

(
ρk−1 ∂

∂ρ

)
+

1
ρ2
Dk,

Dr
k = Dk(Dr−1

k ), D1
k = Dk; (1.3)

Dk =
1

sink−2 θ1
· ∂

∂θ1

(
sink−2 θ1

∂

∂θ1

)

+
1

sin2 θ1 sink−3 θ2
· ∂

∂θ2

(
sink−3 θ2

∂

∂θ2

)

+
1

sin2 θ1 sin2 θ2 sink−4 θ3
· ∂

∂θ3

(
sink−4 θ3

∂

∂θ3

)

+ · · · · · · · · · · · · · · · · · · · · · ·

+
1

sin2 θ1 sin2 θ2 . . . sin2 θk−3 sin θk−2
· ∂

∂θk−2

(
sin θk−2

∂

∂θk−2

)
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+
1

sin2 θ1 sin2 θ2 . . . sin2 θk−2
· ∂

2

∂ϕ2
. (1.4)

It follows from (1.3) that if U(x) = U(ρ, θ1, θ2, . . . , θk−2, ϕ) is a harmonic function

satisfying the Laplace equation
k∑

v=1

∂2U(x)
∂x2

v
= 0, then

DkU(x) = − 1
ρk−3

· ∂
∂ρ

(
ρk−1 ∂U(x)

∂ρ

)
. (1.5)

6. If for k = 3, (x, y, z) are the Cartesian coordinates of the point M , and
(ρ, θ, ϕ) are the spherical coordinates, then the equalities (1.1),(1.3) and (1.4) take
the form

x = ρ sin θ cosϕ, y = ρ sinθ sinϕ, z = ρ cos θ,

dS2
ρ = ρ2 · ∂

∂ρ

(
ρ2 ∂

∂ρ

)
+

1
ρ2
D3,

D3 =
1

sin θ
∂

∂θ

(
sinθ

∂

∂θ

)
+

1
sin2 θ

· ∂
2

∂ϕ2
.

7. Lp(Sk−1), 1 ≤ p < ∞ (L1(Sk−1) = L(Sk−1)) is the space of the function f

with the norm

‖f‖
LP (Sk−1)

=
( ∫

Sk−1

|f(x)|PdSk−1(x)
)1/P

, 1 ≤ P <∞.

For P = ∞ it is assumed that the space L∞(Sk−1) = C(Sk−1) consists of
continuous functions with the norm

‖f‖
C(Sk−1)

= max
x∈Sk−1

|f(x)|.

M(Sk−1) is the space of finite, regular Borel measures µ with the norm

‖µ‖
M(Sk−1)

=
∫

Sk−1

|dµ(x)|.

8. (f, g) =
∫

Sk−1

f(x)g(x)dSk−1(x) is the scalar product of real functions of the

class L2(Sk−1).
9. Let Pn be a set of all homogeneous polynomials of degree n defined on Rk. If

P ∈ Pn, then ([66], p. 158)
P (x) =

∑

|α|=n

Cαx
α,
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where α = (α1, α2, . . . , αk) is the multi-index (of nonnegative integers), |α| = α1 +
α2 + · · ·+αk and xα = xα1

1 xα2
2 . . .xαk

k . Clearly, the monomials xn, |α| = n form the
basis of that space. The number of such monomials is equal to the number dn =
dimPn of various multi-indices α = (α1, α2, · · · , αk) such that α1+α2 + · · ·+αk = n
and calculated by the formula

dn =
(
k + n− 1
k − 1

)
=
(
k + n− 1

n

)
=

(k + n− 1)!
(k − 1)!n!

.

10. An is the class of all harmonic polynomials from Pn. An is also called the
space of spatial spherical harmonics.

11. The restriction of a homogeneous harmonic polynomial of degree n to the
unit sphere Sk−1 is called a surface spherical harmonic of degree n or a spherical
harmonic of degree n.

12. Hn is the space of spherical harmonics of degree n. It coincides ([66], p.
160) with the set of restrictions of all elements from An to Sk−1. The dimension of
Hn is equal to

an = dimHn = dimAn = dn − dn−2 = (2n+ k − 2)
(n+ k − 3)!
n!(k − 2)!

. (1.6)

Note that the restriction of any polynomial of k variables to the unit sphere Sk−1

is the sum of restrictions of harmonic polynomials to the unit sphere Sk−1 ([66], p.
160; [59], p. 423).

13. Let Yn and Ym be spherical harmonics of degrees n and m, respectively,
where n 6= m. Then ([66], p. 161)

∫

Sk−1

Yn(x)Ym(x)dSk−1(x) = 0.

14. The set of spherical harmonics of degree n can be considered as a sub-
space of the space L2(Sk−1) of real functions with the scalar product (f, g). If
{Y (n)

1 , Y
(n)
2 , . . . , Y

(n)
an } is the orthonormalized basis of this subspace, then the set of

functions
∞⋃

n=0

{Y (n)
1 , Y

(n)
2 , . . . , Y (n)

an
}

is ([66], p. 161) the orthonormalized basis in the space L2(Sk−1).
15. The addition theorem

Pλ
n [(x, y)] =

2πλ+1

(n+ λ)Γ(λ)

an∑

j=1

Y
(n)
j (x)Y (n)

j (y), 2λ = k − 2, (1.7)
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is valid ([5], p. 206); here Pλ
n (t) are Gegenbauer polynomials ([3], p. 177; [112],

p. 149) (ultraspherical polynomials) defined by the decomposition ([15], p. 247; [5],
p. 205; [58], p. 94)

(1− 2th+ h2)−λ =
∞∑

n=0

Pλ
n (t)hn (1.8)

or
1 − h2

(1 − 2th + h2)λ+1
=

∞∑

n=0

n+ λ

λ
Pλ

n (t)hn (1.9)

for 0 ≤ h < 1 and λ > −1
2
, λ 6= 0. For λ = 0, by virtue of

lim
λ→0

λ−1Pλ
n (cos θ) =

2
n

cosnθ (n ≥ 1, t = cos θ),

the formula
1 − h2

1 − 2h cos θ + h2
= 1 + 2

∞∑

n=1

hn cosnθ

is valid.
For λ = 1

2 , the Gegenbauer polynomials are Legendre polynomials Pn(t).
Gegenbauer polynomials P λ

n (t) can also be obtained by orthogonalization of
functions 1, t, t2 . . . on the interval [−1, 1] with weight (1− t2)λ− 1

2 . Note that

P λ
n (1) =

Γ(n+ 2λ)
n!Γ(2λ)

=
(
n+ 2λ− 1

n

)
, n = 0, 1, 2, . . .

16. If Yn(x) ∈ Hn, then

Yn(y) =
Γ(λ)(n+ λ)

2πλ+1

∫

Sk−1

Yn(x)Pλ
n [(x, y)]dSk−1(x).

17. If Yn(x) ∈ Hn, then ([5], p. 205; [65], p. 86)

DkYn(x) = −n(n + k − 2)Yn(x). (1.10)

18. It follows from (1.6) that in the space R3 there exist (2n + 1) linearly
independent spherical harmonics of degree n. These functions can be written in the
explicit form

Pn(cos θ); Pm
n (cos θ) cosmϕ; Pm

n (cos θ) sinmϕ, (1.11)
0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π (m = 1, 2, . . . , n; n = 0, 1, 2, . . .)

where Pn(t) are ordinary, and Pm
n (t) adjoint Legendre polynomials

Pm
n (cos θ) = sinm θ

dmPn(cos θ)
(d cosθ)m

.
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The functions (1.11) are particular solutions of the equation

1
sin θ

· ∂
∂θ

(
sin θ

∂Y

∂θ

)
+

1
sin2 θ

· ∂
2Y

ϕ2
+ n(n + 1)Y = 0.

The functions (1.11) are linearly independent and therefore any spherical func-
tion Yn(θ, ϕ) of order n can be written in the form of their linear combination

Yn(θ, ϕ) =
1
2
αn,0Pn(cos θ)

+
n∑

m=1

Pm
n (cos θ)(αn,m cosmϕ+ βn,m sinmϕ).

The functions (1.11) are mutually orthogonal on the sphere S2 and, moreover,

‖(Pn(cos θ)‖2
L2(S2)

=
4π

2n+ 1
,

‖(Pm
n (cos θ) cosmϕ‖2

L2(S2)
= ‖(Pm

n (cos θ) sinmϕ‖2

L2(S2)
=

2π
2n+ 1

· (n+m)!
(n−m)!

.

19. A series of the form

∞∑

j=0

[
1
2
αj,0Pj(cos θ) +

j∑

m=1

Pj(cos θ)(αj,m cosmϕ+ βj,m sinmϕ)
]
, (1.12)

where αj,0, αj,m and βj,m are constants, is called a Laplace series in the space R3.
The coefficients αj,m and βj,m are given for j ≥ 0, 0 ≤ m ≤ j and j ≥ 1,

1 ≤ m ≤ j, respectively. The definitions of αj,m and βj,m can be extended to the
rest of the integers m if we assume that

αj,−m = αj,m (m > 0), βj,0 = 0, βj,−m = −βj,m (m > 0)

and denote
γj,m =

1
2
(αj,m − iβj,m).

Thus
αj,m = γj,m + γj,−m

βj,m = i(γj,m − γj,−m

}
. (1.13)

Conversely, given γj,m, we can define αj,m and βj,m from (1.13). Then

Yj(θ, ϕ) =
1
2
αj,0Pj(cosθ) +

j∑

m=1

Pm
j (cos θ)(αj,m cosmϕ+ βj,m sinmϕ)

= γj,0Pj(cos θ) +
j∑

m=1

Pm
j (cos θ)[(γj,m + γj,−m) cosmϕ
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+i(γj,m − γj,−m) sinmϕ]

= γj,0Pj(cos θ) +
j∑

m=1

Pm
j (cos θ)[γj,m(cosmϕ+ i sinmϕ)

+γj,−m(cosmϕ− i sinmϕ)] =

γj,0Pj(cos θ) +
j∑

m=1

Pm
j (cos θ)(γj,me

imϕ + γj,−me
−imϕ)

=
j∑

m=−j

γj,mP
|m|
j (cos θ)eimϕ;

P 0
j (cos θ) = Pj(cos θ).

The series (1.12) now takes the form

∞∑

j=0

j∑

m=−j

γj,mP
|m|
j (cos θ)eimϕ. (1.14)

We call (1.12) areal, and (1.14) a complex Laplace series.
20. Let f ∈ L(S2) (if some function f is given on the unit sphere, then this

function is regarded as extended to the whole space except for zero and infinity, but
remaining constant on the rays emanating from the origin).

The series (1.12) is called the Fourier–Laplace series of the function f if

αj,m = 2j+1
2π · (j−m)!

(j+m)!

2π∫
0

cosmϕdϕ
π∫
0

f(θ, ϕ)

×Pm
j (cos θ) sin θdθ, j = 0, 1, 2, . . . ; m = 0, 1, 2, . . . , j;

βj,m = 2j+1
2π · (j−m)!

(j+m)!

2π∫
0

sinmϕdϕ
π∫
0

f(θ, ϕ)

×Pm
j (cos θ) sin θdθ, j = 1, 2, . . . ; m = 1, 2, . . . , j;





(1.15)

γj,m = γj,−m =
1
2
(αj,m − iβj,m)

=
2j + 1

4π
· (j − |m|)!
(j + |m|)!

2π∫

0

e−imϕdϕ

π∫

0

f(θ, ϕ)P |m|
j (cos θ) sin θdθ,

j = 0, 1, 2, . . . ; m = 0,±1 ± 2, . . . ,±j.

If αj,m and βj,m are defined by the equalities (1.15), then using the addition
formula, we obtain ([9], p. 143)

Yj(θ, ϕ) =
2j + 1

4π

π∫

0

2π∫

0

f(θ′, ϕ′)Pj(cosγ) sinθ′dθ′dϕ′,
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where
cosγ = cos θ cos θ′ + sin θ sin θ′ cos(ϕ− ϕ′).

The Fourier–Laplace series of the function f ∈ L(S2) is considered in the form

f(θ, ϕ) ∼ 1
4π

∞∑

j=0

(2j + 1)

π∫

0

2π∫

0

f(θ′, ϕ′)Pj(cosγ) sinθ′dθ′dϕ′.

21. Let us now introduce the notion of a Fourier–Laplace series in a space Rk,
k > 3.

Let f ∈ L(Sk−1). Its Fourier–Laplace series is

S(f ; x) =
∞∑

n=0

Y λ
n (f ; x), (1.16)

where

Y λ
n (f ; x) = b

(n)
1 Y

(n)
1 (x) + b

(n)
2 Y

(n)
2 (x) + · · ·+ b(n)

an
Y (n)

an
(x), (1.17)

b
(n)
j = (f, Y (n)

j ), j = 1, 2, . . . , an.

Taking (1.7) into account, from (1.17) we obtain

Y λ
n (f ; x) =

(n+ λ)Γ(λ)
2πλ+1

∫

Sk−1

Pλ
n [(x, y)]f(y)dSk−1(y) (1.18)

([5], p. 206).
22. Let µ ∈ M(Sk−1). As is known ([57], p. 176), µ has, at almost all points

x ∈ Sk−1, a derivative µS(x) under which we mean the limit

µS(x) = lim
r→0

µ[Dk−1(x; r)]
|Dk−1(x; r)| . (1.19)

A Fourier–Laplace–Stieltjes series is defined as follows:

S(dµ; x) =
∞∑

n=0

Y λ
n (dµ; x), (1.20)

where
Y λ

n (dµ; x) =
(n+ λ)Γ(λ)

2πλ+1

∫

Sk−1

Pλ
n [(x, y)]dµ(y)

([5], p. 208; [68], p. 515).
If µ is absolutely continuous, then

S(dµ; x) = S(µs; x).
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23. If f ∈ L2(Sk−1), then we have the Parseval equality
∫

Sk−1

f2(x)dSk−1(x) =
∞∑

n=0

∫

Sk−1

[Y λ
n (f ; x)]2dSk−1(x)

([65], p. 86).

3.2 The Poisson Integral for a Ball

Let f ∈ L2(Sk−1), and

S(f ; x) =
∞∑

n=0

Y λ
n (f ; x), x ∈ Sk−1, (2.1)

be its Fourier–Laplace series (see (1.16) and (1.18)). The abelian means of the series
(2.1) are denoted by

U(f ; ρ, x) = U(f ; ρ, θ1, θ2, . . . , θk−2, ϕ) =
∞∑

n=0

Y λ
n (f ; x)ρn, x ∈ Sk−1.

But (see (1.18))

Y λ
n (f ; x) =

Γ(λ)(n+ λ)
2πλ+1

∫

Sk−1

Pλ
n (cosγ)f(y)dSk−1(y), n = 0,∞,

where cos γ is defined by the equality (1.2). Therefore

U(f ; ρ, x) =
Γ(λ)
2πλ+1

∞∑

n=0

(n+ λ)ρn

∫

Sk−1

Pλ
n (cos γ)f(y)dSk−1(y).

Since 0 < ρ < 1, by virtue of |Pλ
n (cosγ)| ≤ Cn2λ−1 ([58], p. 197) the series∑∞

n=0 P
λ
n (cosγ)ρn converges uniformly with respect to γ for fixed ρ; therefore, after

multiplying by f(y), it can be integrated termwise. As a result,

U(f ; ρ, x) =
Γ(λ)
2πλ+1

∫

Sk−1

{ ∞∑

n=0

(n+ λ)Pλ
n (cosγ)ρn

}
f(y)dSk−1(y)

=
Γ(λ)
2πλ+1

∫

Sk−1

P (ρ, γ)f(y)dSk−1(y)

=
Γ(λ+ 1)
2πλ+1

∫

Sk−1

P (ρ, γ)f(y)dSk−1(y), (2.2)
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where

P (r, γ) =
∞∑

n=0

n+ λ

λ
Pλ

n (cosγ)ρn. (2.3)

The integral (2.2) is called the Poisson integral of the function f for a ball, and
P (ρ, γ) is called the Poisson kernel. Therefore the expressions “abelian means of the
Fourier–Laplace series of the function f” and “the Poisson integral of the function
f for a ball” are synonyms.

Let us find a simpler expression for the Poisson kernel, i.e., for the series (2.3).
By the definition of P λ

n (cosγ) (see (1.8)),

1
(1 − 2ρ cosγ + ρ2)λ

=
∞∑

n=0

ρnPλ
n (cosγ). (2.4)

Differentiating the series (2.3) with respect to ρ, we obtain

2λρ(cosγ − ρ)
(1− 2ρ cosγ + ρ2)λ+1

=
∞∑

n=1

nρnPλ
n (cosγ). (2.5)

By (2.4) and (2.5) we conclude that

P (ρ, γ) =
∞∑

n=0

n+ λ

λ
Pλ

n (cos γ)ρn =
1 − ρ2

(1− 2ρ cosγ + ρ2)λ+1

=
1 − ρ2

[(1− ρ)2 + 4ρ sin2 γ
2 )]λ+1

.

The symbol (ρ, x) ∧−→ (1, x0) denotes (see Section 2.1) that the point (ρ, x) =
(ρ, θ1, θ2, . . . , θk−2, ϕ) tends to the point (1, x0) = (1, θ01, θ

0
2, . . . , θ

0
k−2, ϕ

0) along a
nontangential path to the sphere Sk−1. This means that there exists a positive
constant C such that

ρ0

1 − ρ
< C, where ρ0 is a distance between the points (ρ, x)

and (1, x0).
The symbol (ρ, x) → (1, x0) means that the point (ρ, x) tends to (1, x0) arbitrar-

ily, remaining inside the unit sphere Sk−1.
The series (2.1) is called summable by the Abel method at the point x0(1, θ01,

θ02, . . . , θ
0
k−2, ϕ

0) to the number S (or, briefly, A-summable to the number S) if

lim
ρ→1−

U(f ; ρ, x0) = S.

Further, the series (2.1) is called summable by the method A∗ at the point x0

to the number S if
lim

(ρ,x)
∧−→(1,x0)

U(f ; ρ, x) = S.
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The expressions “summability of the Fourier–Laplace series of the function f by the
Abel method” and “the boundary properties of the Poisson integral of the function
f for a ball” are synonyms. The following theorems are well-known.

Theorem 3.2.1 ([95], p. 107). If the function f(x) is continuous at a point
x0 ∈ Sk−1, then

lim
(ρ,x)→(1,x0)

U(f ; ρ, x) = f(x0).

Theorem 3.2.2 ([95], p. 110). If f ∈ L(Sk−1), then almost for all points
x ∈ Sk−1

lim
(ρ,x)

∧−→(1,x)

U(f ; ρ, x) = f(x).

Theorem 3.2.3 ([95], p. . 111). If for f ∈ L(Sk−1),

Ψ(e) =
∫

e

f(y)dSk−1(y),

then for almost all points x ∈ Sk−1,

lim
(ρ,x)

∧−→(1,x)

U(dΨ; ρ, x) = ΨS(x) = f(x),

where (see (1.19))

ΨS(x) = lim
ρ→0

Ψ[Dk−1(x, ρ)]
Dk−1(x, ρ)

.

3.3 A Generalized Laplace Operator on the Unit Sphere

Sk−1

Let f(x) (x ∈ sk−1) be defined in some spherical neighborhood of a point x0 ∈ Sk−1,
i.e., on the set Dk−1 (x0; ρ), and be integrable on the spheres Ck−2(x0; h) for all
h < ρ. If there exist numbers a0, a1, . . . , ar such that the equality

1
|Sk−2| sink−2 h

∫

Ck−2(x0;h)

f(t)dSk−2(t)

=
Γ
(

k−1
2

)

2π
k−1
2 sink−2 h

∫

Ck−2(x0;h)

f(t)dSk−2(t)

=
r∑

v=0

Γ
(

k−1
2

)
av

v!2vΓ
(

k−1
2 + v

)(1− cosh)v + o(1− cosh)r, (3.1)
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is fulfilled in the neighborhood of a point x0 ([109] and [110]), then we say that
the function f(x) has at the point x0 a generalized Laplace operator of order r on
the unit sphere Sk−1 and denote it by ∆rf(x0). The generalized Laplace operator
defined by the equality (3.1) is related to the numbers av (v = 0, r) as follows:

∆0f(x0) = a0 = f(x0),
∆[∆ + 1 · (k − 1)][∆ + 2 · k] . . . [∆ + (v − 1)(v + k − 3)]f(x0) = av,
v = 1, r,



 (3.2)

where ∆ · ∆ . . .∆ (i-times) = ∆i and ∆i · ∆j = ∆i+j for i, j ≥ 0 and i+ j ≤ r.
Thus,by virtue of the decomposition (3.1), we have

1
|Sk−2| sink−2 h

∫

Ck−2(x0;h)

f(t)dSk−2(t) = ∆0f(x0)

+
r∑

v=1

Γ
(

k−1
2

)
∆[∆ + 1 · (k − 1)][∆ + 2 · k] . . . [∆ + (v − 1)(v + k − 3)]f(x0)

v!2vΓ
(

k−1
2 + v

)

×(1 − cosh)v + o(1 − cosh)r, r = 1, 2, . . . .

Expansions of type (3.1) were considered for k = 3 in [69] (p. 284).
It is easy to see that

a1 = ∆1f(x0) = ∆f(x0)

= lim
h→0

1
|Sk−2| sink−2 h

∫
(x0,t)=cosh f(t)dSk−2(t)− f(x0)

2
k−1 sin2 h

2

.

Clearly, if there exists ∆rf(x), then ∆sf(x) exists for any 0 ≤ s < r.
Let us now introduce a more generalized Laplace operator on the sphere Sk−1.
We say that an integrable function f(x) in the spherical neighborhood of a point

x0 ∈ Sk−1 has, at x0, a more generalized Laplace operator ∆̃rf(x0) of order r if the
representation

1
|Dk−1(x0; h)|

∫

Dk−1(x0;h)

f(t)dSk−1(t)

=
r∑

v=0

Γ
(

k+1
2

)
bv

v!2vΓ
(

k+1
2 + v

)(1− cosh)v + o(1 − cosh)r, r = 0, 1, . . . , (3.3)

holds.
A more generalized Laplace operator ∆̃ defined by the equality (3.3) is related

to the coefficients bv (v = 0, r) through (3.2).
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Clearly, b0 = f(x0) and

b1 = ∆̃1f(x0) = ∆̃f(x0)

= lim
h→0

1
|Dk−1(x0;h)|

∫
Dk−1(x0;h) f(t)dSk−1(t) − f(x0)

2
k+1 sin2 h

2

.

Lemma 3.3.1. (a) If at the point x0 there exists ∆rf(x0), then there also exists
∆̃rf(x0), and ∆rf(x0) = ∆̃rf(x0).

(b) There exists a function f for which ∆̃f(x0) is finite, but ∆f(x) does not
exist.

Proof. Given

V (ρ) =
1

|Sk−2| sink−2 ρ

∫

Ck−2(x0;ρ)

f(t)dSk−2(t)

−
r∑

v=0

Γ
(

k−1
2

)
av

v!2vΓ
(

k−1
2 + v

)(1− cosρ)v = o(1− cosρ)r, (3.4)

we have to prove that

U(h) =
1

∫ h
0 sink−2 ρdρ

h∫

0

sink−2 ρdρ

{
1

|Sk−2| sink−2 ρ

∫

Ck−2(x0;ρ)

f(t)dSk−2(t)
}

−
r∑

v=0

Γ
(

k+1
2

)
av

v!2vΓ
(

k+1
2 + v

)(1− cosh)v = o(1− cosh)r. (3.5)

Since

Γ
(k + 1

2

)
=
k − 1

2
Γ
(k − 1

2

)
,

Γ
(k + 1

2
+ v
)

=
2v + k − 1

2
Γ
(k − 1

2
+ v
)
,

therefore

U(h) =
1

∫ h
0 sink−2 ρdρ

h∫

0

sink−2 ρdρ

{
1

|Sk−2| sink−2 ρ

∫

Ck−2(x0;ρ)

f(t)dSk−2(t)
}

−
r∑

v=0

Γ
(

k−1
2

)
av

v!2vΓ
(

k−1
2 + v

) · k − 1
2v + k − 1

(1− cosh)v. (3.6)
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It is easy to verify that

lim
h→0

∫ h
0 (1 − cosρ)v sink−2 ρdρ

(1 − cosh)v
∫ h
0 sink−2 ρdρ

=
k − 1

2v + k − 1
.

Thus ∫ h
0 (1− cosρ)v sink−2 ρdρ

(1 − cosh)v
∫ h
0 sink−2 ρdρ

=
k − 1

2v + k − 1
(1 + αv(h)), (3.7)

αv(h) → 0, as h→ 0 for any v.
In view of (3.7), we have

(1− cosh)v =

∫ h
0 (1 − cos ρ)v sink−2 ρdρ

k−1
2v+k−1(1 + αv(h))

∫ h
0 sink−2 ρdρ

.

Hence by virtue of (3.4), from (3.6) we get

U(h) =
1

∫ h
0 sink−2 ρdρ

h∫

0

sink−2 ρdρ

{
1

|Sk−2| sink−2 ρ

∫

Ck−2(x0;ρ)

f(t)dSk−2(t)
}

−
r∑

v=0

Γ
(

k−1
2

)
av

v!2vΓ
(

k−1
2 + v

) ·
∫ h
0 (1 − cosρ)v sink−2 ρdρ

(1 + αv(h))
∫ h
0 sink−2 ρdρ

=
1∫ h

0 sink−2 ρdρ

h∫

0

{
1

|Sk−2| sink−2 ρ

∫

Ck−2(x0;ρ)

f(t)dSk−2(t)

−
r∑

v=0

Γ
(

k−1
2

)
αν

v!2v
(

k−1
2 + v

)
(1 + αv(h))

(1− cosρ)v

}
sink−2 ρdρ

=
1

∫ h
0 sink−2 ρdρ

h∫

0

o(1 − cosρ)r sink−2 ρdρ. (3.8)

By (3.7),

h∫

0

o(1 − cosρ)r sink−2 ρdρ = o(1)

h∫

0

(1 − cos ρ)r sink−2 ρdρ

= o(1)(1− cosh)r

h∫

0

sink−2 ρdρ.
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Hence it follows from (3.8) that

U(h) =
1

∫ h
0 sink−2 ρdρ

· o(1)(1− cosh)r

h∫

0

sink−2 ρdρ = o(1 − cosh)r,

which proves the validity of Item (a), i.e., (3.5) is fulfilled.
(b) Define the function f(x) as follows:

f(x) =





0, when x = x0,

1, when (x0, x) = cosγ is rational,
0, when (x0, x) = cosγ is irrational.

It is easy to verify that the operator ∆f(x0) does not exist, and ∆̃f(x0) = 0.
The lemma is proved.

Let us introduce the notion of a strong generalized Laplace operator of order r
on Sk−1. Let the function f(x), x ∈ Sk−1 be defined in some spherical neighbor-
hood of the point x0, i.e., on the set Dk−1(x0; ρ), and be integrable on the spheres
Ck−2(x0; h) for all h < ρ. If there exist functions ai(x) i = 0, r− 1 and a number
ar such that there exist finite limits lim

x→x0
ai(x) = ai, and in the neighborhood of the

point x0 the inequality

1
|Sk−2| sink−2 h

∫

Ck−2(x;h)

f(t)dSk−2(t) =
r−1∑

v=0

Γ
(

k−1
2

)
av(x)

v!2vΓ
(

k−1
2 + v

)(1 − cosh)v

+
Γ
(

k−1
2

)
ar

r!2rΓ
(

k−1
2 + r

)(1− cosh)r + ε(h, x)(1− cosh)r, (3.9)

holds, where lim
h→0
x→x0

ε(h, x) = 0, then we say that the function f(x) at the point

x0 ∈ Sk−1 has a strong generalized Laplace operator of order r, which we denote by
the symbol ∆r

xf(x0). Clearly, if x = x0, then ∆r
xf(x0) = ∆rf(x0).

The strong generalized Laplace operator ∆r
x defined by the equality (3.9) is

related to the numbers av (v = 0, r) through (3.2).
It is obvious that

∆xf(x0) = lim
(x,h)→(x0,0)

1
|Sk−2 | sink−2 h

∫
Ck−2(x;h) f(t)dSk−2(t) − f(x)

2
k−1 sin2 h

2

.

Let us now introduce a more generalized strong Laplace operator on Sk−1. Let
in the spherical neighborhood of the point x0 ∈ Sk−1 there exist functions bi(x)
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i = 0, r− 1 and a number br such that there exist limits lim
x→x0

bi(x) = bi. We say

that an integrable function f(x) in the neighborhood of a point x0 ∈ Sk−1 has, at
x0, a more generalized strong Laplace operator ∆̃r

xf(x0) of order r if the equality

1
|Dk−1(x0; h)|

∫

Dk−1(x;h)

f(t)dSk−1(t) =
r−1∑

v=0

Γ
(

k+1
2

)
bv(x)

v!2vΓ
(

k+1
2 + v

)(1− cosh)v

+
Γ
(

k+1
2

)
br

r!2rΓ
(

k+1
2 + r

)(1− cosh)r + ε(h, x)(1− cosh)r, (3.10)

holds, where lim
h→0
x→x0

ε(h, x) = 0. Clearly, if x = x0, then ∆̃r
xf(x0) = ∆̃rf(x0).

A more generalized strong Laplace operator ∆̃r
x defined by the equality (3.10) is

related to bv (v = 0, r) through (3.2).
It is not difficult to see that

∆̃xf(x0) = lim
(x,h)→(x0,0)

1
|Dk−1(x0;h)|

∫
Dk−1(x;h) f(t)dSk−1(t) − f(x)

2
k+1 sin2 h

2

.

The notion of a generalized Laplace operator on the unit sphere Sk−1 is widely
used in problems of the summability of differentiated Fourier–Laplace series. A Lap-
lace operator on the unit sphere or rather the angular part of the Laplace operator
written in terms of spherical coordinates is called a differentiation operator.

Lemma 3.3.2. For Gegenbauer polynomials Pλ
n (x), the representation

Pλ
n (cosh) = Pλ

n (1)
{

1

+
∞∑

v=1

[−n(n+ 2λ)][−n(n+ 2λ) + 1 · (k − 1)] . . . [−n(n + 2λ) + (v − 1)(k+ v − 3)]
v!2v

×
Γ
(

k−1
2

)

Γ
(

k−1
2 + ν

)(1 − cosh)v

}
(3.11)

is valid.

Proof. For Gegenbouer polynomials Pλ
n (x) we have the representation (see [58],

p. 92): Pλ
n (x) = Pλ

nF (−n, n + 2λ;λ+ 1
2 ; 1−x

2 ), where F (a, b; c; x) is the hypergeo-
metric series (see [58], p. 74)

F (a, b; c; x) = 1 +
∞∑

v=1

a(a+ 1) . . .(a+ v − 1)
v!

· b(b+ 1) . . .(b+ v − 1)
c(c+ 1) . . .(c+ v − 1)

cv.
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Therefore

Pλ
n (x) = Pλ

n (1)
[
1 +

−n
!

· n+ 2λ
λ+ 1

2

· 1 − x

2
+

−n(−n + 1)
2!

×(n + 2λ)(n+ 2λ+ 1)
(λ+ 1

2)(λ+ 3
2)

· (1− x)2

22
+

−n(−n + 1)(−n+ 2)
3!

×(n+ 2λ)(n+ 2λ+ 1)(n+ 2λ+ 2)
(λ+ 1

2)(λ+ 3
2)(λ+ 5

2)
· (1− x)3

23
+ · · ·

+
−n(−n + 1)(−n+ 2) . . .(−n+ r − 1)

r!

×(n + 2λ)(n+ 2λ+ 1) . . .(n+ 2λ+ r − 1)
(λ+ 1

2)(λ+ 3
2) . . .(λ+ r− 1

2)
· (1− x)r

2r
+ · · ·

]
.

But

−n(−n + 1)(n+ 2λ)(n+ 2λ+ 1) = −n(n + 2λ)[−n(n+ 2λ) + 1 · (k − 1)],
−n(−n + 1)(−n+ 2)(n+ 2λ)(n+ 2λ+ 1)(n+ 2λ+ 2)

= −n(n+ 2λ)[−n(n+ 2λ) + 1 · (k − 1)][−n(n+ 2λ) + 2 · k]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

−n(−n + 1) . . .(−n+ r − 1)(n+ 2λ)(n+ 2λ+ 1) . . .(n + 2λ+ r − 1)
= −n(n + 2λ)[−n(n+ 2λ) + 1 · (k − 1)][−n(n+ 2λ) + 2 · k] × · · ·

×[−n(n + 2λ) + (r − 1)(r+ k − 3)].

Moreover,

λ+
1
2

=
k − 1

2
=

Γ
(

k−1
2 + 1

)

Γ
(

k−1
2

) ,

(
λ+

1
2

)(
λ+

3
2

)
=
k − 1

2
· k + 1

2
=

Γ
(

k−1
2 + 2

)

Γ
(

k−1
2

) ,

(
λ+

1
2

)(
λ+

3
2

)(
λ+

5
2

)
=
k − 1

2
· k + 1

2
k + 3

2
=

Γ
(

k−1
2 + 3

)

Γ
(

k−1
2

) ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(
λ+

1
2

)(
λ+

3
2

)
·
(
λ+ r − 1

2

)
=
k − 1

2
· k + 1

2
. . .

k + 2r − 3
2

=
Γ
(

k−1
2 + r

)

Γ
(

k−1
2

) .

Taking these equalities into account, we obtain the equalities (3.11).
Lemma 3.3.2 is proved.
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Lemma 3.3.3. If Yn(x) is a spherical harmonic of order n, then

1
Pλ

n (1)
P λ

n (cosh)Yn(x) =
1

|Ck−2(x; h)|

∫

Ck−2(x;h)

Yn(t)dSk−2(t). (3.12)

Proof. As is known ([66], p. 163),

Yn(t) =
(n+ λ)Γ(λ)

2πλ+1

∫

Sk−1

Pλ
n [(t, η)]Yn(η)dSk−1(η),

whence
∫

Ck−2(x,h)

Yn(t)dSk−2(t)

=
(n+ λ)Γ(λ)

2πλ+1

∫

Ck−2(x,h)

dSk−2(t)
∫

Sk−1

Yn(η)Pλ
n [(t, η)]dSk−1(η)

=
(n+ λ)Γ(λ)

2πλ+1

∫

Sk−1

Yn(η)dSk−1(η)
∫

Ck−2(x;h)

Pλ
n [(t, η)]dSk−2(t). (3.13)

Using the addition theorem ([6], p. 467), from (3.3) we obtain
∫

Ck−2(x;h)

Yn(t)dSk−2(t) =
n!Γ(2λ)

Γ(n+ 2λ)

×(n+ λ)Γ(λ)
2πλ+1

|Ck−2(x; h)|Pλ
n [(t, x)]

∫

Sk−1

Yn(η)Pλ
n [(x, η)]dSk−1(η)

=
1

Pλ
n (1)

|Ck−2(x; h)|Pλ
n [(t, x)]Yn(x),

whence

1
Pλ

n (1)
Pλ

n (cosh)Yn(x) =
1

|Ck−2(x; h)|

∫

Ck−2(x,y)

Yn(t)dSk−2(t).

Lemma 3.3.3 is proved.

These lemmas underlie the proof of

Theorem 3.3.1. If Yn(x), n = 0, 1, 2, . . . is an arbitrary spherical harmonic of
order n, and ξ is an arbitrary point on Sk−1, then for each nonnegative integer r
there exists ∆rYn(ξ), and the equality ∆rYn(ξ) = Dr

kYn(ξ) holds.
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Proof. Since ∆r and Dr
k are linear operators, it suffices to show that ∆rYn(ξ)

exists and ∆rYn(ξ) = Dr
kYn(ξ), where Yn(x) is normalized so that Yn(ξ) = Pλ

n (1) =(
n+2λ−1

n

)
. Then Dr

kYn(ξ) = Dr
kP

λ
n [(ξ, x)]x=ξ (because both operators are equal to

[−n(n+ 2λ)]rPλ
n (1)).

By the normalization of Yn(x)(Yn(ξ) = Pλ
n (1)), from (3.12) we obtain

Pλ
n (cosh) =

1
|Ck−2(ξ; h)|

∫

Ck−2(ξ;h)

Yn(t)dSk−2(t). (3.14)

On the other hand,

Pλ
n (cosh) = Pλ

n [(ξ, t)] =
1

|Ck−2(ξ; h)|

∫

Ck−2(ξ;h)

Pλ
n [(ξ, t)]dSk−2(t). (3.15)

From (3.14) and (3.15), we have

1
|Ck−2(ξ; h)|

∫

Ck−2(ξ;h)

Yn(t)dSk−2(t) = Pλ
n (cosh)

=
1

|Ck−2(ξ; h)|

∫

Ck−2(ξ;h)

Pλ
n [(ξ, t)]dSk−2(t),

or, which is the same,
∆rYn(ξ) = ∆rPλ

n [(ξ, t)]t=ξ.

Thus to prove the theorem, it suffices to prove the equality

∆rPλ
n [(ξ, t)]t=ξ = [−n(n + 2λ)]rPλ

n (1).

But this follows from the fact that the equality (3.11) holds,

1
|Ck−2(ξ; h)|

∫

Ck−2(ξ;h)

Pλ
n [(ξ, t)]dSk−2(t) = Pλ

n (cosh) = Pλ
n (1)

{
1

+
∞∑

v=1

[−n(n+ 2λ)][−n(n+ 2λ) + 1 · (k − 1)] . . . [−n(n + 2λ) + (v − 1)(k+ v − 3)]
v!2v

×
Γ
(

k−1
2

)

Γ
(

k−1
2 + v

)(1 − cosh)v

}
.

Thus we finally have

Dr
kYn(ξ) = Dr

kP
λ
n [(ξ, t)]t=ξ = ∆rPλ

n [(ξ, t)]t=ξ = ∆rYn(ξ).

Therefore ∆rYn(ξ) = Dr
kYn(ξ).

Theorem 3. 3.1 is proved.
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Theorem 3.3.2. If a function f(x), x ∈ Sk−1 has continuous partial derivatives
of order 2r in the neighborhood of a point x0 ∈ Sk−1, then ∆rf(x0) exists and
∆rf(x0) = Dr

kf(x0).

Theorem 3.3.2 is proved as an analogous theorem for k = 3 proved in [69] (p. 306).

3.4 Boundary Properties of the Integral
DkU(f ; ρ, θ1, θ2, . . . , θk−2, ϕ)

The section will deal with the boundary properties of the integral Dk(f ; ρ, θ1,
θ2, . . . , θk−2, ϕ), where Dk is the Laplace operator on the sphere Sk−1, i.e., the
angular part of the Laplace operator written in terms of spherical coordinates ([30,
77–86],[95],[100],[106]).

We can show that the function P (ρ, γ) =
∑∞

n=0
n+λ

λ Pλ
n (cosγ)ρn is harmonic in

V k.
Indeed, taking (1.10) into account, we have

∆P (ρ, γ) =
1
ρ2
Dk

( ∞∑

n=0

n + λ

λ
P λ

n (cosγ)ρn

)

+
1

ρk−1

∂

∂ρ

[
ρk−1 ∂

∂ρ

( ∞∑

n=0

n + λ

λ
Pλ

n (cosγ)ρn

)]

= − 1
ρ2

[ ∞∑

n=1

n + λ

λ
n(n+ k − 2)Pλ

n (cosγ)ρn

]

+
1

ρk−1

∂

∂ρ

[
ρk−1

( ∞∑

n=1

n+ λ

λ
nPλ

n (cosγ)ρn−1

)]

= − 1
ρ2

[ ∞∑

n=1

n + λ

λ
n(n+ k − 2)Pλ

n (cosγ)ρn

]

+
1

ρk−1

[ ∞∑

n=1

n+ λ

λ
n(n + k − 2)Pλ

n (cosγ)ρn+k−3

]

= − 1
ρ2

[ ∞∑

n=1

n + λ

λ
n(n+ k − 2)Pλ

n (cosγ)ρn

]

+
1
ρ2

[ ∞∑

n=1

n+ λ

λ
n(n+ k − 2)Pλ

n (cosγ)ρn

]
= 0.

Therefore (see (1.5))

DkP (ρ, γ) =
1

ρk−3
· ∂
∂ρ

[
ρk−1 ∂P (ρ, γ)

∂ρ

]
. (4.1)
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Lemma 3.4.1. If P (ρ, γ) is the Poisson kernel, then

DkP (ρ, γ) =
A(ρ, γ)

[(1− ρ)2 + 4 sin2 γ
2 ]λ+3

, (4.2)

where all terms in A(ρ, γ) with respect to (1 − ρ) and sin γ
2 are of degree ≥ 3, and

a(ρ, γ) is divided by (1− ρ2).

Proof. Let
ρ(ρ, γ) = (1 − ρ2)[∆(ρ, γ)]−(λ+1), (4.3)

where
∆(ρ, γ) = (1− ρ)2 + 4ρ sin2 γ

2
.

By (4.1) and (4.3), we have

DkP (ρ, γ) = − 1
ρk−3

· ∂
∂ρ

[
ρk−1∂P (ρ, γ)

∂ρ

]

= − 1
ρk−3

∂

∂ρ
ρk−1

{
− 2ρ[∆(ρ, γ)]−(λ+1)

−(λ+ 1)(1− ρ2)[∆(ρ, γ)]−(λ+2)∂∆(ρ, γ)
∂ρ

}

=
1

ρk−3

∂

∂ρ

{
B(ρ, γ)[∆(ρ, γ)]−(λ+2)

}
, (4.4)

where

B(ρ, γ) = ρk−1[2ρ∆(ρ, γ)+ (λ+ 1)(1− ρ2)
∂∆(ρ, γ)
∂ρ

].

It is obvious that all terms in B(ρ, γ) with respect to (1 − ρ) and sin γ
2 are of

degree ≥ 2.
From (4.4) we have

DkP (ρ, γ) =
1

ρk−3

{∂B(ρ, γ)
∂ρ

[∆(ρ, γ)−(λ+2)]

−(λ+ 2)[∆(ρ, γ)]−(λ+3)∂∆(ρ, γ)
∂ρ

·B(ρ, γ)
}

= A(ρ, γ)[∆(ρ, γ)]−(λ+3) = (1− ρ2)Dk[∆(ρ, γ)]−(λ+1), (4.5)

where

A(ρ, γ) =
1

ρk−3

[∂B(ρ, γ)
∂ρ

· ∆(ρ, γ)− (λ+ 2)B(ρ, γ)
∂∆(ρ, γ)
∂ρ

]
.

It is not difficult to see that all terms in A(ρ, γ) with respect to (1 − ρ) and γ
2 are

of degree ≥ 3 and, as follows from (4.5), are divided by (1 − ρ2).
Lemma 3.4.1 is proved.
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The property of A(ρ, γ) implies

|A(ρ, γ)| ≤ (1 − ρ)I(ρ, γ), (4.6)

where I(ρ, γ) is a homogeneous polynomial of degree 2 of (1 − ρ, γ) with a positive
coefficient.

Lemma 3.4.2. The following statements are valid:

1)
x∫
0

DkP (ρ, γ) sink−2 γdγ = 0;

2) lim
ρ→1

max
0<δ≤γ≤π

|DkP (ρ, γ)| = 0;

3)
π∫
0

DkP (ρ, γ) sink−2 γ sin2 γ

2
dγ =

ρ(k − 1)π
1
2 Γ
(

k−1
2

)

2Γ
(

k
2

) ;

4)
π∫
0

γk|DkP (ρ, γ)|dγ = O(1).

Proof. Statements 1) and 2) are obvious. Let us prove the property 3). By
(4.1), from (2.6) we have (4.7)

DkP (ρ, γ) = −(k − 1)ρ
∂P (ρ, γ)
∂ρ

− ρ2∂
2P (ρ, γ)
∂ρ2

= −k − 1
λ

∞∑

n=1

n(n+ λ)Pλ
n (cosγ)ρn

− 1
λ

∞∑

n=2

(n− 1)n(n+ λ)Pλ
n (cosγ)ρn. (4.7)

Taking into account the equality

sin2 γ

2
=

1 − cosγ
2

=
2λ− P γ

1 (cosγ)
4λ

,

from (4.7) we obtain
∫

Sk−1

DkP (ρ, γ) sin2 γ

2
dSk−1(y) =

ρ(k− 1)(λ+ 1)
4λ2

∫

Sk−1

[Pλ
1 (cosγ)]2dSk−1(y)

= ρ(k − 1)(λ+ 1)
∫

Sk−1

cos2 γdSk−1(y)

= ρ(k− 1)(λ+ 1)

π∫

0

cos2 γdγ
∫

(x,y)=cosγ

dSk−2(y)
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= ρ(k− 1)(λ+ 1)

π∫

0

2π
k−1
2 sink−2 γ

Γ
(

k−1
2

) cos2 γdγ

=
2ρ(k − 1)(λ+ 1)π

k−1
2

Γ
(

k−1
2

)
π∫

0

(sink−2 γ − sink γ)dγ

=
2ρ(k− 1)(λ+ 1)π

k−1
2

Γ
(

k−1
2

)
[π 1

2 Γ
(

k−1
2

)

Γ
(

k
2

) −
π

1
2 Γ
(

k+1
2

)

Γ
(

k+2
2

)
]

=
2ρ(k− 1)(λ+ 1)π

k
2

Γ
(

k−1
2

)
[Γ
(

k−1
2

)

Γ
(

k
2

) −
k−1
2 Γ

(
k−1
2

)

k
2Γ
(

k+2
2

)
]

=
2ρ(k− 1)(λ+ 1)π

k
2

kΓ
(

k
2

) .

Consequently,
π∫

0

DkP (ρ, γ) sin2 γ

2
dγ

∫

(x,y)=cosγ

dSk−2(y) =
2ρ(k− 1)(λ+ 1)π

k
2

kΓ
(

k
2

) ,

whence

2π
k−1
2

Γ
(

k−1
2

)
π∫

0

DkP (ρ, γ)] sink−2 γ sin2 γ

2
dγ =

2ρ(k− 1)(λ+ 1)π
k
2

kΓ
(

k
2

) . (4.8)

Statement 3) follows from (4.8).
Using Lemma 3.4.1, we can now prove the validity of statement 4). Taking into

account (4.6) and the inequality | sinγ| ≥ 2
π |γ|, for |γ| ≤ π

2 , we obtain

π∫

0

γk|DkP (ρ, γ)|dγ ≤ (1− ρ)

π∫

0

I(ρ, γ)γkdγ
[
(1 − ρ)2 + 4ρ sin2 γ

2

]λ+3

≤ C(1 − ρ)

π∫

0

I(ρ, γ)γkdγ
[
π2(1− ρ)2 + 4ργ2

]λ+3
. (4.9)

Using the substitution γ = (1 − ρ)t and assuming ρ > 1
2 , from (4.9) we find

π∫

0

|Dk(ρ, γ)|γkdγ < C(1 − ρ)

π
1−ρ∫

0

(1 − ρ)2(1− ρ)k(1 − ρ)
(∑2

v=0 Cvt
v
)
tkdt

(1− ρ)2λ+6(1 + t2)λ+3

< C

∞∫

0

(∑2
v=0 t

k+v
)
dt

(1 + t2)λ+3
= O(1).
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Statement 4) and Lemma 3.4.2 are proved.

Theorem 3.4.1. (a) If at the point x0(1, θ01, θ
0
2, . . . , θ

0
k−2, ϕ

0) there exists a finite
∆f(x0) (see (3.1)), then

lim
ρ→1

DkU(f ; ρ, x0) = ∆f(x0).

(b) There exists a function f(θ, ϕ) such that D3f(0, 0) = 0, but the limit

lim
(ρ,θ,ϕ)

∧−→(1,0,0)

D3U(f ; ρ, θ, ϕ)

does not exist.

Proof of Item (a). Indeed, taking x0 as an initial point, by Lemma 3.4.2 we
have

1
ρ
DkU(f ; ρ, x0) =

Γ
(

k
2

)

2ρπ
k
2

∫

Sk−1

DkP (ρ, γ)f(y)dSk−1(y)

=
Γ
(

k
2

)

2ρπ
k
2

∫

Sk−1

DkP (ρ, γ)[f(y)− f(x0)]dSk−1(y)

=
Γ
(

k
2

)

2ρπ
k
2

π∫

0

DkP (ρ, γ)dγ
∫

(x0,y)=cos γ

[f(y)− f(x0)]dSk−2(y)

=
Γ
(

k
2

)

ρπ
k
2 Γ
(

k−1
2

)
π∫

0

{
DkP (ρ, γ) sin2λ λ

1
|Sk−2| sin2λ γ

×
∫

(x0,y)=cos γ

[f(y)− f(x0)]dSk−2(y)
}
dγ

=
Γ
(

k
2

)

ρπ
1
2 Γ
(

k−1
2

)
π∫

0

DkP (ρ, γ) sin2λ γ sin2 γ

2

×
{

2
k − 1

·
1

|Sk−2| sin2λ γ

∫
(x0,y)=cosγ [f(y)− f(x0)]dSk−2(y)

2
k−1 sin2 γ

2

}
dγ

=
2Γ
(

k
2

)

ρ(k− 1)π
1
2 Γ
(

k−1
2

)
π∫

0

DkP (ρ, γ) sin2λ γ sin2 λ

2
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×
{ 1

|Sk−2| sin2λ γ

∫
(x0,y)=cos γ

[f(y)− f(x0)]dSk−2(y)

2
k−1 sin2 γ

2

− ∆f(x0)
}
dγ + ∆f(x0)

Let ε > 0 be an arbitrary number. We choose δ > 0 such that

|∆γ(f ; x0) − ∆f(x0)| < ε when 0 < γ < δ, (4.10)

where

∆r(f ; x0) =
1

|Sk−2| sin2λ γ

∫
(x0,y)=cos γ [f(y) − f(x0)]dSk−2(y)

2
k−1 sin2 γ

2

. (4.11)

Then
1
ρ
DkU(f ; ρ, x0) = I1 + I2 + ∆f(x0).

Here

I1 =
2Γ
(

k
2

)

ρ(k − 1)π
1
2 Γ
(

k−1
2

)
δ∫

0

DkP (ρ, γ) sin2λ γ sin2 γ

2
[∆γ(f ; x0)− ∆f(x0)]dγ,

I2 =
2Γ
(

k
2

)

ρ(k− 1)π
k
2 Γ
(

k−1
2

)
π∫

δ

DkP (ρ, γ) sin2λ γ sin2 γ

2
[∆γ(f ; x0) − ∆f(x0)]dγ.

By Lemma 3.4.2 and the inequality (4.10), we have

|I1| < Cε, when 0 < γ ≤ δ. (4.12)

Further, by Lemma 3.4.2 it can be easily shown that

lim
ρ→1

I2 = 0. (4.13)

(4.12) and (4.13) imply that item (a) of Theorem 3.4.1 is valid.
Proof of Item (b). It can be easily verified that in the space R3,

D3U(f ; ρ, θ, ϕ)

=
1
4π

π∫

0

2π∫

0

3ρ(1− ρ2)[5ρ− ρ cos2 γ − 2(1 + ρ2) cosγ]

(1 − 2ρ cosγ + ρ2)
7
2

· f(θ′, ϕ′) sin θ′dθ′dϕ′

where
cosγ = cos θ cos θ′ + sin θ sin θ′ cos(ϕ− ϕ′).

By Lemma 3.4.2, for any point (1, θ, ϕ),

π∫

0

2π∫

0

5ρ− ρ cos2 γ − 2(1 + ρ2) cosγ

(1− 2ρ cosγ + ρ2)
7
2

sin θ′dθ′dϕ′ = 0. (4.14)
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Let now x(ρ, θ, ϕ) → (1, 0, 0) so that ϕ = 0 and θ = 1 − ρ. In this case,

cos γ = cos θ cos θ′ + sin θ sin θ′ cosϕ′,

A(ρ, γ) = 5ρ− ρ cos2 γ − 2(1 + ρ2) cosγ

= 5ρ− 2ρ sinθ sin θ′ cos θ cos θ′ cosϕ′ − 2(1 + ρ2) sin θ sin θ′ cosϕ′

−[ρ cos2 θ cos2 θ′ + ρ sin2 θ sin2 θ′ cos2ϕ′ + 2(1 + ρ2) cos θ cos θ′].

By virtue of this equality, from (4.14) follows

π∫

0

π∫

0

A(ρ, γ)

(1− 2ρ cosγ + ρ2)
7
2

sin θ′dθ′dϕ′ = 0. (4.15)

Consider A(ρ, γ) on the interval E =
(
0 ≤ θ′ ≤ π

2 ; π
2 ≤ ϕ′ ≤ π

)
.

Clearly,

−2(1 + ρ2) sin θ sin θ′ cosϕ′ = 2(1 + ρ2) sinθ sin θ′| cosϕ′| > sin2 θ sin2 θ′ cos2 ϕ′.

Next, it can be easily shown that there exists a number ρ0 > 0 such that on the
interval E

5ρ− ρ cos2 θ cos2 θ′ − 2(1 + ρ2) cosθ cos θ′ > 0 for ρ ≥ ρ0.

Consequently, on the interval E, for ρ ≥ ρ0 we have

A(ρ, γ)> −2ρ sin θ sin θ′ cos θ cos θ′ cosϕ′. (4.16)

By (4.16) we obtain

I =

π
2∫

0

π∫

π
2

(1− ρ)A(ρ, γ)

(1 − 2ρ cosγ + ρ2)
7
2

sin θ′dθ′dϕ′

> (1 − ρ)

π
2∫

0

π∫

π
2

sin θ cos θ sin2 θ′ cos θ′(− cosϕ′)

(1− 2ρ cosγ + ρ2)
7
2

dθ′dϕ′

> (1 − ρ)2 cos θ

1−ρ∫

0

π∫

π
2

sin2 θ′ cos θ′(− cosϕ′)

(1− 2ρ cosγ + ρ2)
7
2

dθ′dϕ′

> (1− ρ)2 cos θ cos(1− ρ)

1−ρ∫

0

π∫

π
2

sin2 θ′(− cosϕ′)

[(1− ρ)2 + 4ρ sin2 γ
2 ]

7
2

dθ′dϕ′. (4.17)
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γ with respect to ϕ′ takes its maximal value when the point y(1, θ′, ϕ′) lies on the
plane xoz, and ϕ′ = π. Then γ = θ + θ′.

Therefore
[
(1 − ρ)2 + 4ρ sin2 γ

2

] 7
2 ≤

[
(1− ρ)2 + 4ρ sin2 θ + θ′

2

] 7
2

≤
[
(1 − ρ)2 + 4ρ sin2 θ + (1− ρ)

2

] 7
2

≤
[
(1 − ρ)2 + C sin2(1− ρ)

] 7
2
< C(1 − ρ)7. (4.18)

The inequalities (4.17) and (4.18) imply

I >
C cos θ cos(1− ρ)

(1 − ρ)5

1−ρ∫

0

θ′2dθ′
π∫

π
2

(− cosϕ′)dϕ′

=
C
√

2ρ− ρ2 cos(1 − ρ)
(1− ρ)2

→ +∞ for ρ→ 1. (4.19)

Thus, by (4.15) we have

lim
ρ→1

∫

D

(1− ρ)A(ρ, γ)

(1− 2ρ cosγ + ρ2)
7
2

sin θ′dθ′dϕ′ = −∞, (4.20)

where
D = [0, π; 0, π]\

[
0,
π

2
;
π

2
, π
]
.

Define now f(θ, ϕ) as follows:

f(θ, ϕ) =





0, in a pole
0, when 0 ≤ θ ≤ π; π ≤ ϕ ≤ 2π,
1, when 0 ≤ θ ≤ π

2 ; π
2 ≤ ϕ < π,

−1, when (θ, ϕ) ∈ D.

It is obvious that for this function

∆f(0, 0) = 0.

However, as follows from (4.19) and (4.20),

D3U(f ;x) → +∞,

as x(ρ, θ, ϕ) → x(1, 0, 0) along the chosen path.
Theorem 3.4.1 is proved.
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Theorem 3.4.2. If at a point x0 ∈ Sk−1 there exists a finite ∆xf(x0) (see
(3.9)), then

DkU(f ; ρ, x) → ∆xf(x0),

no matter how a point (ρ, x), x ∈ Sk−1 tends to x0, remaining inside the sphere
Sk−1.

Proof. Let ε > 0. Choose δ > 0 such (see (4.11)) that

|∆γ(f ; x)− ∆xf(x0)| < ε (4.21)

when 0 < γ < δ, ρ(x, x0) < δ.
Further, it is easy to check (see the proof of Theorem 3.4.1) that

1
ρ
DkU(f ; ρ, x) =

2Γ
(

k
2

)

ρ(k− 1)π
1
2γ
(

k−1
2

)
π∫

0

DkP (ρ, γ) sin2λ γ sin2 γ

2
[∆γ(f ; x)

−∆xf(x0)]dγ + ∆xf(x0) = I1 + I2 + ∆f(x0). (4.22)

By Lemma 3.4.2 it can be shown that

lim
ρ→1

I2 = 0. (4.23)

Taking (4.21) into account, we have

|I1| < ε, when ρ(x, x0) < δ. (4.24)

The validity of Theorem 3.4.2 follows from (4.22), (4.23) and (4.24).

Theorem 3.4.3. If at a point x0 ∈ Sk−1 there exists a finite ∆̃f(x0) (see (3.3)),
then

lim
ρ→1

DkU(f ; ρ, x0) = ∆̃f(x0).

We will prove the theorem for the case k = 3, but first we will prove

Lemma 3.4.3. The following statements are valid:

1) lim
ρ→1

max
0<δ≤γ≤π

∣∣∣∂D3P (ρ, γ)
∂γ

∣∣∣ = 0;

2)
π∫
0

D3P (ρ, γ) sin2 γ

2
sin γdγ = 2ρ;

3)
π∫
0

∂D3P (ρ, γ)
∂γ

sin4 γ

2
dγ = −2ρ+ o(1), as ρ→ 1;

4)
π∫
0

γ4
∣∣∣∂D3P (ρ,γ)

∂γ

∣∣∣dγ = O(1).
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Proof. Statement 1) is obvious. Statement 2) follows from statement 3) and
Lemma 3.4.2 (k = 3).

For k = 3, (4.7) yields

D3P (ρ, γ) = −2ρ
P (ρ, γ)
∂ρ

− ρ2∂
2P (ρ, γ)
∂ρ2

= −4
∞∑

n=1

n
(
n+

1
2

)
Pn(cosγ)ρn

−2
∞∑

n=2

(n− 1)n
(
n +

1
2

)
Pn(cosγ)ρn. (4.25)

By integration by parts, we obtain

π∫

0

∂D3P (ρ, γ)
∂γ

sin4 γ

2
dγ = D3P (ρ, γ) sin4 γ

2

∣∣∣
π

0
−

π∫

0

D3P (ρ, γ) sinγ sin2 γ

2
dγ

= 0(1)−
π∫

0

D3P (ρ, γ) sinγ
1− cos γ

2
dγ

= −1
2

π∫

0

D3P (ρ, γ)[1− P1(cos γ)] sinγdγ + o(1).

Hence by virtue of (4.25) we have

π∫

0

∂D3P (ρ, γ)
∂γ

sin4 γ

2
dγ = −3ρ

π∫

0

[P1(cosγ)]2 sinγdγ + o(1)

−3ρ

π∫

0

cos2 γ sin γdγ = −2ρ+ o(1).

Let us now prove the validity of statement 4). By Lemma 3.4.1, it can be easily
verified that

∂D3P (ρ, γ)
∂γ

=
A(ρ, γ)

[(1− ρ)2 + 4ρ sin2 γ
2 ]

9
2

, (4.26)

where all terms in A(ρ, γ) with respect to (1 − ρ) and sin γ
2 are of degree ≥ 4, and

A(ρ, γ) is divided by (1 − ρ2). Consequently, the numerator A(ρ, γ) in the equality
(4.26) can be estimated as follows:

|A(ρ, γ)| ≤ (1 − ρ)I(ρ, γ), (4.27)

where I(ρ, γ) is a homogeneous polynomial of degree 3 of (1 − ρ, γ) with a positive
coefficient.
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Taking into account (4.27) and the inequality | sinγ| ≥ 2
π |γ| for |γ| ≤ π

2 , we
obtain

π∫

0

γ4
∣∣∣∂D3P (ρ, γ)

∂γ

∣∣∣dγ ≤ (1 − ρ)

π∫

0

I(ρ, γ)γ4dγ
[
(1− ρ)2 + 4ρ sin2 γ

2

] 9
2

≤ C(1 − ρ

π∫

0

I(ρ, γ)γ4dγ

[π2(1 − ρ)2 + 4ργ2]
9
2

. (4.28)

Using the substitution γ = (1 − ρ)t and assuming ρ > 1
2 , from (4.28) we find

that

π∫

0

∣∣∣∂D3P (ρ, γ)
∂γ

∣∣∣γ4dγ < C(1 − ρ)

π
1−ρ∫

0

(1− ρ)3(1− ρ)4(1 − ρ)
(∑3

v=0 Cvt
v
)
t4dt

(1− ρ)9(1 + t2)
9
2

< C

∞∫

0

(∑3
v=0 t

4+v
)
dt

(1 + t2)
9
2

= O(1).

Thus statement 4) and Lemma 3.4.3 are proved.

Proof of Theorem 3.4.3. For the case k = 3, we have

∆̃h(f ; x0) =

1
4π sin2 h

2

∫
D2(x0;h) f(y)dS2(y) − f(x0)

1
2 sin2 h

2

D3U(f ; ρ, x0) = −
∞∑

n=1

n(n+ 1)Yn(f ; x0)ρn =
1
4π

∫

S2

D3P (ρ, γ)f(y)dS2(y).

Hence

1
ρ
D3U(f ; ρ, x0) =

1
4πρ

∫

S2

D3P (ρ, γ)[f(y)− f(x0)]dS2(y)

=
1

4πρ

π∫

0

D3P (ρ, γ)dγ
∫

(x0,y)=cos γ

[f(y)− f(x0)]dS1(y).

Using integration by parts and taking into account the statements of Lemma
3.4.3 (assuming

∫
S2 f(t)dS2(t) = 0), we obtain

1
ρ
D3U(f ; ρ, x0) = − 1

4πρ

π∫

0

∂D3P (ρ, γ)
∂γ

dγ

∫

D2(x0;γ)

[f(y)− f(x0)]dS2(y)
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= − 1
2ρ

π∫

0

∂D3P (ρ, γ)
∂γ

sin4 γ

2

{ 1
4π sin2 γ

2

∫
D2(x0;γ)

[f(y)− f(x0)]dS2(y)

1
2 sin2 γ

2

}
dγ

= − 1
2ρ

π∫

0

∂D3P (ρ, γ)
∂γ

sin4 γ

2

×
{ 1

4π sin2 γ
2

∫
D2(x0;γ)

[f(y)− f(x0)]dS2(y)

1
2 sin2 γ

2

− ∆̃f(x0)
}
dγ + ∆̃f(x0).

Using Lemma 3.4.3 as before, from the latter equality we easily establish the
validity of Theorem 3.4.3. �

Our next statement is also easy to prove.

Theorem 3.4.4. If at a point x0 ∈ Sk−1 there exists a finite ∆̃xf(x0), then

DkU(f ; ρ, x) → ∆̃xf(x0),

no matter how the point (ρ, x) tends to x0, remaining inside the sphere Sk−1.

Remark. Theorems 3.4.1 and 3.4.2 are the corollaries of Theorems 3.4.3 and
3.4.4, respectively.

3.5 The Boundary Properties of the Integral

Dr
kU(f ; ρ, θ1, θ2, . . . , θk−2, ϕ), r ∈ N

In this section we prove the theorems on the boundary properties of the integral
Dr

kU(f ; ρ, θ1, θ2, . . . , θk−2, ϕ), r ∈ N when on the unit sphere Sk−1 the density of
the Poisson integral for a ball has a generalized Laplace operator of any order r ∈ N .

Lemma 3.5.1. If P (ρ, γ) is the Poisson kernel, then

Dr
kP (ρ, γ) =

Ar(ρ, γ)
[(1− ρ)2 + 4ρ sin2 γ

2 ]λ+2r+1
, (5.1)

where all terms in Ar(ρ, γ) with respect to (1− ρ) and sin γ
2 are of degree ≥ 2r+ 1,

and Ar(ρ, γ) is divided by (1 − ρ2).

Proof. Let ([3])
P (ρ, γ) = (1 − ρ2)[∆(ρ, γ)]−(λ+1), (5.2)

where
∆(ρ, γ) = (1− ρ)2 + 4ρ sin2 γ

2
.
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By (4.1) and (5.2), we obtain

DkP (ρ, γ) = − 1
ρk−3

· ∂
∂ρ

[
ρk−1∂P (ρ, γ)

∂ρ

]

= − 1
ρk−3

· ∂
∂ρ
ρk−1

{
− 2ρ[∆(ρ, γ)]−(λ+1)

−(λ+ 1)(1− ρ2)[∆(ρ, γ)]−(λ+2)∂∆(ρ, γ)
∂ρ

}

=
1

ρk−3
· ∂
∂ρ

{
B1(ρ, γ)[∆(ρ, γ)]−(λ+2)

}
, (5.3)

where
B1(ρ, γ) = ρk−1

[
2ρ∆(ρ, γ)+ (λ+ 1)(1− ρ2)

∂∆(ρ, γ)
∂ρ

]
.

Clearly, all terms in B1(ρ, γ) with respect to (1− ρ) and sin γ
2 are of degree ≥ 2.

From (5.3) it follows that

DkP (ρ, γ) =
1

ρk−3

{∂B1(ρ, γ)
∂ρ

[∆(ρ, γ)]−(λ+2)

−(λ+ 2)[∆(ρ, γ)]−(λ+3)∂∆(ρ, γ)
∂ρ

·B1(ρ, γ)
}

= A1(ρ, γ)[∆(ρ, γ)]−(λ+3) = (1 − ρ2)Dk[∆(ρ, γ)]−(λ+1)], (5.4)

where

A1(ρ, γ) =
1

ρk−3

[∂B1(ρ, γ)
∂ρ

· ∆(ρ, γ)− (λ+ 2)B1(ρ, γ)
∂∆(ρ, γ)
∂ρ

]
.

It is not difficult to see that all terms in A1(ρ, γ) with respect to (1 − ρ) and
sin γ

2 are of degree ≥ 3, and as it follows from (5.4), A1(ρ, γ) is divided by (1− ρ2).
Assume now that this is the case for some r ∈ N . Then (5.1) yields

Dr+1
k P (ρ, γ) = Dk

{
Ar(ρ, γ)[∆(ρ, γ)]−(λ+2r+1)

}

= − 1
ρk−3

· ∂
∂ρ

{
ρk−1 ∂

∂ρ
Ar(ρ, γ)[∆(ρ, γ)]−(λ+2r+1)

}

= − 1
ρk−3

· ∂
∂ρ
ρk−1

{∂Ar(ρ, γ)
∂ρ

[∆(ρ, γ)]−(λ+2r+1)

−(λ+ 2r + 1)[∆(ρ, γ)]−(λ+2r+1)∂∆(ρ, γ)
∂ρ

·Ar(ρ, γ)
}

= − 1
ρk−3

· ∂
∂ρ

{
Br(ρ, γ)[∆(ρ, γ)]−(λ+2r+2)

}
,

where

Br(ρ, γ) = ρk−1
[∂Ar(ρ, γ)

∂ρ
· ∆(ρ, γ)− (λ+ 2r + 1)Ar(ρ, γ)

∂∆(ρ, γ)
∂ρ

]
.
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As is easily seen, all terms in Br(ρ, γ) with respect to (1 − ρ) and sin γ
2 are of

degree ≥ 2r+ 2.
Furthermore,

Dr+1
k P (ρ, γ) = − 1

ρk−3

∂

∂ρ

{
Br(ρ, γ)[∆(ρ, γ)]−(λ+2r+2)

}

= − 1
ρk−3

{∂Br(ρ, γ)
∂ρ

[∆(ρ, γ)]−(λ+2r+2)

−(λ+ 2r + 2)[∆(ρ, γ)]−(λ+2r+3)∂∆(ρ, γ)
∂ρ

·Br(ρ, γ)
}

= Ar+1(ρ, γ)[∆(ρ, γ)]−(λ+2r+3) = (1 − ρ2)Dr+1
k [∆(ρ, γ)]−(λ+1)], (5.5)

where

Ar+1(ρ, γ) = − 1
ρk−3

{∂Br(ρ, γ)
∂ρ

· ∆(ρ, γ)− (λ+ 2r + 2)Br(ρ, γ)
∂∆(ρ, γ)
∂ρ

}
.

Hence it is clear that all terms in Ar+1(ρ, γ) with respect to (1 − ρ) and γ
2 are of

degree ≥ 2r+ 3 and, as follows from (5.5), Ar+1(ρ, γ) is divided by (1− ρ2).
Thus Lemma 3.5.1 is proved.

The property Ar(ρ, γ) implies

|Ar(ρ, γ)| ≤ (1 − ρ)Ir(ρ, γ), (5.6)

where Ir(ρ, γ) is a homogeneous polynomial of degree 2r of (1−ρ, γ) with a positive
coefficient.

Lemma 3.5.2. For any r ∈ N , the following statements are valid:

1)
π∫
0

|Dr
kP (ρ, γ)|γ2r+k−2dγ = O(1),

2) lim
ρ→1

max
0<δ≤γπ

|Dr
kP (ρ, γ)| = 0.

Proof. Taking into account (5.6) and the inequality | sinγ| ≥ 2
π |γ| for |γ| ≤ π

2 ,
we have

π∫

0

|Dr
kP (ρ, γ)|γ2r+2λdγ ≤ (1− ρ)

π∫

0

Ir(ρ, γ)γ2r+2λdγ
[
(1− ρ)2 + 4ρ sin2 γ

2

]2r+γ+1

≤ C(1 − ρ)

π∫

0

Ir(ρ, γ)γ2r+2λ

[
π2(1 − ρ)2 + 4ργ2

]2r+γ+1
. (5.7)

Using the substitution γ = (1 − ρ)t and assuming ρ > 1
2 , from (5.7) we obtain

π∫

0

|Dr
kP (ρ, γ)|γ2r+2λdγ
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< C(1 − ρ)

π
1−ρ∫

0

(1− ρ)2r(1 − ρ)2r+2λ(1− ρ)
(∑2r

v=0 Cvt
v
)
t2r+2λdt

(1− ρ)4r+2λ+2(1 + t2)2r+λ+1

< C

∞∫

0

(∑2r
v=0 t

2r+2λ+v
)
dt

(1 + t2)2r+λ+1
= O(1).

Thus statement 1) is proved. Statement 2) is obvious.
Lemma 3.5.2 is proved.

Lemma 3.5.3 ([69], p. 287). If from the conditions g(x) = 0 and ∆vg(x) = 0,
v = 1, 2, . . . , r, follows the equality

lim
ρ→1−

Dr
kU(g; ρ, x) = 0,

then the equality ∆rg(x) = S implies that

lim
ρ→1−

Dr
kU(g; ρ, x) = S.

Proof. Let us first prove that there exists a finite sum of spherical harmonics

T (y) =
r∑

j=0
ajP

λ
j ([x, y]) such that

∆vT (x) = ∆vf(x), v = 0, 1, 2, . . . , r.

Indeed, since the operators ∆v and ∆v are linear,

∆vT (y) =
r∑

j=0

aj∆vPλ
j ([x, y]) = ∆vT (y),

we can choose aj such that

r∑
j=0

ajP
λ
j (1) = ∆0f(x),

n∑
j=1

[−j(j + k − 2)]vajP
λ
j (1) = ∆vf(x), v = 1, 2, . . . , r




.

This system has a unique solution because its (Vandermonde) determinant is
not equal to zero.

Let now g(t) = f(t) − T (t), where T (x) = f(x) and ∆νT (x) = ∆vf(x), v =
1, 2, . . . , r (∆rT (x) = S).

Moreover,

U(g; ρ, x) = U(f ; ρ, x)− U(T ; ρ, x) = U(f ; ρ, x)−
r∑

v=0

avP
λ
v (cosγ)ρv,
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whence

Dr
kU(g; ρ, x) = Dr

kU(f ; ρ, x)−
r∑

v=0

aνD
r
kP

λ
k (cosγ)ρv.

This implies that

lim
ρ→1−

Dr
kU(g; ρ, x) = lim

ρ→1
Dr

kU(f ; ρ, x)−Dr
kT (x) = lim

ρ→1
Dr

kU(f ; ρ, x)− S = 0.

Lemma 3.5.3 is proved.

Theorem 3.5.1. If at the point x0(1, θ01, θ
0
2, . . . , θ

0
k−2, ϕ

0) there exists a finite
∆rf(x0), then

lim
ρ→1−

Dr
kU(f ; ρ, x0) = ∆rf(x0).

Proof. Assuming that x0 is the initial point, we have

Dr
kU(f ; ρ, x0) =

Γ
(

k
2

)

2π
k
2

∫

Sk−1

Dr
kP (ρ, γ)f(t)dSk−1(t)

=
Γ
(

k
2

)

2π
k
2

π∫

0

Dr
kP (ρ, γ)dγ

∫

Ck−1(x0;γ)

f(t)dSk−2(t)

=
Γ
(

k
2

)

π
1
2 Γ
(

k−1
2

)
π∫

0

Dr
kP (ρ, γ) sink−2 γdγ

× 1
|Sk−2| sink−2 γ

∫

Ck−1(x0;γ)

f(t)dSk−2(t). (5.8)

By Lemma 3.5.3, it can be assumed that f(x0) = ∆1f(x0) = · · · = ∆rf(x0) = 0.
Let ε > 0 and choose δ > 0 such that

1
|Sk−2| sink−2 γ

∣∣∣∣
∫

Ck−2(x0;γ)

f(t)dSk−2(t)
∣∣∣∣ < εγ2r for 0 < γ < δ. (5.9)

Then from (5.8) we have

Dr
kU(f ; ρ, x0) =

Γ
(

k
2

)

√
πΓ
(

k−1
2

)
{ δ∫

0

Dr
kP (ρ, γ) sink−2 γdγ

× 1
|Sk−2| sink−2 γ

∫

Ck−2(x0;γ)

f(t)dSk−2(t)
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+

π∫

δ

Dr
kP (ρ, γ) sink−2 γdγ

1
|Sk−2| sink−2 γ

∫

Ck−2(x0;γ)

f(t)dSk−2(t)
}

= I1 + I2.

By virtue of (5.9) and statement 1) of Lemma 3.5.2, we obtain

|I1| < Cε

π∫

0

|Dr
kP (ρ, γ)|γ2r+k−2dγ < Cε. (5.10)

Furthermore, taking into account statement 2) of Lemma 3.5.2, we obtain

|I2| ≤ Cmax |Dr
kP (ρ, γ)|

∫

Sk−1

|f(t)|dSk−1(t). (5.11)

By (5.10) and (5.11) we conclude that Theorem 3.5.1 is valid.

Lemma 3.5.4. Given finite functions αi(x), i = 0, 1, 2, 3 . . . , r, there exists a
function

T (x, t) =
r∑

v=0

av(x)Pλ
v ([x, t])

possessing the properties

T (x, x) = α0(x), Dv
kT (x, x) = αv(x), v = 1, 2, . . . , r.

This lemma can be proved analogously to Lemma 3.5.3.

Theorem 3.5.2. If at a point x0 ∈ Sk−1 there exists a finite ∆r
x(x0), then

lim
(ρ,x)→(1,x0)

Dr
kU(f ; ρ, x) = ∆r

xf(x0).

Proof. We have

Dr
kU(f ; ρ, x) =

Γ
(

k
2

)

2π
k
2

∫

Sk−1

Dr
kP (ρ, γ)f(t)dSk−1(t)

=
Γ
(

k
2

)

2π
k
2

π∫

0

Dr
kP (ρ, γ)dγ

∫

Ck−2(x;γ)

f(t)dSk−2(t)

=
Γ
(

k
2

)

Γ
(

k−1
2

)√
π

π∫

0

Dr
kP (ρ, γ) sink−2 γ

1
|Sk−2| sink−2 γ

∫

Ck−2(x;γ)

f(t)dSk−2(t).
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According to Lemmas 3.5.3 and 3.5.4, for any ε > 0 we can choose δ > 0 such that

1
|Sk−2| sink−2 γ

∣∣∣∣
∫

Ck−2(x;γ)

f(t)dSk−2(t)
∣∣∣∣ < εγ2r for 0 < γ < δ and ρ(x, x0) < δ.

Our further reasoning will be the same as in proving Theorem 3.5.1.

Lemma 3.5.5. For any r ∈ N , the following statements are valid:

1)
π∫
0

∣∣∣∣
∂Dr

kP (ρ, γ)
∂γ

∣∣∣∣γ2r+k−1dγ = O(1),

2) lim
ρ→1

max
0<δ≤r≤π

∣∣∣∣
∂Dr

kP (ρ, γ)
∂γ

∣∣∣∣ = 0.

Proof. From (5.1) it follows that

∂Dr
kP (ρ, γ)
∂γ

=
Tr(ρ, γ)

[
(1− ρ2) + 4ρ sin2 γ

2

]γ+2r+2 ,

where all terms in Tr(ρ, γ) with respect to (1− ρ) and sin γ
2 are of degree ≥ 2r+ 2,

and Tr(ρ, γ) is divided by (1 − ρ2). Therefore

|Tr(ρ, γ)| ≤ (1− ρ)Ir+1(ρ, γ), (5.12)

where Ir+1(ρ, γ) is a homogeneous polynomial of degree 2r+ 1 of (1− ρ, γ), and all
its coefficients are positive.

Using the substitution γ = (1− ρ)t and taking (5.12) into account, for ρ > 1
2 we

have
π∫

0

∣∣∣∣
∂Dr

kP (ρ, γ)
∂γ

∣∣∣∣γ2r+k−1dγ ≤ C(1 − ρ)

π∫

0

Ir+1(ρ, γ)γ2r+k−1dγ[
(1− ρ2) + 4ρ sin2 γ

2

]γ+2r+2

≤ C(1 − ρ)

π
1−ρ∫

0

(1 − ρ)2r+1(1− ρ)2r+k−1(1 − ρ)
( 2r+1∑

v=0
Cvt

v
)
t2r+k−1

(1− ρ)4r+2λ+4(1 + t2)λ+2r+2
dt

= C

π
1−ρ∫

0

( 2r+1∑
v=0

t2r+2λ+1+v
)
dt

(1 + t2)2r+λ+2
= O(1).

Statement 2) is obvious.
Lemma 3.5.5 is proved.

Theorem 3.5.3. If at a point x0 ∈ Sk−1 there exists a finite ∆̃rf(x0), then

lim
ρ→1−

Dr
kU(f ; ρ, x0) = ∆̃rf(x0).
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Proof. Using integration by parts and assuming that
∫

Sk−1

f(t)dSk−1(t) = 0, we

obtain

Dr
kU(f ; ρ, x0) =

Γ
(

k
2

)

2π
k
2

π∫

0

Dr
kP (ρ, γ)dγ

∫

Ck−2(x0;γ)

f(t)dSk−2(t)

= −
Γ
(

k
2

)

2π
k
2

π∫

0

∂Dr
kP (ρ, γ)
∂γ

dγ

∫

Dk−1(x0;γ)

f(t)dSk−1(t)

= −
Γ
(

k
2

)

2π
k
2

π∫

0

∂Dr
kP (ρ, γ)
∂γ

|Dk−1(x0; γ)|dγ 1
|Dk−1(x0; γ)|

∫

Dk−1(x0;γ)

f(t)dSk−1(t).

Further, using Lemmas 3.5.3 and 3.5.5 and arguing as in proving Theorem 3.5.1,
we obtain the proof of Theorem 3.5.3.

In the same manner we prove

Theorem 3.5.4. If at a point x0 ∈ Sk−1 there exists a finite ∆̃r
xf(x0), then

lim
(ρ,x)→(1,x0)

Dr
kU(f ; ρ, x) = ∆̃r

xf(x0).

Remark. Theorems 3.5.1 and 3.5.2 are the corollaries of Theorems 3.5.3 and
3.5.4, respectively.

The boundary properties of first and second order partial derivatives of the
Poisson integral for U(f ; ρ, θ, ϕ) e are thoroughly investigated by O.P. Dzagnidze in
[18–25] for the case k = 3.

3.6 The Dirichlet Problem for a Ball

The Dirichlet problem for a ball is formulated as follows: Given a function f(x) on
Sk−1, find in V k a harmonic function function U(ρ, x), 0 < ρ < 1, x ∈ Sk−1, which
on Sk−1 the value f(x).

Theorems 3.2.1 and 3.2.2 in terms of the Dirichlet problem can be formulated
as follows.

Theorem 3.6.1. If f(x) is continuous on Sk−1, then the Poisson integral U(f ;
ρ, x) (which is harmonic in the ball V k) is a solution of the Dirichlet problem in a
sense that for all x = (1, θ1, θ2, . . . , θk−2, ϕ) ∈ Sk−1,

U(f ; ρ, x) → f(x),

no matter how the point (ρ, x) = (ρ, θ1, θ2, . . . , θk−2, ϕ) ∈ V k tends to x, remaining
inside the sphere Sk−1.
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Theorem 3.6.2. If f(x) ∈ L(Sk−1), then the Poisson integral U(f ; ρ, x), being
a harmonic function in V k, has almost everywhere on Sk−1 boundary values along
all non-tangential paths to the sphere Sk−1, which coincide with the values of f .

In this section the Dirichlet problem is solved for the case where the boundary
function f(x) is measurable and finite almost everywhere on Sk−1 (N.N. Luzin’s
formulation). To solve the problem, we need an analogue of Luzin’s theorem on the
existence of a primitive function for a function of many variables. The proof will be
given for a function of two variables.

In [14], A.G. Jvarsheishvili generalized Luzin’s theorem to a function of two vari-
ables. He proved that if P (x, y) and Q(x, y) are arbitrary measurable and almost
everywhere finite functions on R0 = [0, 1; 0, 1], then there exists a continuous func-
tion F (x, y) such that almost everywhere on R0, dF (x, y) = P (x, y)dx+Q(x, y)dy.
This problem was posed by G.P. Tolstov [76].

In this section we obtain an analogue of this theorem for a derivative of the
function of two variables f(x, y) at the point P(x, y) and define it as follows:

∆f(x, y) = lim
r→0

∆r(f ;P) = lim
r→0

1
2πr

∫
C(P ;r) f(t, τ)dS(t, τ)− f(x, y)

1
4r

2
,

where C(P; r) is a circumference of radius r, with center at the point P(x, y).

Theorem 3.6.3 ([84]). Let F (x, y) be an arbitrary measurable and almost ev-
erywhere finite function on R0. Then there exists a continuous function F (x, y)
such that

∆F (x, y) = f(x, y)

almost everywhere on R0.

First we need to prove a few lemmas.

Lemma 3.6.1. For any M > 0 and for a real number a, there exists, on R0, a
continuous function F (x, y), such that

1) F (x, y) = 0, when (x, y) ∈ ∂R0,
2) |F (x, y)| ≤M2, (x, y) ∈ R0,
3) ∆F (x, y) = a almost for all (x, y) ∈ R0.

Proof. Let Φ(x, y) = a
4(x2 + y2), (x, y) ∈ R0.

It is obvious that
∆Φ(x, y) = a.

By A.G. Jvarsheishvili’s Lemma 2 ([14], p. 16), we can construct a stepwise
function S(x, y) such that S(x, y) = Φ(x, y), when (x, y) ∈ ∂R0, and for all (x, y) ∈
R0 we have

|Φ(x, y)− S(x, y)| ≤M2.
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Denote
F (x, y) = Φ(x, y)− S(x, y).

It is clear that F (x, y) satisfies all the required conditions.
The lemma is proved.

Lemma 3.6.2. Let G = ∪n
k=1rk ⊂ R0; rk = (αk, βk; γk, δk); ri ∩ rj = ∅, i 6= j.

For any numbers ak, k = 1, 2, . . . , n and M > 0, there exists a continuous function
F (x, y) such that:

1) F (x, y) = 0; (x, y) ∈ R0 − G;
2) |F (x, y)| ≤M2, (x, y) ∈ R0;
3) ∆F (x, y) = ak almost everywhere on rk, k = 1, 2, . . . , n;
4) ∆F (x, y) = 0 almost everywhere on R0 −G.

Proof. By Lemma 3.6.1, for each rk we construct a continuous function Fk(x, y)
such that

Fk(x, y) = 0, (x, y) ∈ R0 − rk; |Fk(x, y)| ≤M2, (x, y) ∈ R0

and almost everywhere on rk,
∆Fk(x) = ak .

It is obvious that the function

F (x, y) =
n∑

k=1

Fk(x, y)

satisfies all the conditions of the lemma.

Lemma 3.6.3. Let f(x, y) be the continuous on R0 function. Then for any
ε > 0, there exists a continuous function F (x, y) such that

1) F (x, y) = 0, when (x, y) ∈ ∂R0,
2) |F (x, y)| ≤ ε2 for all (x, y) ∈ R0;
3) almost everywhere on R0

|∆F (x, y)− f(x, y)| < ε2.

Proof. For ε > 0, we choose δ(ε) > 0 such that

max
ρ(P′;P′′)<δ

|f(P′) − f(P′′)| < ε2.

By the straight lines, parallel to the coordinate axes, we divide R0 into intervals
r1, r2, . . . , rn so that d(rk) < δ, k = 1, 2, . . . , n. We denote by Pk the center of an
interval rk and assume ak = f(Pk).

By Lemma 3.6.2, we can construct Fk(x, y) such that Fk(x, y) = 0 for all (x, y) ∈
R0 − rk, |Fk(x, y)| < ε2 for (x, y) ∈ R0, and ∆Fk(x, y) = ak almost everywhere on
rk.
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It is obvious that if

F (x, y) =
n∑

k=1

Fk(x, y),

then |F (x, y)|< ε2 , (x, y) ∈ R0 and ∆F (x, y) = ak almost everywhere on rk.
Therefore

|∆F (x, y)− f(x, y)| < ε2

almost everywhere on R0.
The lemma is proved.

Proof of Theorem 3.6.3. By Luzin’s property (C), there exists a sequence of
perfect sets {Pn} such that Pi ∩ Pj = ∅, i 6= j,

R0 = H ∪
( ∞⋃

n=1

Pn

)
, mH = 0,

and the function f(x, y) is continuous on each set Pn. According to the Brower-
Urison theorem ([118], p.133), there exists a continuous function fn(x, y) on R0 such
that fn(x, y) = f(x, y) when (x, y) ∈ Pn. Let us cover each Pk by the systems H(m)

k

consisting of a finite number of non-overlapping segments so that for any k and m
each point Pk would lie strictly inside one of the segments forming H(m)

k , and so
that

H
(m+1)
k ⊂ H

(m)
k (m = 1, 2, 3, . . .),

Pk =
∞⋂

m=1

H
(m)
k ,

H
(m)
k1

∩H(m)
k2

= ∅. k1 6= k2, 1 ≤ k1, k2 ≤ m.

Assume

gm(x, y) =




fk(x, y), when (x, y) ∈ H(m)

k , 1 ≤ k ≤ m,

0, when (x, y)∈
m⋂

m=1
H

(m)
k .

gm(x, y) is a piecewise continuous function on R0. It is not difficult to show that if

(x0, y0) ∈ θ =
∞⋂

k=1

Pk , then

lim
m→∞

gm(x0, y0) = f(x0, y0). (6.1)

Putting

Ψ1(x, y) = g1(x, y),
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Ψm(x, y) = gm(x, y)− gm−1(x, y), m > 1,

by (6.1) we have

f(x, y) =
∞∑

m=1

Ψm(x, y).

Let us consider the set

E1 = H
(1)
1 , Em = H(m)

m ∪
{m−1⋃

k=1

(H(m−1)
k −H

(m)
k )

}
.

For (x, y) ∈ CEm, we have
Ψm(x, y) = 0. (6.2)

Let

Θm =
m⋃

k=1

Pk .

Then
Θm−1 ∩Em = ∅.

Hence
ρm = ρ(Θm−1,Em) > 0; lim

m→∞
ρm = 0. (6.3)

Enumerate arbitrarily the rectangles contained in E1 and assume E1 =
{∆1,∆2, . . . ,∆v1}. Then divide E2 into a finite number of rectangles ∆s, v1 < s ≤ v2
and so on. Generally speaking, Em is divided into a finite number of rectangles ∆s,
vm−1 < s ≤ vm.

By virtue of (6.3), if (x, y) ∈ Θm−1, (t, τ) ∈ ∆s, vm−1 < s ≤ vm, then

ρ[(x, y), (t, τ)] =
√

(x− t)2 + (y − τ)2 ≥ ρm.

Assume

ϕs(x, y) =

{
Ψm(x, y), when (x, y) ∈ ∆s, vm−1 < s ≤ vm,

0, when (x, y)∈∆s, vm−1 < s ≤ vm.

It is easy to show that on Θ,

f(x, y) =
∞∑

s=1

ϕs(x, y).

Note that ϕs(x, y) are piecewise continuous functions on R0. By the latter fact
and Lemma 3.6.3, for r1

2 , r1 > 0 there exists a continuous function F1(x, y) on R0

such that for all (x, y) ∈ R0 we have

|F1(x, y)| <
r21
2

;
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F1(x, y) = 0 when (x, y) ∈ R0 − ∆1 and almost everywhere on R0,

|∆F1(x, y)− ϕ1(x, y)| <
r21

2 · 2 .

By Egorov’s theorem and Tolstov’s remark ([57], p.310), for the number 1
2 , there

exists a closed set W1, |R0 − W1| < 1
2 such that for every point (x, y) ∈ W1, for

r < r2 we have
|∆r(f ; x, y)− ϕ1(x, y)| ≤

r1
2
, r2 <

r1
2
.

For the number
r2
2

there exists a continuous function F2(x, y) on R0 such that
for all (x, y) ∈ R0,

|F2(x, y)| <
r22
22
,

F2(x, y) = 0, when (x, y) ∈ R0 − ∆2 and almost everywhere on R0,

|∆(F1 + F2) − (ϕ1 + ϕ2)| ≤
r2
2

2 · 22
.

Furthermore, there exists a closed set W2, |R0 −W2| < 1
22 , such that for any

point (x, y) ∈ W2 we have

|∆r[(F1 + F2); x, y]− [ϕ1(x, y) + ϕ2(x, y)]| ≤
r22
22

for r < r3 <
r2
2 .

Let us choose functions F1(x, y), . . . , Fk−1(x, y). Then for the number 1
2k−1 there

exists a closed set Wk−1, |R0 −Wk−1| < 1
2k−1 such that for any point (x, y) ∈ Wk−1

and r < rk <
rk−1

2 we have

∣∣∣∣∆r

[ k−1∑

i=1

(Fi; x, y)
]
−

k−1∑

i=1

ϕi(x, y)
∣∣∣∣ <

r2k−1

2k−1
. (6.4)

Now, by virtue of Lemma 3.6.3, for rk

2k there exists a continuous function Fk(x, y)
on R0 such that for all (x, y) ∈ R0

|Fk(x, y)| <
r2k
2k
, (6.5)

Fk(x, y) = 0 when (x, y)⊂∆k, and almost everywhere on R0,

|∆Fk(x, y)− ϕk(x, y)| <
r2k

2k+1
.

Thus we have obtained the sequences of continuous functions F1(x, y), F2(x, y),
. . . , Fk(x, y) . . . ; numbers r1 > r2 > · · · > rk > · · · → 0 and sets W1,W2, . . . ,Wk,
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. . . , |R0−Wk | → 0 for which the relations (6.4) and (6.5) are fulfilled. Without loss
of generality it can be further assumed that

rk <
1
2
ρm, when vm−1 < k ≤ vm. (6.6)

If the positive integers k and m satisfy the condition vm−1 < k ≤ vm, then we
call them the corresponding numbers.

Assume

F (x, y) =
∞∑

k=1

Fk(x, y).

Clearly, the function F (x, y) is continuous on R0. Let us show that Fk(x, y) is the
sought function.

Let Ek be a set of points at which there exists ∆Fk(x, y). It is obvious that,
mEk = mR0.

Assume E =
∞
∩

k=1
Ek, then mE = mR0 and on E there exist ∆Fk(x, y), k =

1, 2, . . . .
Let W = lim

k→∞
Wk. It can be easily verified that mW = mR0. Introduce the set

E = E ∩W ∩ Θ. Thus mE = mR0.
Let us show that on the set E,

∆F (x, y) = f(x, y). (6.7)

Let ε > 0 be a given number, and a point P0(x0, y0) ∈ E. We choose the
corresponding numbers k0 and m0 so that

1
k0

< ε (6.8)

and ∣∣∣∣f(x0, y0) −
k−1∑

i=1

ϕi(x0, y0)
∣∣∣∣ < ε for k > k0. (6.9)

Further, since (x0, y0) ∈ E, the numbers m0 and k0 can be chosen so that the
additional conditions

(x0, y0) ∈ Θm0−1, (x0, y0) ∈ Wk, k ≥ k0.

would be fulfilled.
No matter what the number r is, the number k0 can be chosen so that

rk+1 < r < rk for k > k0.

Let us consider the expression

|∆r(F ; x0, y0) − f(x0, y0)| =
∣∣∣∣∆r(F ; x0, y0) −

∞∑

i=1

ϕi(x0, y0)
∣∣∣∣
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≤
∣∣∣∣

∞∑

i=k

ϕi(x0, y0)
∣∣∣∣+
∣∣∣∣∆r(F ; x0, y0) −

k−1∑

i=1

ϕi(x0, y0)
∣∣∣∣ = I1 + I2. (6.10)

In view of (6.9),
|I1| < ε. (6.11)

Furthermore,

I2 <

∣∣∣∣∆r

[ k−1∑

i=1

(Fi; x0, y0)
]
−

k−1∑

i=1

ϕi(x0, y0)
∣∣∣∣

+|∆r(Fk; x0, y0)|+
∣∣∣∣

∞∑

i=k+1

∆r(Fi; x0, y0)
∣∣∣∣ = L1 + L2 + L3. (6.12)

Since k > k0, we have (x0, y0) ∈ Wk−1 and therefore by virtue of (6.4)

L1 <
r2k−1

2k−1
<

1
k0

< ε. (6.13)

Let k and mk be the corresponding numbers, i.e.,

vmk−1
< k ≤ vmk

.

By condition, (x0, y0) ∈ Θm0−1 ⊂ Θmk−1. Therefore for any point (t, τ) from
∆k ⊂ Emk

we have

ρ[(x0, y0), (t, τ)] ≥ ρ(Θmk−1
,Emk

) = ρmk
. (6.14)

Since (x0, y0) ∈ Θm0−1, by virtue of (6.14), for any point (t, τ) ∈ ∆k we have

ρ[(x0 + r cosϕ, y0 + r sinϕ), (t, τ)] ≥ ρ[(x0, y0), (t, τ)]
−ρ[(x0 + r cosϕ, y0 + r sinϕ), (x0, y0)] ≥ ρmk

− r > ρmk
− rk

> ρmk
− 1

2
ρmk

=
1
2
ρmk

> 0.

Thus the points (x0, y0) and (x0 + r cosϕ, y0 + r sinϕ) lie at a positive distance
from ∆k and therefore Fk(x0, y0) = Fk(x0 + r cosϕ, y0 + r sinϕ) = 0. Hence

L2 = 0. (6.15)

Let us now estimate the last summand:

L3 =
∣∣∣∣

∞∑

i=k+1

∆r(Fi; x0, y0)
∣∣∣∣ =

∣∣∣∣
∞∑

i=k+1

2
πr3

∫

C(P0;r)

Fi(t, τ)dS(t, τ)
∣∣∣∣
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≤
∞∑

i=k+1

2
πr3

∫

C(P0;r)

r2i
2i
dS(t, τ) =

∞∑

i=k+1

2r2i
2ir3

· 2πr

≤
8r2k+1

2k+1r2
<

8
2k+1

<
1
k0

< ε. (6.16)

From (6.10),(6.11),(6.12),(6.13),(6.15) and (6.16) it follows that

|∆r(F ; x0, y0) − f(x0, y0)| < 3ε, for (x0, y0) ∈ E.

Thus ∆rF (x0, y0) = f(x0, y0) and therefore

∆rF (x, y) = f(x, y)

almost everywhere.
Theorem 3.6.3 is proved. �
Theorem 3.6.4 ([77], [78] and [80]). Let f(x, y) be an arbitrary measurable

and almost everywhere finite function on S2. Then there exists a harmonic function
U(ρ, x, y) in V 3 such that

lim
ρ→1

U(ρ, x, y) = f(x, y)

almost everywhere on S2.

Proof. By Theorem 3.6.3, for f(x, y) wee construct a continuous function
F (x, y) such that the equality

∆F (x, y) = f(x, y)

is fulfilled almost everywhere on S2.
Consider the expression

U(ρ, x, y) =
1
4π

∫

S2

D3

{ 1 − ρ2

(1− 2ρ cosγ + ρ2)
3
2

}
F (t, τ)dS2(t, τ), (6.17)

where D3 is a Laplace operator on S2.
It is easy to show that the function U(ρ, x, y) defined by the equality (6.17) is

harmonic in V 3. By Theorem 3.4.1, if at the point (x, y) there exists ∆F (x, y), then

lim
ρ→1

U(ρ, x, y) = ∆F (x, y).

Since ∆F (x, y) = f(x, y) almost everywhere, we conclude that Theorem 3.6.4 is
proved.

For any measurable boundary function f(x, y), not necessarily finite almost ev-
erywhere, O.P. Dzagnidze investigated radial boundary values by quite a different
method ([17], [18] and [19]). I.I. Privalov ([51], [52]) and E.D. Solomentsev ([60]–
[64]) studied the characteristic properties of harmonic functions representable by
Green–Stieltjes and Green–Labesgue type integrals in general domains.
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3.7 Representation by the Laplace Series of an Arbi-
trary Measurable Function Defined on the Unit

Sphere S2

In 1915, N.N. Luzin formulated the following problem:
Let f(x) be an arbitrary measurable function∗ defined on [0; 2π]. Does there

exist a trigonometric series

a0

2
+

∞∑

n=1

(an cosnx + bn sinnx), (7.1)

which is convergent or summable some method to a function f(x) almost everywhere
on [0; 2π]?

N.N. Luzin ([43], [44]) proved that if f(x) is almost everywhere a finite measur-
able function, then there exists a trigonometric series of form (7.1.) which is almost
everywhere summable to f(x) by both the Abel method and the Riemann method.

In 1925, I.I. Privalov and N.N. Luzin ([53], p. 309) proved that there exists
a trigonometric series which is summable to +∞ almost everywhere by the Abel
method (with respect to the normal).

Yu.B. Hermyyer ([8]) proved that there exists no trigonometric series summable
by the Riemann method to +∞ on a set of positive measure.

The fundamental result in this direction was obtained by D.E. Menshof ([48]),
(see also [1]) in 1941. He established that for any almost everywhere finite on [0, 2π]
measurable function there exists a trigonometric series of form (7.1) which converges
to that function almost everywhere on [0; 2π].

In 1950, D.E. Menshof ([49]) proved that for a measurable function that may
transform to +∞ or −∞ on a set of positive measure, there exists a trigonometric
series converging to that function in measure.

In 1988, S.V. Konuagin [40] proved that a trigonometric series is not convergent
to +∞ on a set of positive measure. According to Menshof and Konyagin, for a
function f to be representable by an almost everywhere converging trigonometric
series, it is necessary and sufficient that this function be measurable and almost
everywhere finite on [0; 2π].

Problems of representation of measurable functions of one variable by series with
respect to various systems of functions are studied with sufficient thoroughness. The
modern state of this issue is discussed in detail in [29], [31], [32], [50], [70], [71], [113]
and [114].

In this section we consider the problem of representation of a measurable and
almost everywhere finite function defined on the unit sphere S2 by a Laplace series,
namely, we prove the theorem which is an analogue of the above-mentioned Luzin’s
theorem.

∗f(x) may be equal to +∞ or −∞ on sets of positive measure
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Consider the Laplace series (see (1.12))

∞∑

m=0

Ym(θ, ϕ), (7.2)

where Ym(θ, ϕ) is a spherical harmonic of order m (0 ≤ θ ≤ π;−π ≤ ϕ ≤ π).
Of the terms of the series (7.2) we compose the series

∞∑

m=1

ΩYm(θ, ϕ) = −
∞∑

m=1

Ym(θ, ϕ)
m(m+ 1)

, (7.3)

where the operator Ω is defined by the equality ([56], p. 293)

Ωf(x) =
∫

S2

f(y)G(x, y)dS2(y),

G(x, y) =
1
2π

ln sin
∧
xy

2
.

A first order generalized Laplace operator of a function f(x) = ϕ(θ, ϕ) (0 ≤ θ ≤
π; −π ≤ ϕ ≤ π) at a point x ∈ S2 denoted by ∆f(x) (see Section 3.3), is defined
by the equality ([56], p. 288))

∆f(x) = lim
h→0

1
2π sinh

∫
(x,t)=cosh f(t)dS(t)− f(x))

sin2 h
2

.

Let us assume that (7.3) is the Fourier–Laplace series of the function F (x) =
F (θ, ϕ) ∈ L(S2).

The series (7.2) is called summable by the Riemann method (or, shortly, R-
summable) to I0(θ, ϕ) + S(θ, ϕ) at a point x(θ, ϕ) if ([56], p. 289)

∆F (θ, ϕ) = S(θ, ϕ).

A point x ∈ S2 is called an L-point of the function f if

lim
h→0

1
h2

∫

D2(x;h)

|f(y)− f(x)|dS2(y) = 0.

From [56] (p. 296) we have the following

Theorem A. If f ∈ L(S2), then its Fourier–Laplace series is summable by the
R method at all L-points of that function to f(x).

The following theorem is valid [92]).



Boundary Properties for a Ball 85

Theorem 3.7.1. If f(x) is a finite measurable function almost everywhere on
S2, then there exists a Laplace series which everywhere on S2 is summable to f(x)
by both the Abel method and the R method.

Proof. Let f(x) be a measurable function on S2, finite almost everywhere. By
Theorem 3.6.3, there exists a continuous function F (x) such that ∆F (x) = f(x)
almost everywhere on S2. Let (7.2) be a Fourier–Laplace series of the function
F (x). Differentiating the series (7.2) termwise, we obtain the Laplace series

∞∑

m=0

D3Ym(θ, ϕ) = −
∞∑

m=1

m(m+ 1)Ym(θ, ϕ), (7.4)

where D3 is a Laplace operator on S2 (see Section 3.1).
By Theorem 3.4.1, the series (7.4) is summable almost everywhere on S@ by the

Abel method to f(x).
Furthermore, at all points x ∈ S2 at which there exists a finite ∆F (x), the series

(7.4) is summable by the R method at a point x to ∆F (x), and ∆F (x)=f(x) almost
everywhere.

The theorem is proved.

Remark. We do not know the following: 1) whether the theorem proved
above remains valid when f(x) = +∞ or f(x) = −∞ on a set of positive mea-
sure; 2) whether analogous statements are valid for the method (C, α), α ≥ 0, and
whether α depends on space dimension.





Chapter 4

Boundary Properties of
Derivatives of the Poisson
Integral for a Space Rk+1

+ (k > 1)

4.1 Generalized Partial First Order Derivatives of

a Function of Several Variables

Rk is the k-dimensional Euclidean space (R = R1).
ei (i = 1, 2, . . . , k) is the coordinate vector.
Let (see [31], p. 174) M = {1, 2, . . . , k}, (k ∈ N , k ≥ 2) and B be an arbitrary

subset of the set M , B′ = M |B be a complement of the set B with respect to M .
For x ∈ Rk and B ⊂ M , by x

B
we denote a point of Rk whose coordinates with

indices from the set B coincide with the corresponding coordinates of the point x,
and the coordinates with indices from the set B′ are zeros (x

M
= x, B|i = B|{i}). If

B = {i1, i2, . . . , is} 1 ≤ s ≤ k (il < ir for l < r), then xB = (xi1, xi2, . . . , xis) ∈ Rs;
m(B) is a number of elements of the set B; L̃(Rk) is a set of functions f(x) =
f(x1, x2, . . . , xk), such that

f(x)

(1 + |x|2)
k+1
2

∈ L(Rk).

Let u ∈ R. For the function f(x) we consider the following derivatives.
1. We denote the limit

lim
(u,xB )→(0,x0

B
)

f(xB + x0
B′ + uei) − f(xB + x0

B′ )

u

a) by f ′xi
(x0) if B = ∅,

87
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b) by Dxi(xB )f(x0) if i ∈ B′,
c) by Dxi(xB

)f(x0) if i ∈ B.
2. The limit

lim
(u,x

B
)→(0,x0

B
)

f(x
B

+ x0
B′ + uei)− f(x

B
+ x0

B′ − uei)

2u

is denoted
a) by Dxi

∗f(x0) if B = ∅,
b) by D∗

xi
(xB)f(x0) if i ∈ B′,

c) by D∗
xi(xB

)f(x0) if i ∈ B.
The following statements are valid:
1) If B2 ⊂ B1, then the existence of Dxi(xB1

)f(x0) implies the existence of
Dxi(xB2

)f(x0), and Dxi(xB1
)f(x0) = f ′xi

(x0) = Dxi(xB2
)f(x0). The converse is not

true.
2) The existence of Dxi(xB1

)f(x0) implies the existence of Dxi(xB2
)f(x0) and

their equivalence.
3) The existence of Dxi(xB )f(x0) implies the existence of Dxi(xB|i)f(x0), and

Dxi(xB )f(x0) = Dxi(xB|i)f(x0) = f ′xi
(x0).

4) If f ′xi
(x) is continuous at the point x0, then for any B ⊂ M all derivatives

Dxi(xB)f(x0) exist, and
Dxi(xB )f(x0) = f ′xi

(x0).

Indeed, by the Lagrange theorem we have

f(x
B

+ x0
B′ + uei) − f(x

B
+ x0

B′ )

u
=
f ′xi

[xB + x0
B′ + θ(x)uei]u
u

= f ′xi
[xB + x0

B′ + θ(x)uei], 0 < θ < 1,

from which it follows that Statement 4) is valid.
5) There exists a function f(x) for which Dxi(x)f(x0) exist, but, on an everywhere

dense set, f ′xi
(x) do not exist (see Section 1.1) in the neighborhood of the point x0

(see Section 1.1).
6) If f(x) has, at the point x0, the finite derivatives

Dx1(x2,x3,...,xk)f(x0),Dx2(x3,...,xk)f(x0), . . . ,Dxk−1(xk)f(x0),

then the continuity of f at the point x0 in the argument xk is the necessary and
sufficient condition for the function f(x) to be continuous at the point x0 (see [26],
p. 15).

7) The existence of the derivatives Dx1(x2,x3,...,xk)f(x0),Dx2(x3,...,xk)f(x0), . . . ,
Dxk−1(xk)f(x0) and f ′xk

(x0) implies the existence of the differential df(x0) (see [26],
p. 16).

In the sequel, it will be assumed that f ∈ L̃(Rk).
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4.2 The Boundary Properties of First Order Partial
Derivatives of the Poisson Integral for a Half-Space

Rk+1
+ (k > 1)

The integral

U(f ; x, xk+1) =
xk+1Γ

(
k+1
2

)

π
k+1
2

∫

Rk

f(t)dt

(|t− x|2 + x2
k+1)

k+1
2

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

P (t − x, xk+1)f(t)dt,

where P (t − x, xk+1) =
xk+1

(|t− x|2 + x2
k+1)

k+1
2

, x, t ∈ Rk is the kernel, is called the

Poisson integral for a half-space Rk+1
+ = {(x, xk+1) ∈ Rk+1 : x ∈ Rk, xk+1>0}.

It is shown in [93] (p. 25) that there exists a continuous function of two variables
f(x, y) ∈ L(R2) such that at some point (x0, y0) there exist finite partial deriva-

tives f ′x(x0, y0) and f ′y(x0, y0), but for this function the integrals
∂U(f ; x, y, z)

∂x
and

∂U(f ; x, y, z)
∂y

(U(f ; x, y, z) is the Poisson integral for R3
+) have no boundary values

at the point (x0, y0) even with respect to the norm.
Hence there naturally arises the question whether it is possible to generalize the

notion of derivatives of a function of several variables so that a Fatou type theorem
be true for the integral U(f ; x, xk+1).

In this section, for the derivatives introduced in Section 4.1, we prove the Fatou
type theorems on the boundary behavior of first order partial derivatives of the
Poisson integral for the half-space Rk+1

+ ([83], [96]–[104]). In particular, it will be
shown that the boundary properties of derivatives of the Poisson integral for a half-
space depend essentially on how the Poisson integral density is differentiable. We
construct the examples illustrating that the obtained results are unimprovable (in
a certain sense).

When investigating the boundary properties of partial derivatives
∂

∂θ
Uf (r, θ, ϕ)

and
∂

∂ϕ
Uf (r, θ, ϕ) of the spherical Poisson integral Uf (r, θ, ϕ) for a summable func-

tion f(θ, ϕ) on a rectangle [0, π]× [0, 2π], O.P. Dzagnidze introduced the notion of a
two-sided angular limit ([23], p. 63) which extends to Rk+1

+ as follows: if the point
N ∈ Rk+1

+ tends to the point P(x0, 0) provide that
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xk+1√∑
i∈B

(xi − x0
i )2

≥ C > 0, ∗

then we write N(x, xk+1)
∧−→

x
B

P(x0, 0).

If B = M , then we have an angular tendency and we write N(x, xk+1)
∧−→

P(x0, 0). Finally, the notation N(x, xk+1) −→ P(x0, 0) means that the point
N(x, xk+1) tends to P(x0, 0) without any restrictions on the tendency and remains
in Rk+1

+ .

Lemma 4.2.1. For any (x, xk+1) ∈ Rk+1
+ and i = 1, k the following statements

are valid:
1) I1 =

∫
Rk

(ti − xi)f(t− tiei)dt

(|t− x|2 + x2
k+1)

k+3
2

= 0;

2) I2 =
(k+ 1)xk+1Γ

(
k+1

2

)

π
k+1
2

∫
Rk

(ti − xi)2dt

(|t− x|2 + x2
k+1)

k+3
2

= 1;

3) lim
xk+1→0

sup
|t|≥δ>0

∣∣∣∂P (t, xk+1)
∂ti

∣∣∣ |t| = 0;

4)
∫

Rk

∣∣∣∂P (t, xk+1)
∂ti

∣∣∣ |t|dt = O(1);

5)
∫

Rk

∣∣∣∂P (t− x, xk+1)
∂ti

∣∣∣ |t|dt = O(1) for xk+1

|xi| ≥ C > 0.

Proof. We have

I1 =
∫

Rk

(ti − xi)f(t− tiei)

(|t− x|2 + x2
k+1)

k+3
2

dt

=
∫

Rk−1

f(x+ t − tiei)dS(tM |i)

∞∫

−∞

tidti

(|t|2 + x2
k+1)

k+3
2

= 0.

Next,

I2 =
(k + 1)xk+1Γ

(
k+1
2

)

π
k+1
2

∫

Rk

t2i dt

(|t|2 + x2
k+1)

k+3
2

.

Passing to the spherical coordinates (ρ, θ1, θ2, . . . , θk−2, ϕ), we have
∫

Rk

t2i dt

(|t|2 + x2
k+1)

k+3
2

=
∫

Rk

ρ2 sin2 θ1 sin2 θ2 . . . sin2 θi−1 cos2 θi
(ρ2 + x2

k+1)
k+3
2

∗Here and everywhere below, by C we denote absolute positive constants which may, generally
speaking, be different in various relations.
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×ρk−1 sink−2 θ1 . . . sink−i θi−1 . . .sin θk−2dρdθ1 . . . dθk−2dϕ

=
2π
xk+1

∞∫

0

ρk+1dρ

(1 + ρ2)
k+3
2

k−2︷ ︸︸ ︷
π∫

0

. . .

π∫

0

sink θ1 sink−1 θ2 . . .sink−i+2 θi−1

× cos2 θi sink−i−1 θi . . . sin θk−2dθ1dθ2 . . . dθk−2.

Using the well-known equality ([4], p. 383)

π∫

0

sinµ−1 θdθ =
Γ
(

µ
2

)

Γ
(

µ+1
2

)√π,

we can show that

k−2︷ ︸︸ ︷
π∫

0

. . .

π∫

0

sink θ1 sink−1 θ2 . . . sink−i+2 θi−1 cos2 θi sink−i−1 θi

× sink−i−2 θi+1 . . .sin θk−2dθ1dθ2 . . . dθk−2 =
π

k−2
2

kΓ
(

k
2

) .

On the other hand, ([10], p. 311, No.10, and p. 1023, No 8.756), it can be
verified that

∞∫

0

ρk+1dρ

(1 + ρ2)
k+3
2

=
kΓ
(

k
2

)√
π

2(k + 1)Γ
(

k+1
2

) .

As a result, we have

I2 =
(k + 1)x

k+1
Γ
(

k+1
2

)

π
k+1
2

· 2π
xk+1

·
kΓ
(

k
2

)√
π

2(k+ 1)Γ
(

k+1
2

) · π
k−2
2

kΓ
(

k
2

) = 1.

The validity of Statements 3), 4) and 5) is proved analogously.
Thus Lemma 4.2.1 is proved.
The following theorem is valid.

Theorem 4.2.1. (a) If at the point x0 there exists a finite derivative
Dxi(x)f(x0), 1 ≤ i ≤ k, then

lim
(x,xk+1)→(x0,0)

∂U(f ; x, xk+1)
∂xi

=
∂f(x0)
∂xi

. (2.1)
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(b) There exists a continuous function g ∈ L(Rk) such that at the point x0 =
(0, 0, . . . , 0) = 0 the equality Dxi(xB

)f(0) = 0, i = 1, k, holds for any B ⊂ M with
the property m(B) < k, but the limit

lim
xk+1→0+

∂U(g; 0, xk+1)
∂xi

, i = 1, k

do not exist.

Proof of Item (a). Let x0 = 0, Ck =
(k+1)Γ

(
k+1
2

)

π
k+1
2

. It is not difficult to verify

that

∂U(f ; x, xk+1)
∂xi

= Ckxk+1

∫

Rk

(ti − xi)f(t)dt

(|t− x|2 + x2
k+1)

k+3
2

= Ckxk+1

∫

Rk

tif(x+ t)dt

(|t|2 + x2
k+1)

k+3
2

.

In view of Lemma 4.2.1, we have

∂U(f ; x, xk+1)
∂xi

−Dxi(x)f(o) = Ckxk+1

∫

Rk

t2i

(|t|2 + x2
k+1)

k+3
2

×
[f(x+ t) − f(x+ t− tiei)

ti
− Dxi(x)f(o)

]
dt = I1 + I2,

where
I1 = Ckxk+1

∫

Vδ

, I2 = Ckxk+1

∫

CVδ

;

Vδ is a ball with center at the point o, of radius δ. Let ε > 0. We choose δ > 0 such
that ∣∣∣f(x+ t) − f(x+ t− tiei)

ti
− Dxi(x)f(0)

∣∣∣ < ε

for |x| < δ and |t| < 2δ.
Thus we have

|I1| < Ckxk+1ε

∫

Vδ

t2i dt

(|t|2 + x2
k+1)

k+3
2

< Ckxk+1ε

∫

Rk

t2i dt

(|t|2 + x2
k+1)

k+3
2

= ε. (2.2)

It is also easy to show that

lim
(x,xk+1)→(x0,0)

I2 = 0. (2.3)

(2.2) and (2.3) show that the equality (2.1) is valid.
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Proof of Item (b). Let D = (0 ≤ t1 < ∞; 0 ≤ t2 < ∞, . . . , 0 ≤ tk < ∞). We
find the function g as follows:

g(t) =

{
k+1
√
t1t2, . . . tk , if (t1, t2, . . . , tk) ∈ D,

0, if (t1, t2, . . . , tk) ∈ CD.

We can see that g(t) is continuous in Rk and Dxi(xB
)f(o) = 0, i = 1, k for any

B when m(B) < k.
If in the integral

∂U(g; x, xk+1)
∂xi

= Ckxk+1

∫

Rk

(ti − xi)g(t)dt

(|t− x|2 + x2
k+1)

k+3
2

we pass to the spherical coordinates, then for the considered function we have

∂U(g; 0, xk+1)
∂xi

= Ckxk+1

∫

Rk

tig(t)dt

(|t|2 + x2
k+1)

k+3
2

= Cxk+1

∞∫

0

ρ k+1
√
ρk

(ρ2 + x2
k+1)

k+3
2

ρk−1dρ

= Cxk+1

∞∫

0

ρk+ k
k+1 dρ

(ρ2 + x2
k+1)

k+3
2

> Cxk+1

xk+1∫

0

ρk+ k
k+1dρ

(ρ2 + x2
k+1)

k+3
2

> Cxk+1

xk+1∫

0

ρk+ k
k+1dρ

xk+3
k+1

=
C

k+1
√
xk+1

,

whence

lim
xk+1→0+

∂U(g; 0, xk+1)
∂xi

= +∞.

The theorem is proved.

Corollary 4.2.1. If at the point x0 there exist finite derivatives Dxi(x)f(x0),
i = 1, k, then

lim
(x,xk+1)→(x0,0)

dxU(f ; x, xk+1) = df(x0).

Corollary 4.2.2. If f has a continuous partial derivative f ′xi
(x) at the point x0,

then

lim
(x,xk+1)→(x0,0)

∂U(f ; x, xk+1)
∂xi

= f ′xi
(x0).
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Corollary 4.2.3. (a) If f is continuously differentiable at the point x0, then

lim
(x,xk+1)→(x0,0)

dxU(f ; x, xk+1) = df(x0).

(b) There exists a differentiable function g(t1, t2) at the point (0, 0) such that
dg(0, 0) = 0, but the limits

lim
(x1,x2,x3)→(0,0,0)

∂U(g; x1, x2, x3)
∂x1

; lim
(x1,x2,x3)→(0,0,0)

∂U(g; x1, x2, x3)
∂x2

do not exist.

Proof of Item (b). Assume D = [0, 1; 0, 1]. Let

g(t1, t2) =

{
5
√
t31t

3
2 when (t1, t2) ∈ D,

0 when (t1, t2) ∈] −∞, 0; 0,∞[∪]−∞,∞;−∞, 0],

and on the set ]0,∞; 0,∞[\D we extend it continuously keeping in mind that the
condition g ∈ L(R2) is fulfilled. It is easy to verify that g(t1, t2) is differentiable at
the point (0, 0), and

g′t1(0, 0) = g′t2(0, 0) = 0.

Let (x1, x2, x3) → (0, 0, 0) for x1 = 0, x3 = x2
2, x2 > 0. Then for the considered

function

∂U(g; 0, x2, x3)
∂x1

=
3x3

2π

∞∫

0

∞∫

0

t1g(t1, t2)dt1dt2
[t21 + (t2 − x2)2 + x4

2]
5
2

=
3x2

2

2π

∞∫

0

∞∫

−x2

t1g(t1, t2 + x2)dt1dt2
(t21 + t22 + x4

2)
5
2

=
3x2

2

2π

∞∫

0

∞∫

−x2

t1
5
√
t31(t2 + x2)3dt1dt2
(t21 + t22 + x4

2)
5
2

>
3x2

2

2π

2x2
2∫

x2
2

2x2
2∫

x2
2

t1
5
√
t31

5
√
x3

2dt1dt2

(t21 + t22 + x4
2)

5
2

>
3x2

2x
3
5
2

2π

2x2
2∫

x2
2

2x2
2∫

x2
2

x2
2 · x

6
5
dt1dt2

2

(4x4
2 + 4x4

2 + x4
2)

5
2

=
1

162π 5
√
x2

→ ∞ as x2 → 0 + .

The theorem is proved.

Theorem 4.2.2. If at the point x0 there exists a finite derivative Dxi(xM |i)f(x0),
then

lim
(x,xk+1)

∧−→
xi

(x0,0)

U(f ; x, xk+1)
∂xi

=
∂f(x0)
∂xi

.
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Proof. Let x0 = 0. By Lemma 4.2.1, we have the equality

U(f ; x, xk+1)
∂xi

− Dxi(xM |i )
f(0) = Ckxk+1

∫

Rk

ti(ti − xi)

(|t− x|2 + x2
k+1)

k+3
2

×
[f(t) − f(t− tiei)

ti
− Dxi(xM |i )

f(0)
]
dt = I1 + I2,

where I1 = Ckxk+1

∫
Vδ

, I2 = Ckxk+1

∫
CVδ

.

Let ε > 0, and we choose δ > 0 such that the inequality
∣∣∣f(t) − f(t − tiei)

ti
−Dxi(xM |i)

f(0)
∣∣∣ < ε

is fulfilled for |t| < δ.
By virtue of the above reasoning,

|I1| < Ckxk+1ε

∫

Rk

|ti(ti − xi)|dt
(|t− x|2 + x2

k+1)
k+3
2

< Ckxk+1ε

∫

Rk

t2i dt

(|t|2 + x2
k+1)

k+3
2

+Ckxk+1ε|xi|
∫

Rk

|ti|dt
(|t|2 + x2

k+1)
k+3
2

= ε+ Cxk+1ε|xi|
∞∫

0

ρkdρ

(ρ2 + x2
k+1)

k+3
2

= ε+
Cxk+2

k+1|xi|ε
xk+3

k+1

∞∫

0

ρkdρ

(1 + ρ2)
k+3
2

=
(
1 +

C|xi|
xk+1

)
ε.

whence we have
lim

(x,xk+1)
∧−→
xi

(x0,0)

I1 = 0.

Analogously, we can prove that

lim
(x,xk+1)

∧−→
xi

(x0,0)

I2 = 0.

The theorem is proved.

Theorem 4.2.3. If at the point x0 there exist finite derivatives

Dxi(xM |i )
f(x0) and Dxj(xB )f(x0), i 6= j, B = M |{i, j},

then

lim
(x,xk+1)

∧−→
xi

(x0,0)

∂U(f ; x, xk+1)
∂xi

=
∂f(x0)
∂xi

,
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lim
(x,xk+1)

∧−→
xixj

(x0,0)

∂U(f ; x, xk+1)
∂xj

=
∂f(x0)
∂xj

.

Proof. Let x0 = 0. By Lemma 4.2.1, we have

∂U(f ; x, xk+1)
∂xj

= Ckxk+1

∫

Rk

(tj − xj)f(t)dt

(|t− x|2 + x2
k+1)

k+3
2

= Ckxk+1

∫

Rk

(tj − xj){[f(t)− f(t − tiej)] + [f(t− tiei) − f(t − tiei − tjej)]}dt
(|t− x|2 + x2

k+1)
k+3
2

= Ckxx+1

∫

Rk

(tj − xj)[f(t)− f(t− tiei)]

(|t− x|2 + x2
k+1)

k+3
2

dt

+Ckxk+1

∫

Rk

(tj − xj)[f(t− tiei) − f(t− tiei − tjej)]

(|t− x|2 + x2
k+1)

k+3
2

dt = I1 + I2,

where

I1 = Ckxk+1

∫

Rk

ti(tj − xj)

(|t− x|2 + x2
k+1)

k+3
2

· f(t) − f(t− tiei)
ti

dt

= Ckxk+1

∫

Rk

ti(tj − xj)

(|t− x|2 + x2
k+1)

k+3
2

[f(t) − f(t− tiei)
ti

−Dxi(xM |i )
f(0)

]
dt

+Ckxk+1Dxi(xM |i )
f(0)

∫

Rk

ti(tj − xj)dt

(|t− x|2 + x2
k+1)

k+3
2

= I ′1 + I ′′1 .

It is easy to see that I ′′1 = 0 and

|I ′1| < Ckxk+1

∫

Rk

|ti(tj − xj)|
(|t− x|2 + x2

k+1)
k+3
2

∣∣∣f(t) − f(t − tiei)
ti

−Dxi(xM |i)
f(0)

∣∣∣dt.

Reasoning analogously as in proving Theorem 4.2.2, we obtain

lim
(x,xk+1)

∧−→
xi

0

I ′1 = lim
(x,xk+1)

∧−→
xi

0

I1 = 0.

Let us now show that

lim
(x,xk+1)

∧−→
xj

0

I2 = Dxj(xM |{i,j} )f(0).
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Indeed,

I2 = Ckxk+1

∫

Rk

|tj(tj − xj)|
(|t− x|2 + x2

k+1)
k+3
2

×
[f(t − tiei) − f(t− tiei − tjej)

tj
− Dxj(xM |{i,j} )f(0)

]
dt+ Dxj(xM |{i,j} )f(0).

whence we easily arrive at

lim
(x,xk+1)

∧−→
xj

0

I2 = Dxj(xM |{i,j} )f(0) =
∂f(0)
∂xj

.

Finally, we have

lim
(x,xk+1)

∧−→
xixj

0

∂U(f ; x, xk+1)
∂xj

=
∂f(0)
∂xj

.

The theorem is proved.

Analogously, we prove the following

Theorem 4.2.4. If at the point x0 there exist finite derivatives

Dx1(x2,x3,...,xk)f(x0), Dx2(x3,...,xk)f(x0), . . .Dxk−1(xk)f(x0), f ′xk
(x0),

then

lim
(x,xk+1)

∧−→
x1

(x0,0)

∂U(f ; x, xk+1)
∂x1

=
∂f(x0)
∂x1

,

lim
(x,xk+1)

∧−→
x1 ,x2

(x0,0)

∂U(f ; x, xk+1)
∂x2

=
∂f(x0)
∂x2

,

· · · · · · · · · · · · · · · · · ·

lim
(x,xk+1)

∧−→(x0,0)

∂U(f ; x, xk+1)
∂xk

=
∂f(x0)
∂xk

.

Corollary. If at the point x0 there exist finite derivatives

Dx1(xM |1)f(x0), Dx2(x
M |{1,2} )f(x0)f(x0), . . .Dxk−1(xk)f(x0), f ′xk

(x0),

then
lim

(x,xk+1)
∧−→(x0,0)

dxU(f ; x, xk+1) = df(x0).
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Theorem 4.2.5.
(a) If at the point x0 there exists a finite derivative D∗

xi(xM |i )
f(x0), then

lim
(x−xiei+x0

i ei ,xk+1)→(x0,0)

∂U(f ; x− xiei + x0
i ei, xk+1)

∂xi
= D∗

xi
f(x0).

(b) There exists a continuous function g(x) such that D∗
xi(xM |i )

g(x0) = 0, but

the limit

lim
(x,xk+1)

∧−→(x0,0)

∂U(g; x, xk+1)
∂xi

does not exist.

Proof of Item (a). Let x0 = 0. We have

∂U(f ; x, xk+1)
∂xi

= Ckxk+1

∫

Rk

(ti − xi)f(t)dt

(|t− x|2 + x2
k+1)

k+3
2

,

hence
∂U(f ; x− xiei, xk+1)

∂xi
= Ckxk+1

∫

Rk

tif(t)dt

(|t− x+ xiei|2 + x2
k+1)

k+3
2

.

Transforming t1 − x1 = τ1, t2 − x2 = τ2, . . . , ti = τi, . . . , tk − xk = τk the latter
equality yields

∂U(f ; x− xiei, xk+1)
∂xi

= Ckxk+1

∫

Rk

t1f(t1 + x1, . . . , ti, . . . , tk + xk)dt

(|t|2 + x2
k+1)

k+3
2

= Ckxk+1

∫

Rk

tif(t+ x− xiei)dt

(|t|2 + x2
k+1)

k+3
2

. (2.4)

By means of the substitution ti = −τi, from (2.4) we get

∂U(f ; x− xiei, xk+1)
∂xi

= −Ckxk+1

∫

Rk

tif(ti + x1, . . . ,−ti, . . . , tk + xk)dt

(|t|2 + x2
k+1)

k+3
2

= −Ckxk+1

∫

Rk

tif(t + x− xiei − 2tiei)dt

(|t|2 + x2
k+1)

k+3
2

. (2.5)

(2.4) and (2.5) result in

∂U(f ; x− xiei, xk+1)
∂xi
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= Ckxk+1

∫

Rk

ti

(|t|2 + x2
k+1)

k+3
2

· f(t+ x− xiei) − f(t+ x− xiei − 2tiei)
2

dt.

By virtue of Lemma 4.2.1, this equality leads to

∂U(f ; x− xiei, xk+1)
∂xi

−D∗
xi(xM |i)

f(0)

= Ckxk+1

∫

Rk

ti

(|t|2 + x2
k+1)

k+3
2

×
[f(t + x− xiei) − f(t + x− xiei − 2tiei)

2ti
−D∗

xi(xM |i)
f(0)

]
dt. (2.6)

Reasoning as in proving Theorem 4.2.1, from (2.6) we find that Item (a) of
Theorem 4.2.5 is valid.

Proof of Item (b). Assume D1 = [0, 1; 0, 1], D2 = [−1, 0; 0, 1]. Let

g(t1, t2) =





√
t1
√
t2, when (t1, t2) ∈ D1,√

−t1
√
t2, when (t1, t2) ∈ D2,

0, when t2 ≤ 0,

and on the set R2
+|(D1 ∪D2) we extend g(t1, t2) continuously so that g ∈ L(R2). It

is easy to verify that D∗
t1(t2)

g(0) = 0. Let x0
1 = x0

2 = 0 and (x1, x2, x3) → (0, 0, 0) so
that x2 = 0 and x3 = x1. Then for the above-constructed function,

∂U(g; x1, x2, x3)
∂x1

=
3x3

2π

∫

R2

(t1 − x1)g(t1, t2)dt1dt2
[(t1 − x1)2 + (t2 − x2)2 + x2

3]
5
2

= Cx3

{ 0∫

−1

1∫

0

(t1 − x1)
√

−t1
√
t2dt1dt2

[(t1 − x1)2 + t22 + x2
3]

5
2

+

1∫

0

1∫

0

(t1 − x1)
√
t1
√
t2dt1dt2

[(t1 − x1)2 + t22 + x2
3]

5
2

}
+ o(1)

= Cx1

[
−

1+x1∫

x1

1∫

0

t1
√

(t1 − x1)
√
t2

(t21 + t22 + x2
1)

5
2

dt1dt2 +

1−x1∫

−x1

1∫

0

t1
√

(t1 + x1)
√
t2

(t21 + t22 + x2
1)

5
2

dt1dt2

]
+ o(1)

= Cx1

{ x1∫

−x1

1∫

0

t1
√

(t1 + x1)
√
t2

(t21 + t22 + x2
1)

5
2

dt1dt2

+

1−x1∫

x1

1∫

0

t1
[√

(t1 + x1)
√
t2 −

√
(t1 − x1)

√
t2
]

(t21 + t22 + x2
1)

5
2

dt1dt2

}
+ o(1)

= Cx1(I1 + I2) + o(1),
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where

I1 =

x1∫

0

1∫

0

t1
[√

(t1 + x1)
√
t2 −

√
(x1 − t1)

√
t2
]

(t21 + t22 + x2
1)

5
2

dt1dt2 > 0,

I2 =

1−x1∫

x1

1∫

0

t1
4
√
t2
(√
t1 + x1 −

√
t1 − x1

)

(t21 + t22 + x2
1)

5
2

dt1dt2

>

2x1∫

x1

2x1∫

x1

t1
4
√
t2
(√
t1 + x1 −

√
t1 − x1

)

(t21 + t22 + x2
1)

5
2

dt1dt2,

>

2x1∫

x1

2x1∫

x1

x1
4
√
x1(

√
2x1 −

√
x1)

(9x2
1)

5
2

dt1dt2 =
√

2− 1
128

· 1
4
√
x5

1

.

Thus along the chosen path we have

∂U(g; x1, 0, x1)
∂x1

>
C

4
√
x1
,

whence
∂U(g; x1, 0, x1)

∂x1
→ +∞ as (x1, x2, x3) → (0, 0, 0) along the chosen path.

The theorem is proved.

Analogously, we prove the following

Theorem 4.2.6.
(a) If at the point x0 there exists the finite derivative D∗

xi(x)f(x0), i = 1, k, then

lim
(x,xk+1)→(x0,0)

∂U(f ; x, xk+1)
∂xi

= D∗
xi
f(x0).

(b) There exists a continuous function g(x) such that for any B ⊂M , m(B) < k
we have Dxi(xB

)g(0) = 0, i = 1, k, but the limits

lim
xk+1→0+

∂U(g; 0, xk+1)
∂xi

do not exist.

Item (a) of Theorem 4.2.1 is a corollary of Item (a) of Theorem 4.2.6.

Theorem 4.2.7. (a) If at the point x0 the function f has a total differential
df(x0), then

lim
(x,,xk+1)

∧−→(x0,0)

dxU(f ; x, xk+1) = df(x0). (2.7)
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(b) There exists a continuous function g whose all partial derivatives at the point
x0 are of any order, however, but the limits

lim
xk+1→0+

∂U(g; x0, xk+1)
∂xi

, i = 1, k,

do not exist.

Proof of Item (a). By Statements 1) and 2), from Lemma 4.2.1 we have (here
x0 = 0)

∂U(f ; x, xk+1)
∂xi

− ∂f(0)
∂xi

= Ckxk+1

∫

Rk

(ti − xi)
∑k

v=1 |tv|
(|t− x|2 + x2

k+1)
k+3
2

×
f(t) − f(0)−

∑k
v=1

∂f(0)
∂xv

tv∑k
v=1 |tv|

dt.

In view of Statements 3), 4) and 5) of Lemma 4.2.1, the last equality yields

lim
(x,xk+1)

∧−→0

∂U(f ; x, xk+1)
∂xi

=
∂f(0)
∂xi

, i = 1, k.

Thus the equality (2.7) is fulfilled.
Proof of Item (b). Consider the function

g(t1, t2) =





4

√
(2t1 − t2)

(
t2 − 1

2t1

)
, when (t1, t2) ∈ D

=
{
(t1, t2) : 0 ≤ t1 <∞; 1

2 t1 ≤ t2 ≤ 2t1
}
,

0, when (t1, t2) ∈ CD.

This function is continuous in R2, its all partial derivatives at the point (0, 0)
are of any order and all of them are equal to zero, but

∂U(g; 0, 0, x3)
∂x1

=
3x3

2π

∞∫

0

dt1

2t1∫

1
2
t1

t1
4

√
(2t1 − t2)(t2 − 1

2 t1)

(t21 + t22 + x2
3)

5
2

dt2

> Cx3

2x3∫

x3

t1dt1

3
2
t1∫

t1

4

√
(2t1 − t2)(t2 − 1

2t1)

(t21 + t22 + x2
3)

5
2

dt2

> Cx3

2x3∫

x3

t1dt1

3
2
t1∫

t1

4

√
(2t1 − 3

2 t1)(t1 −
1
2t1)

(
13
4 t

2
1 + x2

3

) 5
2

dt2



102 Sergo Topuria

> Cx3

2x3∫

x3

t1dt1

3
2
t1∫

t1

4
√
t21dt

x5
3

=
C

x4
3

2x3∫

x3

t
5
2
1 dt1 =

C
√
x3

→ +∞, as x3 → 0 + .

The theorem is proved.

4.3 Generalized Partial Second Order Derivatives for a

Function of Several Variables

Let u ∈ R, v ∈ R. Consider the following derivatives of the function f(x) =
f(x1, x2, . . . , xk):

1. Let δ > 0, Vδ =
k∏

v=1
[x0

v − δ; x0
v + δ] and f ′xi

(x) ∈ L(Vδ).

Denote the limit

lim
(u,xB )→(0,x0

B
)

f(xB + x0
B′ + uei) − f(xB + x0

B′ )− f ′xi
(xB + x0

B′ )u
1
2u

2

a) by f
′′
xi

(x0) if B = ∅;
b) by f

′′
xi(xB )(x

0) if i ∈ B′;

c) by f̃ ′′xi(xB )(x
0) if i ∈ B.

2. Denote the limit

lim
(u,xB )→(0,x0

B
)

f(xB + x0
B′ + uei) + f(xB + x0

B′ − uei) − 2f(xB + x0
B′ )

u2

a) by D2
xi
f(x0), if B = ∅;

b) by D2
xi(xB

)f(x0), if i ∈ B′;

c) by D2
xi(xB

)f(x0), if i ∈ B.
3. Denote the limit

lim
(u,v)→(0,0)

x
B
→x0

B

f(x
B
+x0

B′ +uei+vej)−f(x
B
+x0

B′ + uei)−f(x
B
+x0

B′ +vej)+f(x
B
+x0

B′ )

uv

a) by D2
xixj

f(x0), if B = ∅;
b) by D2

xixj(xB
)f(x0), if {i, j} ⊂ B′;

c) by D2
[xixj](xB

)f(x0), if {i, j} ⊂ B;

d) by D2
[xi]xj(xB

)f(x0), if i ∈ B, j ∈ B′;
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4. Denote the limit

lim
(u,v)→(0,0)

x
B
→x0

B

[f(xB + x0
B′ + uei + vej) − f(xB + x0

B′ + uei − vej)
4uv

−
f(xB + x0

B′ − uei + vej) − f(xB + x0
B′ − uei − vej)

4uv

]

a) by D∗
xixj

f(x0) if B = ∅;
b) by D∗

xixj(xB )f(x0) if {i, j} ⊂ B′;

c) by D∗
[xixj](xB

)f(x0) if {i, j} ⊂ B;

d) D∗
[xi]xj(xB

)f(x0) if i ∈ B, j ∈ B′;
The following statements are valid.
1) For any B ⊂ M , the existence of f̃ ′′xi(xB )(x

0) implies the existence of

Dxi(xB
)(x0) and

f̃ ′′xi(xB )(x
0) = D2

xi(xB )(x
0) = f̃ ′′xi

(x0) = D2
xi

(x0).

This follows from the equality

f(xB + x0
B′ + uei) + f(xB + x0

B′ − uei) − 2f(xB + x0
B′ )

u2

=
1
2

[f(xB + x0
B′ + uei) + f(xB + x0

B′ )− f ′xi
(xB + x0

B′ )u
1
2u

2

+
f(xB + x0

B′ − uei) − f(xB + x0
B′ ) − f ′xi

(xB + x0
B′ )(−u)

1
2u

2

]
.

2) If there exists f ′′xi
(x0), then there exist f

′′
xi

(x0) and D2
xi
f(x0) and they have

one and the same value.
3) If there exists a partial derivative f ′′xi

(x) in the neighborhood of the point x0

and it is continuous at x0, then there also exists f̃ ′′xi(x)(x
0) (therefore there exists

D2
xi(x)f(x0) too) and

f̃ ′′xi(x)(x
0) = D

2
xi(x)f(x0) = f ′′xi

(x0).

Indeed, if to the functions f(x + uei) − f(x) − f ′xi
(x)u and 1

2u
2 we apply the

Cauchy formula with respect to u, then we obtain

f(x+ uei) − f(x) − f ′xi
(x)u

1
2u

2
=
f ′(x0 + θ(x)uei)− f ′xi

(x)
θ(x)u

, 0 < θ < 1.
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Using now the Lagrange formula, we find that

f(x+ uei) − f(x)− f ′xi
(x)u

1
2u

2
=
θ(x)uf ′′(x+ θ1θuei)

θ(x)u

= f ′′(x+ θ1θuei), 0 < θ1 < 1.

whence taking into account that f ′′xi
(x) is continuous, we obtain that Statement 3)

is valid.
It should be noted that the continuity of the partial derivative f ′′

x2
i
(x) at the

point x0 is only the sufficient condition for the existence of derivatives f ′′xi(xB
)(x

0)

and D2

xi(xB )
f(x0) for any B ⊂M .

4) For any B ⊂ M , the existence of D2

xi(xB
)
f(x0) implies the existence of

D2

xi(xB|i )
f(x0) and they have one and the same value.

5) If there exists a derivative f ′′xixj
(x) in the neighborhood of the point x0 and it

is continuous at x0, then there exist D2
[xixj](x)f(x0) and D2

[xixj](x)f(x0) = f ′′xi,xj
(x0).

The continuity of f ′′xi,xj
(x) at the point x0 is the sufficient condition for the

existence of D2
[xixj ](x)f(x0).

6) If for the function f(x) at the point x0 there exists D2
xixj

f(x0), then at this
point there also exists D∗

xixj
f(x0) and they have one and the same value.

4.4 The Boundary Properties of Partial Second Order
Derivatives of the Poisson Integral for a Half-Space

Rk+1
+ (k > 1)

It can be easily verified that

∂2U(f ; x, xk+1)
∂x2

i

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂2P (t − x, xk+1)
∂x2

i

f(t)dt

=
(k + 1)xk+1Γ

(
k+1
2

)

π
k+1
2

∫

Rk

(k+ 3)(ti − xi)2 − |t− x|2 − x2
k+1

(|t− x|2 + x2
k+1)

k+5
2

f(t)dt.

Lemma 4.4.1. For every (x, xk+1) ∈ Rk+1
+ , the following statements are valid:

1)
∞∫

−∞

∂2P (t − x, xk+1)
∂x2

i

tvi dti = 0, v = 0, 1;

2)
∫

Rk

∂2P (t − x, xk+1)
∂x2

i

tvi f(t − tiei)dt = 0, v = 0, 1;
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3) I =
Γ
(k + 1

2

)

π
k+1
2

∫
Rk

∂2P (t−x,xk+1)

∂x2
i

· t
2
i

2!
dt = 1;

4)
∣∣∣
∫

Rk

∂2P (t, xk+1)
∂t2i

∣∣∣|t2|dt = O(1);

5)
∣∣∣
∫

Rk

∂2P (t− x, xk+1)
∂t2i

∣∣∣t2i dt = O(1), for
xk+1

|xi|
≥ C > 0;

6) lim
xk+1→0

sup
|t|≥δ>0

∣∣∣ ∂
2P (t,x)
∂t2i

∣∣∣|t|2dt = 0.

Proof. For v = 0 the validity of Statement 1) follows from the fact that the
integral

∫

Rk

P (t − x, xk+1)dt =
∫

Rk

P (t, xk+1)dt =
π

k+1
2

Γ
(

k+1
2

)

does not depend on x and therefore

∞∫

−∞

∂2P (t − x, xk+1)
∂x2

i

dti =
∂2

∂x2
i

∞∫

−∞

P (t− x, xk+1)dti = 0.

For v = 1, the validity of Statement 1) follows from the fact that the subintegrand
is odd with respect to ti.

Statement 2) follows from Statement 1).
Consider now the integral

I =
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂2P (t − x, xk+1)
∂x2

i

· t
2
i

2!
dt

=
(k + 1)Γ

(
k+1
2

)
xk+1

π
k+1
2

∫

Rk

(k + 3)(ti − xi)2 − |t − x|2 − x2
k+1

(|t− x|2 + x2
k+1)

k+5
2

t2i dt.

Passing to the spherical coordinates (ρ, θ1, θ2, . . . , θk−2, ϕ), using the equalities
([10], p.311, No 10 and p. 1023, No 8.756)

π∫

0

sinµ−1 θdθ =
Γ
(

µ
2

)

Γ
(

µ+1
2

)√π,

∞∫

0

ρk+1dρ

(1 + ρ2)
k+5
2

=
kΓ
(

k
2

)√
π

2(k + 1)(k+ 3)Γ
(

k+1
2

) ,
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∞∫

0

ρk+3dρ

(1 + ρ2)
k+5
2

=
k(k + 2)Γ

(
k
2

)√
π

2(k + 1)(k+ 3)Γ
(

k+1
2

) ,

and performing calculations analogous to those we made in proving Lemma 4.2.1,
we obtain

I = 1.

Let us now proceed prove the validity of Statement 4). We have

∫

Rk

∣∣∣∂
2P (t, x)
∂t2i

∣∣∣|t|2dt = Cx
k+1

∫

Rk

|(k+ 3)t2i − |t|2 − x2
k+1|

(|t|2 + x2
k+1)

k+5
2

|t|2dt

≤ Cx
k+1

∫

Rk

I(t1, t2, . . . , tk, xk+1)

(|t|2 + x2
k+1)

k+5
2

|t|2dt,

where I(t1, t2, . . . , tk, xk+1) is a homogeneous polynomial of degree 2 with respect
to (t1, t2, . . . , tk, xk+1).

Passing to the spherical coordinates, we have

∫

Rk

∣∣∣∂
2P (t, xk+1)

∂t2i

∣∣∣|t|2dt ≤ Cxk+1

∞∫

0

T (ρ, xk+1)ρk+1

(ρ2 + x2
k+1)

k+5
2

dρ,

where T (ρ, xk+1) is a homogeneous polynomial of degree 2 in (ρ, xk+1). Using the
substitution ρ = xk+1ρ1, we obtain

∫

Rk

∣∣∣∂
2P (t, xk+1)

∂t2i

∣∣∣|t|2dt ≤ C
2∑

v=0

∞∫

0

ρk+1+v
1 dρ1

(1 + ρ2
1)

k+5
2

= O(1).

The validity of Statement 5) follows from the inequality

∫

Rk

∣∣∣∂
2P (t − x, xk+1)

∂t2i

∣∣∣t2i dt ≤ Ckxk+1

∫

Rk

(k + 3)(ti − xi)2 + |t− x|2 + x2
k+1

(|t− x|2 + x2
k+1)

k+5
2

t2i dt

= Ckxk+1

∫

Rk

(k + 3)t2i + |t|2 + x2
k+1

(|t|2 + x2
k+1)

k+5
2

(ti + xi)2dt,

if we continue the reasoning as in proving Statement 4) and take into account the
condition

xk+1

|xi|
≥ C > 0. Statement 6) is obvious.
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Theorem 4.4.1. (a) If at the point x0 there exists a finite derivative
D

2
xi(x)f(x0), then

lim
(x,xk+1)→(x0,0)

∂2U(f ; x, xk+1)
∂x2

i

= D2
xi
f(x0) =

∂2f(x0)
∂x2

i

, (4.1)

(b) There exists a continuous function f ∈ L(Rk) such that for every B ⊂ M ,
m(B) < k all derivatives D2

xi(xB
)f(0) = 0, i = 1, k, but the limits

lim
xk+1→0+

∂2U(f ; 0, xk+1)
∂x2

i

do not exist.

Proof of Item (a). Let x0 = 0, Ck =
(k+1)Γ

(
k+1
2

)

π
k+1
2

.

We have

∂2U(f ; x, xk+1)
∂x2

i

= Ck

∫

Rk

∂2P (t− x, xk+1)
∂x2

i

f(t)dt

= Ck

∫

Rk

∂2P (t, xk+1)
∂x2

i

f(x+ t)dt. (4.2)

From the integral (4.2), using the substitution ti = −τi, we obtain

∂2U(f ; x, xk+1)
∂x2

i

= Ck

∫

Rk

∂2P (t, xk+1)
∂x2

i

f(x+ t − 2tiei)dt. (4.3)

(4.2) and (4.3) result in

∂2U(f ; x, xk+1)
∂x2

i

=
1
2
Ck

∫

Rk

∂2P (t, xk+1)
∂x2

i

[f(x+ t) + f(x+ t− 2tiei)]dt,

which by virtue of Statements 2) and 3) of Lemma 4.4.1, results in

∂2U(f ; x, xk+1)
∂x2

i

−D2
xi(x)f(0) =

1
2
Ck

∫

Rk

∂2P (t, xk+1)
∂x2

i

t2i

×
[f(x+ t) + f(x+ t − 2tiei)− 2f(x+ t− tiei)

t2i
− D2

xi(x)f(0)
]
dt. (4.4)

Taking into account Statements 4) and 6) of Lemma 4.4.1, it follows from (4.4)
that the equality (4.1) is valid.
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Proof of Item (b). Assume D = [0 ≤ t1 <∞; 0 ≤ t2 <∞; 0 ≤ t3 <∞]. Let

f(t)

{
3
√
t1t2t3, if (t1, t2, t3) ∈ D,

0, if (t1, t2, t3) ∈ CD.

It can be easily verified that

D2
xi(xi,xj)f(0) = 0, i, j = 1, 2, 3; i 6= j.

However, for the considered function,

∂2U(f ; 0, x4)
∂x2

1

=
4x4

π2

∫

D

6t21 − |t|2 − x2
4

(|t|2 + x2
4)4

3
√
t1t2t3dt

=
4x4

π2

∞∫

0

π
2∫

0

π
2∫

0

6ρ2 sin2 θ cos2 ϕ− ρ2 − x2
4

(ρ2 + x2
4)4

× 3

√
ρ3 sin2 θ cos θ sinϕ cosϕρ2 sin θdρdθdϕ

=
C

x4

(
4

π
2∫

0

3
√

sin2 θ cos θ sin3 θdθ

π
2∫

0

3
√

sin 2ϕ sin2 ϕdϕ

−

π
2∫

0

3
√

sin2 θ cos θ sinϕdθ

π
2∫

0

3
√
sin2ϕdϕ

)
.

One can verify that

π
2∫
0

3
√

sin2 θ cos θ sin θdθ =
1
6
Γ
(1

3

)
Γ
(2

3

)

π
2∫
0

3
√

sin2 θ cos θ sin3 θdθ =
1
9
Γ
(1

3

)
Γ
(2

3

)




. (4.5)

Taking into account the equalities (4.5), we have

∂2U(f ; 0, x4)
∂x2

1

=
C

x4

π
2∫

0

(
sin2 ϕ− 3

8

)
3
√

sin 2ϕdϕ

=
C

x4

( arcsin
√

3
8∫

0

+

π
2
−arcsin

√
3
8∫

arcsin
√

3
8

+

π
2∫

π
2
−arcsin

√
3
8

)
=
C

x4
(I1 + I2 + I3).
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Clearly, I1 < 0, I2 > 0, I3 > 0. Furthermore,

I3 =

arcsin
√

3
8∫

0

(
cos2ϕ− 3

8

)
3
√

sin 2ϕdϕ.

It is easily seen that I1 + I3 > 0. Hence I1 + I2 + I3 > 0. Finally, we have

∂2U(f ; 0, x4)
∂x2

1

→ +∞ as x4 → 0 + .

Theorem 4.4.1 is proved.

Corollary 4.4.1. If at the point x0 there exists a finite f̃ ′′xi(x)(x
0), then the

equality (4.1) is fulfilled.

Corollary 4.4.2. If the function f has a continuous partial derivative ∂2f(x)
∂x2

i
at

the point x0, then the equality (4.1) is fulfilled.

Theorem 4.4.2.
(a) If at the point x0 there exists a finite derivative D2

xi(xM |i)
f(x0), then

lim
(x−xiei+x0

i ei,xk+1)→(x0,0)

∂2U(f ; x− xiei + x0
i ei, xk+1)

∂x2
i

= D2
xi
f(x0).

(b) There exists a function f ∈ L(Rk) such that D2
xi(xM |i)

f(x0) = 0, but the

limit

lim
(x,xk+1)

∧−→(x0,0)

∂2U(f ; x, xk+1)
∂x2

i

does not exist.

Proof of Item (a). Let x0 = 0. We have

∂2U(f ; x, xk+1)
∂x2

i

= Ckxk+1

∫

Rk

(k + 3)(ti − xi)2 − |t− x|2 − x2
k+1

(|t− x|2 + x2
k+1)

k+5
2

f(t)dt,

whence

∂2U(f ; x− xiei, xk+1)
∂x2

i

= Ckxk+1

∫

Rk

(k + 3)t2i − |t− x+ xiei|2 − x2
k+1

(|t− x+ xiei|2 + x2
k+1)

k+5
2

f(t)dt.

Using the substitution t1−x1 =τ1, t2−x2 =τ2, . . . , ti =τi, . . . , tk−xk =τk the last
equality yields

∂2U(f ; x− xiei, xk+1)
∂x2

i

= Ckxk+1

∫

Rk

(k + 3)t2i − |t|2 − x2
k+1

(|t|2 + x2
k+1)

k+5
2
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×f(t + x − xiei)dt. (4.6)

Substituting ti = −τi, from (4.6) we obtain

∂2U(f ; x− xiei, xk+1)
∂x2

i

= Ckxk+1

∫

Rk

(k + 3)t2i − |t|2 − x2
k+1

(|t|2 + x2
k+1)

k+5
2

×f(t1 + x1, t2 + x2, . . . ,−ti, . . . , tk + xk)dt

= Ckxk+1

∫

Rk

(k + 3)t2i − |t|2 − x2
k+1

(|t|2 + x2
k+1)

k+5
2

f(t + x− 2tiei − xiei)dt. (4.7)

(4.6) and (4.7) result in

∂2U(f ; x− xiei, xk+1)
∂x2

i

= Ckxk+1

∫

Rk

(k + 3)t2i − |t|2 − x2
k+1

(|t|2 + x2
k+1)

k+5
2

×f(t + x− xiei) + f(t+ x− 2tiei − xiei)
2

dt. (4.8)

In view of Statements 2) and 3) of Lemma 4.4.1, from the equality (4.8) we
obtain

∂2U(f ; x− xiei, xk+1)
∂x2

i

−Dxi(xM |i)
f(0)

=
1
2
Ckxk+1

∫

Rk

[(k + 3)t2i − |t|2 − x2
k+1]t

2
i

(|t|2 + x2
k+1)

k+5
2

×
[f(t+ x− xiei) + f(t+ x− 2tiei − xiei) − 2f(t− tiei + x − xiei)

t2i

−D2
xi(xM |i )

f(0)
]
dt.

With Statements 4) and 6) of Lemma 4.4.1 taken into account, from the last
equality we conclude that Item (a) is valid.

Proof of Item (b). The proof is carried out for the cases i = 1 and k = 2. We
have

∂2U(f ; x1, x2, x3)
∂x2

1

=
3x3

2π

∫

R2

4(t1 − x1)2 − (t2 − x2)2 − x2
3

(|t− x|2 + x2
3)

7
2

f(t)dt

=
3x3

2π

∞∫

0

2π∫

0

4(ρ cosϕ− x1)2 − (ρ sinϕ− x2)2 − x2
3

[(ρ cosϕ− x1)2 + (ρ sinϕ− x2)2 + x2
3]

7
2

f(ρ cosϕ, ρ sinϕ)ρdρdϕ.
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Let N(x1, x2, x3) → (0, 0, 0) so that x2 = 0 and x3 = x1. Then

∂2U(f ; x3, 0, x3)
∂x2

1

=
3x3

2π

∞∫

0

2π∫

0

4ρ2 cos2ϕ− 8ρx3 cosϕ− ρ2 sin2 ϕ+ 3x2
3

(ρ2 − 2ρx3 cosϕ+ 2x2
3)

7
2

f(ρ cosϕ, ρ sinϕ)ρdρdϕ.

For every x1, x2 and x3, by Lemma 4.4.1, we have
∫

R2

4(t1 − x1)2 − (t2 − x2)2 − x2
3

(|t− x|2 + x2
3)

7
2

dt1dt2 = 0.

This, in particular, implies

∞∫

0

2π∫

0

4ρ2 cos2 ϕ− 8ρx3 cosϕ− ρ2 sinϕ+ 3x2
3

(ρ2 − 2ρx3 cosϕ+ 2x2
3)

7
2

= 2

∞∫

0

π∫

0

4ρ2 cos2 ϕ− 8ρx3 cosϕ− ρ2 sin2 ϕ+ 3x2
3

(ρ2 − 2ρx3 cosϕ+ 2x2
3)

7
2

ρdρdϕ = 0.

Hence
∞∫

0

π∫

0

4ρ2 cos2ϕ− 8ρx3 cosϕ− ρ2 sin2 ϕ+ 3x2
3

(ρ2 − 2ρx3 cosϕ+ 2x2
3)

7
2

ρdρdϕ = 0. (4.9)

In the interval π
2 ≤ ϕ ≤ π, we have

x3

∞∫

0

π∫

π
2

4ρ2 cos2 ϕ− 8ρx3 cosϕ− ρ2 sin2 ϕ+ 3x2
3

(ρ2 − 2ρx3 cosϕ+ 2x2
3)

7
2

ρdρdϕ

> x3

∞∫

0

π∫

π
2

5ρ2 cos2ϕ− ρ2

(ρ2 + 4ρx3 + 4x2
3)

7
2

ρdρdϕ = x3

∞∫

0

π∫

π
2

5ρ2 cos2 ϕ− ρ2

(ρ+ 2x3)7
ρdρdϕ

=
3π
4
x3

∞∫

0

ρ3dρ

(ρ+ 2x3)7
> Cx3

∞∫

0

ρ3dρ

(ρ+ 2x3)7
=
C

x2
3

.

Thus

lim
x3→0+

∞∫

0

π∫

π
2

4ρ2 cos2ϕ− 8ρx3 cosϕ− ρ2 sin2 ϕ+ 3x2
3

(ρ2 − 2ρx3 cosϕ+ 2x2
3)

7
2

ρdρdϕ = +∞. (4.10)
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It follows from (4.9) and (4.10) that

lim
x3→0+

x3

∞∫

0

π
2∫

0

4ρ2 cos2 ϕ− 8ρx3 cosϕ− ρ2 sin2 ϕ+ 3x2
3

(ρ2 − 2ρx3 cosϕ+ 2x2
3)

7
2

ρdρdϕ = −∞. (4.11)

We now define the function f(t1, t2) as follows:

f(t1, t2) =





−1, when t1 > 0, t2 > 0,
1, when t1 < 0, t2 > 0,
0, when −∞ < t1 <∞, t2 ≤ 0,
0, when t1 = 0, 0 < t2 <∞.

Clearly, for this function

D2
x1(x2)

f(0, 0) = lim
(t1,x2)→(0,0)

f(t1, x2) + f(−t1, x2) − 2f(0, x2)
t21

= 0.

However, as it follows from (4.10) and (4.11),

∂2U(f ; x1, 0, x3)
∂x2

1

→ +∞,

as (x1, x2, x3) → (0, 0, 0) along the chosen path.
The theorem is proved.

Theorem 4.4.3. If at the point x0 there exists a finite derivative f ′′xi(xM |i )
(x0),

then

lim
(x,xk+1)

∧−→(x0,0)

∂2U(f ; x, xk+1)
∂x2

i

− f
′′
xi

(x0) =
∂2f(x0)
∂x2

i

. (4.12)

Proof. Let x0 = 0. By Lemma 4.4.1, we have

∂2U(f ; x, xk+1)
∂x2

i

− f
′′
xi(xM |i)

(x0)

= Ckxk+1

∫

Rk

(k+ 3)(ti − xi)2 − |t− x|2 − x2
k+1

(|t− x|2 + x2
k+1)

k+5
2

f(t)dt

= Ckxk+1

∫

Rk

(k + 3)(ti − xi)2 − |t− x|2 − x2
k+1

(|t− x|2 + x2
k+1)

k+5
2

· 1
2
t2i

×
[f(t) − f(t − tiei) − g(t− tiei)ti

1
2t

2
− f

′′
xi(xM |i )

(0)
]
dt, (4.13)

where g(t) = f ′ti(t) when t ∈ Vδ and, on CVδ, is extended so that g(t) ∈ L(Rk).
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From (4.13), by virtue of Statement 6) of Lemma 4.4.1, we have

∂2U(f ; x, xk+1)
∂x2

i

− f
′′
xi(xM |i)

(x0)

= Ckxk+1

∫

Rk

(k + 3)(ti − xi)2 − |t− x|2 − x2
k+1

(|t− x|2 + x2
k+1)

k+5
2

· 1
2
t2i

×
[f(t) − f(t − tiei) − f ′i1(t− tiei)ti

1
2t

2
i

− f
′′
xi(xM |i)

(0)
]
dt + o(1). (4.14)

Taking into account Statements 5) and 6) of Lemma 4.4.1, from (4.14) we obtain
the equality (4.12).

Theorem 4.4.3 is proved.

Analogously to Lemma 4.4.1, we prove the following

Lemma 4.4.2. For every (x, xk+1) ∈ Rk+1
+ the following statements (i, j=1, k,

i 6=j) are valid:

1)
∫

Rk

∂2P (t − x, xk+1)
∂xi∂xj

f(t − tiei)tvdt = 0, v = 1, k;

2)
∫

Rk

∂2P (t−x,xk+1)
∂xi∂xj

f(t − tiei − tjej)tvdt = 0, v = 1, k;

3)
Γ
(

k+1
2

)

π
k+1
2

∫
Rk

∂2P (t− x, xk+1)
∂xi∂xj

titjdt = 1;

4)
∫

Rk

∣∣∣∂
2P (t, xk+1)
∂ti∂tj

∣∣∣|trts|dt = O(1); r, s = 1, k;

5)
∫

Rk

∣∣∣∂
2P (t − x, xk+1)

∂ti∂tj

∣∣∣|trts|dt = O(1); for
xk+1

|x− x0| ≥ C > 0, r, s = 1, k;

6) lim
xk+1→0

sup
|t|≥δ>0

∣∣∣∂
2P (t, xk+1)
∂ti∂tj

∣∣∣|trts| = 0; r, s = 1, k;

7) lim
xk+1→0

sup
|t|≥δ>0

∣∣∣∂
2P (t, xk+1)

∂t2j

∣∣∣|trts| = 0; r, s = 1, k;

Theorem 4.4.4.
(a) If at the point x0 there exists a finite derivative D2

[xixj ](x)f(x0), i 6= j, then

lim
(x,xk+1)→(x0,0)

∂2U(f ; x, xk+1)
∂xi∂xj

= D2
xixj

f(x0).

(b) There exists a continuous function f ∈ L(Rk) such that for every B ⊂ M ,
m(B) < k all derivatives D2

[xixj](xB
)f(0) = 0, but the limits

lim
xk+1→0+

∂2U(f ; 0, xk+1)
∂xi∂xj
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do not exist.

Proof of Item (a). Let x0 = 0 and Bk =
(k + 1)(k+ 3)Γ

(
k+1
2

)

π
k+1
2

. It can be

easily verified that

∂2U(f ; x, xk+1)
∂xi∂xj

= Bkxk+1

∫

Rk

(ti − xi)(tj − xj)f(t)dt

(|t− x|2 + x2
k+1)

k+5
2

= Bkxk+1

∫

Rk

titjf(x+ t)dt

(|t|2 + x2
k+1)

k+5
2

.

By Statements 1), 2) and 3) of Lemma 4.4.2, we have

∂2U(f ; x, xk+1)
∂xi∂xj

− D2
[xixj](x)f(0) = Bkxk+1

∫

Rk

t2i t
2
j

(|t|2 + x2
k+1)

k+5
2

×
[f(x+ t) − f(x+ t− tiei) − f(x+ t− tjej) + f(x+ t− tiei − tjej)

titj

−D2
[xixj](x)f(0)

]
dt,

whence, taking into account Statements 4) and 6) of Lemma 4.4.2, it follows that
Item (a) is valid.

Proof of Item (b). Let k = 4 and D =
(∑4

i=1 t
2
i ≤ 1, ti ≥ 0, i = 1, 4

)
. We

define the function f as follows: f(t) = 5
√
t1t2t3t4 when t ∈ D and, on the set R4|D,

we extend it continuously so that f ∈ L(R4). It is not difficult to verify that for
every B ⊂M , m(B) < 4 we have D2

[xixj ](xB
)f(0) = 0. But

∂2U(f ; 0, x5)
∂x1∂x2

= Cx5

∫

D

t1t2
5
√
t1t2t3t4

(|t|2 + x2
5)

9
2

dt+ o(1)

= Cx5

1∫

0

ρ
29
5 dρ

(ρ2 + x2
5)

9
2

+ o(1) → +∞ as x5 → 0 + .

The theorem is proved.

Corollary. If f has a continuous derivative f ′′xixj
(x) at the point x0, then

lim
(x,xk+1)→(x0,0)

∂2U(f ; x, xk+1)
∂xi∂xj

=
∂2f(x0)
∂xi∂xj

.

From Corollary 4.4.2 of Theorem 4.4.1 and from Corollary of Theorem 4.4.4 it
follows that the following theorem is valid.
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Theorem 4.4.5. If the function f is twice continuously differentiable at the
point x0, then

lim
(x,xk+1)→(x0,0)

d2
xU(f ; x, xk+1) = d2f(x0).

Theorem 4.4.6.
(a) If at the point x0 there exists a finite derivative D2

[xi]xj(x)f(x0) = 0, then

lim
(x,xk+1)

∧−→
xj

(x0,0)

∂2U(f ; x, xk+1)
∂xi∂xj

= D2
xixj

f(x0).

(b) There exists a continuous function f ∈ L(Rk) such that for every B ⊂ M ,
m(B) < k − 1, all derivatives D2

[xi]xj(xB )]f(0) = 0, but the limits

lim
xk+1→0+

∂2U(f ; 0, xk+1)
∂xi∂xj

do not exist.

Theorem 4.4.7.
(a) If at the point x0 there exists a finite derivative D2

xixj(xM |{t,j})f(x0), then

lim
(x,xk+1)

∧−→
xixj

(x0,0)

∂2U(f ; x, xk+1)
∂xi∂xj

= Dxixjf(x0).

(b) There exists a continuous function g ∈ L(Rk) such that for every B ⊂ M ,
m(B) < k − 2 all derivatives D2

xixj(xB
)g(0) = 0, but the limits

lim
xk+1→0+

∂2U(g; 0, xk+1)
∂xi∂xj

do not exist.

Corollary. If the function of two variables z = f(x, y) has, at (x0, y0), a finite
derivative

D2f(x0, y0) = lim
(t,τ)→(0,0)

[f(x0 + t, y0 + τ)−f(x0 + t, y0)−f(x0, y0 + t)+f(x0, y0)
tτ

,

then

lim
(x,u,z)

∧−→(x0,y0,0)

∂2U(f ; x, y, z)
∂x∂y

= D2f(x0, y0).
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Theorem 4.4.8. (a) If f is a twice differentiable function at the point x0, then

lim
(x,xk+1)

∧−→(x0,0)

d2
xU(f ; x, xk+1) = d2f(x0).

(b) There exists a continuous function f ∈ L(Rk) such that it is differentiable
at the point x0 = (0, 0) and has, at this point, all partial derivatives of any order,
but the limits

lim
xk+1→0+

∂2U(f ; 0, xk+1)
∂xi∂xj

, i, j = 1, k,

do not exist.

Proof of Item (a). Let x0 = 0. The validity of Item (a) follows from the
equalities

∂2U(f ; x, xk+1)
∂x2

i

− ∂2f(0)
∂x2

i

= Ckxk+1

∫

Rk

[(k + 3)(ti − xi)2 − |t− x|2 − x2
k+1]|t|2

(|t− x|2 + x2
k+1)

k+5
2

×
f(t) − f(0) −

( k∑
v=1

tv
∂

∂tv

)
f(0)− 1

2

( k∑
v=1

tv
∂

∂tv

)2
f(0)

|t|2 dt

and
∂2U(f ; x, xk+1)

∂xi∂xj
− ∂2f(0)
∂xi∂xj

= Bkxk+1

∫

Rk

(ti − xi)(tj − xj)|t|2

(|t− x|2 + x2
k+1)

k+5
2

×
f(t) − f(0)−

( k∑
v=1

tv
∂

∂tv

)
f(0) − 1

2

( k∑
v=1

tv
∂

∂tv

)2
f(0)

|t|2
dt.

Proof of Item (b). Consider the function

f(t1, t2) =





3
√

(2t1 − t2)2, when (t1, t2) ∈ D = {(t1, t2) ∈ R2 :
0 ≤ t1 <∞; 1

2t1 ≤ t2 ≤ 2t1},
0, when (t1, t2) ∈ CD.

This function is continuous in R2, differentiable at the point (0, 0) and has all
partial derivatives of any order, equal to zero, but the limits

∂2U(f ; 0, 0, x3)
∂x1∂x2

=
15
2π
x3

∞∫

0

dt1

2t1∫

1
2
t1

t1t2
3

√
(2t1 − t2)2(t2 − 1

2 t1)
2

(t21 + t22 + x2
3)

7
2

dt2
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> Cx3

2x3∫

x3

t21dt1

3

√
(2t1 − 3

2 t1)
2(t1 − 1

2t1)
2

(t21 + 4t21 + x2
3)

7
2

dt2

=
C

x6
3

2x3∫

x3

t
13
3

1 dt1 =
C

3
√
x2

3

→ ∞ as x3 → 0+

do not exist.

Theorem 4.4.9.
(a) If at the point x0 there exists a finite derivative D∗

xixj(xM |{i,j} )f(x0), then

lim
xk+1→0+

∂2U(f ; x0, xk+1)
∂xi∂xj

= D∗
xixj

f(x0).

(b) There exists a continuous function f ∈L(Rk) such that Dxixj(xM |{i,j} )f(x0)=
0, but the limits

lim
(x,xk+1)

∧−→(x0,0)

d2
x

U(f ; x, xk+1)
∂xi∂xj

do not exist.

Proof of Item (b). The proof is carried out for the case k = 2. Assume D1 =
[0, 1; 0, 1], D2 = [−1, 0; 0, 1]. Let

f(t1, t2) =





√
t1t2, when (t1, t2) ∈ D1,√
−t1t2, when (t1, t2) ∈ D2,

0, when t2 ≤ 0,

and extend f(t1, t2) continuously on the set R2
+|(D1 ∪D2) so that f ∈ L(R2). It is

not difficult to verify that D∗f(0, 0) = 0. Let x0
1 = x0

2 = 0 and (x1, x2, x3) → (0, 0, 0)
so that x2 = 0 and x3 = x1. Then for the constructed function,

∂2U(f ; x1, x2, x3)
∂x1∂x2

=
15x3

2π

{ 1∫

0

1∫

0

(t1 − x1)t2
√
t1t2dt1dt2

[(t1 − x1)2 + t22 + x2
3]

7
2

−
1+x1∫

x1

1∫

0

t1t2
√

(t1 − x1)t2dt1t2
(t21 + t22 + x2

1)
7
2

}
+ o(1) = Cx1

{ x1∫

−x1

1∫

0

t1t2
√
t2(t1 + x1)dt1t2

(t21 + t22 + x2
1)

7
2

+

0∫

−1

1∫

0

(t1 − x1)t2
√
−t1t2dt1dt2

[(t1 − x1)2 + t22 + x2
3]

7
2

}
+ o(1) = Cx1

{ x1∫

−x1

1∫

0

t1t2
√
t2(t1 + x1)dt1dt2

(t21 + t22 + x2
1)

7
2
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+

1−x1∫

x1

1∫

0

t1t2[
√
t2(x1 + t1) −

√
t2(t1 − x1)]dt1dt2

[t21 + t22 + x2
1]

7
2

−
1+x1∫

1−x1

1∫

0

t1t2
√

(t1 − x1)t2dt1dt2
[t21 + t22 + x2

1]
7
2

}
+ o(1) = Cx1(I1 + I2 − I3) + o(1).

It is easy to show that

I1 =

x1∫

0

1∫

0

t1t2[
√
t2(t1 + x1) −

√
t2(x1 − t1)]

(t21 + t22 + x2
1)

7
2

dt1dt2 > 0, I3 = O(1). (4.15)

Furthermore,

I2 >

2x1∫

x1

x1∫

0

t1t2[
√
t2(x1 + t1) −

√
t2x1]

(t21 + t22 + x2
1)

7
2

dt1dt2

=

x1∫

0

t
3
2
2 dt2

2x1∫

x1

t1(
√
x1 + t1 −

√
x1)

(t21 + t22 + x2
1)

7
2

dt1

>

x1∫

0

t
3
2
2 dt2

2x1∫

x1

x1

(√
2x1 −

√
x1

)

(4x2
1 + x2

1 + x2
1)

7
2

dt1 >
C

x2
1

. (4.16)

Consequently, for x2 = 0 and x3 = x1, from (4.15) and (4.16), we have

∂2U(f ; x1, 0, x1)
∂x1∂x2

>
C

x1
,

whence
∂2U(f ; x1, x2, x3)

∂x1∂x2
→ +∞

as (x1, x2, x3) → (0, 0, 0) along the chosen path.

Theorem 4.4.10. If at the point x0 there exists a finite derivative
D∗

[xixj ](x)f(x0), then

lim
(x,xk+1)→(x0,0)

∂2U(f ; x, xk+1)
∂xi∂xj

= D∗
xixj

f(x0).

Item (a) of Theorem 4.4.4 is a corollary of Theorem 4.4.10.

Theorem 4.4.11. If at the point x0 there exists a finite derivative
D∗

[xi]xj(x)f(x0), then

lim
(x−xiei−x0

jej ,xk+1)→(x0,0)

∂2U(f, x− xiei − x0
jej , xk+1)

∂xi∂xj
= D∗

xixj
f(x0).
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4.5 The Dirichlet Problem for a Half-Space R3
+

The Dirichlet problem for the Laplace equation consists in finding such a function
U(x, y, z) in the domain R3

+ with the boundary R2 that satisfying in that domain
the equation ∆U = 0 and the boundary condition U |R2 = f(x, y). The solution of
the problem is given in [61] for the case f ∈ L(R2). In this section this problem is
solved for the case in which the boundary function is measurable and finite almost
everywhere on R2, i.e., in N.N. Luzin’s formulation (see Theorem 4.5.2).

Theorem 4.5.1. Let f be an arbitrary measurable and finite function almost
everywhere on R2. Then there exists a bounded continuous function F such that

D2F (x, y) = f(x, y)

almost everywhere on R2.

Proof. By Tn we denote the square [−n, n;−n;n]. ∂Tn is the contour of the
square. By the well-known theorem ([57], p. 314), there exists in T1 a continuous
function Φ1 such that

D2Φ1(x, y) = f(x, y)

almost everywhere in T1. Let M = const > 0. We construct in T1 a continuous step
function S1 such that ([14], p. 16)

S1(x, y) = Φ1(x, y), when (x, y) ∈ ∂T1,

|S1(x, y)− Φ1(x, y)| ≤M, for (x, y) ∈ T1.

Assume

F1(x, y) =

{
Φ1(x, y)− S1(x, y), for (x, y) ∈ T1,

0, for (x, y) ∈ CT1.

Clearly, F1(x, y) = 0 when (x, y) ∈ ∂T1, F1 is continuous in R2, |F1(x, y)| ≤ M
for all (x, y) ∈ R2 and

D2F1(x, y) =

{
f(x, y) almost everywhere in T1,

0 almost everywhere in CT1.

We construct a continuous function F2 in R2 so that F2(x, y) = 0 for (x, y) ∈
CT2 ∪ T1, |F2(x, y)| ≤M for all (x, y) ∈ R2, and

D2F2(x, y) =

{
f(x, y) almost everywhere in T2 − T1,

0 almost everywhere in CT2 ∪ T1.

Continuing this process, we obtain a sequence of continuous functions {Fn} in
R2 such that Fn+1(x, y) = 0 for (x, y) ∈ CTn+1 ∪ Tn, |Fn+1(x, y)| ≤ M for all
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(x, y) ∈ R2 and

D2Fn+1(x, y) =

{
f(x, y) almost everywhere in Tn+1 − Tn,

0 almost everywhere in CTn+1 ∪ Tn.

Assume

F (x, y) =
∞∑

k=1

Fk(x, y).

It is evident that F is continuous in R2, |F (x, y)| ≤M for all (x, y) ∈ R2, and

D2F (x, y) = f(x, y)

almost everywhere in R2.
Consequently, F is the required function.

Theorem 4.5.2. Let f be an arbitrary measurable and finite function almost
everywhere on R2. Then there exists a harmonic function U in R3

+ such that

lim
(x,y,z)

∧−→(x0,y0,0)

U(x, y, z) = f(x0, y0)

almost everywhere on R2.

Proof. By Theorem 4.5.1, for f we construct, in R2, a continuous bounded
function F such that the equality

D2F (x, y) = f(x, y)

is fulfilled almost everywhere on R2.
Consider the expression

U(x, y, z) =
z

2π

∫∫

R2

F (t, τ)
∂2

∂t∂τ

{ 1

[(x− t)2 + (y − τ)2 + z2]
3
2

}
dtdτ

=
15z
2π

∫∫

R2

(t − x)(τ − y)

[(t− x)2 + (τ − y)2 + z2]
7
2

F (t, τ)dtdτ.

It is not difficult to show that U is a harmonic function in R3
+. By Corollary of

Theorem 4.4.7, if at the point (x0, y0, 0) there exists D2F (x0, y0), then

lim
(x,y,z)

∧−→(x0,y0,0)

U(x, y, z) = D2F (x0, y0).

Since D2F (x, y) = f(x, y) almost everywhere, the theorem is complete.
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4.6 Generalized Partial Derivatives of Arbitrary Order

We use the same notation as in Sections 4.1–4.3.
Below it will be assumed that the considered functions belong to the space

L̃(Rk). Let u ∈ R. We will deal with the following generalized partial derivatives of
arbitrary order of the function f(x) = f(x1, x2, . . . , xk):

1) If there exist functions ai(xB) (if B = ∅, then ai(xB) = ai = const), i =
0, r− 1 and a number ar such that there exist limits limx

B
→x0

B
ai(xB

) = ai and in
the neighborhood of the point x0 we have

f(xB + x0
B′ + uei) = a0(xB) + a1(xB)

u

1!
+ a2(xB)

u2

2!
+ · · ·

· · ·+ ar−1(xB
)
ur−1

(r− 1)!
+ (ar + ε(u, x

B
)
ur

r!
,

where lim
u→0,

x
B
→x0

B

ε(u, xB) = 0, then at the point x0 the function f(x) has, with respect

to the variable xi, the generalized r th partial derivative equal to ar and we denote it
a) by D(r)

xi f(x0) if B = ∅,
b) by D(r)

xi(B)f(x0) if i ∈ B′,

c) by D(r)
xi(B)f(x0) if i ∈ B.

From the definition it follows that if for some B ⊂ M there exists D
(r)
xi(B)f(x0),

then there exist D(r)
xi(B|i)f(x0) and

D(r)
xi(B)f(x0) = D(r)

xi(B |i)f(x0) = D(r)
xi
f(x0).

2) Let r be an odd number. If there exist functions b2i−1(xB ), i = 1, 2, . . . ,
(r − 1)

2
and a number br such that there exist limits lim

x
B
→x0

B

b2i−1(xB
) = b2i−1 and

in the neighborhood of the point x0

1
2
(f(x

B
+ x0

B′ + uei) − f(x
B

+ x0
B′ − uei))

=

(r−1)
2∑

v=1

b2v−1(xB)
u2v−1

(2v − 1)!
+ (br + ε(u, xB))

ur

r!
,

where lim
u→0,

x
B
→x0

B

ε(u, x
B
) = 0, then at the point x0 the function f(x) has, with respect

to the variable xi, the generalized partial r th symmetric derivative equal to br,
which we denote

a) by D∗(r)
xi f(x0) if B = ∅,
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b) by D∗(r)
xi(xB

)f(x0) if i ∈ B′,

c) by D∗(r)
xi(xB )f(x0) if i ∈ B.

The same definition is valid when r is even, but in that case the difference
f(x

B
+ x0

B′ + uei)− f(x
B

+ x0
B′ − uei) should be replaced by the sum f(x

B
+ x0

B′ +
uei) + f(x

B
+ x0

B′ − uei).

It is easy to verify that from the existence of the derivatives D(r)
xi f(x0) follows

the existence of derivatives D∗(r)
xi f(x0) and their equality.

For symmetric derivatives, from the existence of D∗(r)
xi f(x0) follows the existence

of D∗(r−2)
xi f(x0) though D∗(r−1)

xi f(x0) may not exist ([35], p. 93).

4.7 The Boundary Properties of Arbitrary Order Par-
tial Derivatives of the Poisson Integral for a Half-

Space Rk+1
+

In this section we prove the Fatou type theorems on the boundary properties of ar-
bitrary order partial derivatives of the Poisson integral for a half-space Rk+1

+ ([107]).

Lemma 4.7.1. For every r ∈ N and (x, xk+1) ∈ Rk+1
+ the following statements

are valid:

1) J(r)
v =

∞∫
−∞

∂rP (t− x, xk+1)
∂xr

i

tvi dti = 0, i = 1, k, v = 0, r− 1;

2) Jr =
Γ
(

k+1
2

)

π
k+1
2

∫
Rk

∂rP (t− x, xk+1)
∂xr

i

tri
r!
dt = 1;

3)
∫

Rk

∣∣∣∂
rP (t, xk+1)

∂tri

∣∣∣ |t|rdt < C;

4)
∫

Rk

∣∣∣∂
rP (t − x, xk+1)

∂tri

∣∣∣|t|rdt < C for
xk+1

|xi|
≥ C > 0;

5) sup
|t|≥δ>0

∣∣∣∂
rP (t, xk+1)

∂tri

∣∣∣(|t|2 + x2
k+1)

k + 1
2 |t|v < Cxk+1, v = 0, r.

Proof. Statement 1) is proved by induction. When r = 1 and r = 2, the validity
of the statement is shown in Sections 4.2 and 4.3.

Let us assume now that for r = n the the equalities

J(n)
v =

∞∫

−∞

∂nP (t − x, xk+1)
∂xn

i

tvi dti = 0, v = 0, n− 1,
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are fulfilled and show that the equality

J(n+1)
v =

∞∫

−∞

∂n+1P (t− x, xk+1)
∂xn+1

i

tvi dti = 0, v = 0, n,

holds.
Indeed, using integration by parts, we obtain

0 = J(n)
v = (−1)n

∞∫

−∞

∂nP (t− x, xk+1)
∂tni

tvi dti

=
(−1)n+1

v + 1

∞∫

−∞

∂n+1P (t − x, xk+1)
∂tn+1

i

tv+1
i dti =

1
v + 1

∞∫

−∞

∂n+1P (t − x, xk+1)
∂xn+1

i

tv+1
i dti.

Hence J (n+1)
v = 0 when v = 1, n, and for v = 0 we likewise have

J
(n+1)
0 =

∂n+1

∂xn+1
i

∞∫

−∞

P (t − x, xk+1)dt = 0.

The validity of Statement 2) is also proved by induction. For r = 1 and r = 2,
the validity of the statement is shown in Sections 4.2 and 4.3.

Assume now that for r = n the equality

Jn =
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂nP (t − x, xk+1)
∂xn

i

tni
n!
dt = 1

is fulfilled. Then we can prove that the equality

Jn+1 =
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂n+1P (t− x, xk+1)
∂xn+1

i

tn+1
i

(n+ 1)!
dt = 1

is valid.
Indeed, using integration by parts, we obtain

∞∫

−∞

∂nP (t− x, xk+1)
∂xn

i

tni
n!
dti = .

∞∫

−∞

∂n+1P (t − x, xk+1)
∂xn+1

i

tn+1
i

(n+ 1)!
dti.

Taking this into account, we have

1 = Jn =
Γ
(

k+1
2

)

π
k+1
2

∫

Rk−1

dt
M |i

∞∫

−∞

∂n+1P (t − x, xk+1)
∂xn+1

i

tn+1
i

(n + 1)!
dti
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=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂n+1P (t− x, xk+1)
∂xn+1

i

tn+1
i

(n+ 1)!
dt = Jn+1.

Let us now prove the validity of Statement 3). We have

|t|r ∂
rP (t, xk+1)

∂tri
= |t|rxk+1

∂r

∂tri

( 1

(|t|2 + x2
k+1)

k+1
2

)

= |ti|rxk+1
I(t1, t2, . . . , tk, xk+1)

(|t|2 + x2
k+1)

k+2r+1
2

,

where I(t1, t2, . . . , tk, xk+1) is a homogeneous polynomial of degree r of (t1, t2, . . . ,
tk , xk+1).

Passing to the spherical coordinates, we obtain

∫

Rk

∣∣∣∂
rP (t, xk+1)

∂tri

∣∣∣|t|rdt ≤ Cxx+1

∞∫

0

T (ρ, xk+1)ρr+k−1

(ρ2 + x2
k+1)

k+2r+1
2

dρ,

where T (ρ, xk+1) > 0 is a homogeneous polynomial of degree r in (ρ, xk+1). Using
the substitution ρ = xk+1ρ1, we obtain

∫

Rk

∣∣∣∂
rP (t, xk+1)

∂tri

∣∣∣|t|rdt < C
r∑

ν=0

∞∫

0

ρk+r+v−1
1 dρ1

(1 + ρ2
1)

k+2r+1
2

= O(1).

Statement 4) follows from Statement 3) if we take into account the conditions

xk+1

|xi|
≥ C > 0.

Statement 5) follows from the inequality

∣∣∣∂
rP (t, xk+1)

∂tri

∣∣∣(|t|2 + x2
k+1)

k+1
2 |t|v < xk+1

|I(t1, t2, . . . , tk, xk+1)|
(|t|2 + x2

k+1)
r−v

2

, v = 0, r

since I(t1, t2, . . . , tk, xk+1) is a homogeneous polynomial of degree r.
Lemma 4.7.1. is proved.

Theorem 4.7.1. If at the point x0 there exists a finite derivative D(r)
xi(xM |i )

f(x0),

then

lim
(x,xk+1)

∧−→
xi

(x0,0)

∂rU(f ; x, xk+1)
∂xr

i

= D(r)
xi
f(x0).
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Proof. Let x0 = 0. By Statements 1) and 2), from Lemma 4.7.1 we have

∂rU(f ; x, xk+1)
∂xr

i

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x, xk+1)
∂xr

i

×
(
r!
tri

(
f(t) −

r−1∑

v=0

av(tM |i)
tvi
v!

)
− D(r)

xi(xM |i )
f(0)

)
tri
r!
dt + D(r)

xi(xM |i )
f(0)

= C

( ∫

Vδ

+
∫

CV δ

)
+ D(r)

xi(xM |i)
f(0) = C(J1 + J2) + D(r)

xi(xM |i)
f(0),

where Vδ is a ball with center at the point 0 and of radius δ. Let ε > 0. We choose
δ > 0 such that

∣∣∣∣
r!
tri

(
f(t) −

r−1∑

v=0

av(tM |i)
tνi
ν!

)
− D(r)

xi(xM |i )
f(0)

∣∣∣∣ < ε,

for |t| < δ. By virtue of this inequality and Statement 4) of Lemma 4.7.1, we have

|J1| < Cε for
xk+1

|xi|
≥ C > 0. (7.1)

Further, taking into account this inequality and Statement 5) of Lemma 4.7.1,
we get

|J2| < Cxk+1 for |x| < δ

2
. (7.2)

From (7.1) and (7.2) (assuming that ε is arbitrarily small) it follows that Theo-
rem 4.7.1 is valid.

Theorem 4.7.2.
(a) If at the point x0 there exists a finite derivative D∗(r)

xi(xM |i )
f(x0), then

lim
(x−xiei+x0

i ei,xk+1)→(x0,0)

∂rU(f ; x− xiei + x0
i ei, xk+1)

∂xr
i

= D∗(r)
xi

f(x0).

(b) There exist functions ϕ and g such that D∗(1)
xi(xM |i )

ϕ(x0) and D∗(2)
xi(xM |i)

g(x0)

exist, however, there are no limits

lim
(x,xk+1)

∧−→(x0,0)

∂U(ϕ; x, xk+1)
∂xi

, lim
(x,xk+1)

∧−→(x0,0)

∂2U(g; x, xk+1)
∂x2

i

.
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Proof of Item (a). Let x0 = 0, and let r be an even number. We have

∂rU(f ; x− xiei, xk+1)
∂xr

i

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x + xiei, xk+1)
∂xr

i

f(t)dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xr

i

f(x+ t − xiei)dt.

Note that for even r ∂rP (t−x+xiei, xk+1)/∂xr
i is an even function of ti. There-

fore, using first the substitution ti = −τi and then t = τ + x− xiei, we find that

∂rU(f ; x− xiei, xk+1)
∂xr

i

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t− x+ xiei, xk+1)
∂xr

i

f(t− 2t1ei)dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xr

i

f(x+ t − xiei − 2tiei)dt,

whence we obtain

∂rU(f ; x− xiei, xk+1)
∂xr

i

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xr

i

f(x+ t− xiei) + f(x+ t − xiei − 2tiei)
2

dt.

By Statements 1) and 2) of Lemma 4.7.1, we have

∂rU(f ; x− xiei, xk+1)
∂xr

i

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xr

i

(
r!
tri

(
f(x+ t − xiei) + f(x+ t− xiei − 2tiei)

2

−

r−2
2∑

v=0

b2v(xM |i)
t2v

(2v)!

)
− D∗(r)

xi(xM |i )
f(0)

)
tri
r!
dt+ D∗(r)

xi(xM |i)
f(0).

Hence, by virtue of Statements 3) and 5) of Lemma 4.7.1, we obtain the validity
of Item (a).

The validity of Item (b) is proved in Theorems 4.2.5. and 4.4.2.
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Theorem 4.7.3. (a) If at the point x0 there exists a finite derivative D∗(r)
xi(x)f(0),

then

lim
(x,xk+1)→(x0,0)

∂rU(f ; x, xk+1)
∂xr

i

= D∗(r)
xi

f(x0).

(b) There exist continuous functions ϕ and g such that for every B ⊂ M ,
m(B) < k all derivatives D∗(1)

xi(xB
)ϕ(x0) and D∗(2)

xi(xB
)g(x

0), i = 1, k exist, however,
there are no limits

lim
xk+1→0+

∂U(ϕ; x0, xk+1)
∂xi

, lim
xk+1→0+

∂2U(g; x0, xk+1)
∂x2

i

.

Item (a) can be proved analogously to Item (a) of Theorem 4.7.2. Item (b) is
proved in Theorems 4.2.1 and 4.4.1.

4.8 Generalized Mixed Derivatives and Differentials of

Arbitrary Order

We use the same notation as in Sections 4.1–4.3, α = (α1, α2, . . . , αs) and β =
(β1, β2 . . . , βs) are multi-indices, αi and βi are nonnegative integers, |α| = α1 +α2 +
· + αs; α! = α1!α2! . . .αs!; if B = {i1, i2, . . . , iS} ⊂ M = {1, 2, . . . , k}, 1 ≤ s ≤ k
(il < ir, for l < r), then x

B
= (xi1 , xi2 , . . . , xis) ∈ Rs; xα

B
= xα1

i1
xα2

i2
. . . xαs

is
; m(α) is

a number of coordinates for α; D(α) =
( ∂

∂x1

)α1
( ∂

∂x2

)α2

. . .
( ∂

∂xs

)αs

; L̃(Rk) is a

set of functions f(x) = f(x1, x2, . . . , xk), such that
f(x)

(1 + |x|2)
k+1
2

∈ L(Rk).

In the sequel, it will be assumed that the considered functions belong to L̃(Rk).
We will consider the following generalized mixed derivatives and differentials of
arbitrary order of the function f(x) = f(x1, x2, . . . , xk):

1) Let A ⊂M , B ⊂M . If there exist functions a
β
(xB) (m(β) = m(A), |β| ≤ r−1

if B = ∅, then a
β
(x

B
) = aβ = const) and numbers aα (m(α) = m(A), |α| = r), such

that there exist limits lim
x

B
→x0

B

a
β
(xB) = a

β
and in the neighborhood of the point x0

the representation

f(xB + x0
B′ + tA) =

r−1∑

i=0

∑

|β|=i

a
β
(x

B
)

β!
t
β
A

+
∑

|α|=r

aα

α!
t
α
A

+ ε(tA , xB)
|tA |r

r!

holds; here lim
|tA |→0

xB→x0
B

ε(t
A
, x

B
) = 0, and the value r!

∑
|α|=r

aα
α! t

α
A

is called a generalized

differential of order r of the function f(x) at the point x0 with respect to variables
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whose indices represent the set A, and we denote it by ([65], p. 313; [117], p. 70)

d(r)
A(B)

f(x0)
(
d(r)

A(0)
f(x0) = d(r)

A
f(x0),

d(r)
M
f(x0) = d(r)f(x0); d(r)

A(M)
f(x0) = d

(r)

A
f(x0),

d
(r)

M
f(x0) = d

(r)
f(x0)

)
.

The value aα will be called a generalized mixed derivative of the function f(x)
at the point x0 of order r = |α| with respect to variables whose indices represent
the set A, and we denote it by

aα = D(α)
A(B)

f(x0)
(
D(α)

A(∅)
f(x0) = D(α)

A
f(x0),

D(α)
M
f(x0) = D(α)f(x0); D(α)

A(M)
f(x0) = D(α)

A
f(x0),

D(α)

M
f(x0) = D(α)

f(x0)
)
.

2) Let r be an even number. If there exist functions b
β
(x) (|β| is even, m(β) =

m(A), |β| ≤ r − 2 if B = ∅, then bβ(xβ ) = bβ = const) and numbers bα, (|α| = r)
such that the limits exist lim

x
β
→x

β

= b
β
, and in the neighborhood of the point x0 the

equality

1
2
[f(x

B+x0
B′ +tA

) + f(x
B+x0

B′−tA
)] =

r−2
2∑

i=0

∑

|β|=2i

1
β!
bβ(xβ )tβ

A

+
∑

|α|=r

1
α!
bαt

α
A

+ ε(t
A
, x

B
)
|tA |r

r!
,

where lim
|tA |→0

xB→x0
B

ε(t
A
, x

B
) = 0, is valid, then r!

∑
|α|=r

bα
α! t

α
A

is called a generalized sym-

metric r order differential of the function f(x) at the point x0 with respect to those
variables, whose indices represent the set A, and we denote it by

d∗(r)
A(B)

f(x0)
(
d∗(r)

A(0)
f(x0) = d∗(r)

A
f(x0);

d∗(r)
M

f(x0) = d(r)f(x0); d∗(r)
A(M)

f(x0) = d
∗(r)
A

f(x0);

d
∗(r)
M

f(x0) = d
∗(r)

f(x0)
)
.

When r is odd, we suggest the same definition
with the only difference that the sum f(x

B+x0
B′ +t

A
) +

f(x
B+x0

B′−t
A
) should be replaced by the difference f(x

B+x0
B′ +t

A
)

− f(x
B+x0

B′−t
A
) ([65], p. 315; [117], p. 70).
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We call the number bα a generalized mixed symmetric derivative of the function
x0 at the point r = |α| of order f(x) with respect to variables whose indices represent
the set A, and we denote it by

bα = D∗(α)
A(B)

f(x0)
(
D∗(α)

A(∅)
f(x0) = D∗(α)

A
f(x0),

D∗(α)
M

f(x0) = D∗(α)f(x0); D∗(α)
A(M)

f(x0) = D∗(α)

A
f(x0),

D∗(α)

M
f(x0) = D∗(α)

f(x0)
)
.

The above generalized derivatives are widely used in studying the boundary
properties of differentiated Poisson integrals in the space Rk+1

+ .

4.9 The Boundary Properties of Mixed Derivatives and

Differentials of Arbitrary Order of the Poisson In-
tegral for the Half-Space Rk+1

+ (k > 1)

In this section we continue our discussion started in Sections 4.2, 4.4 and 4.7. We
prove the Fatou type theorems on the boundary properties of mixed r ∈ N order
derivatives of the Poisson integral for a half-space Rk+1

+ (k > 1), when the integral
density has a mixed derivative or a generalized differential ([108]).

Lemma 4.9.1. For any (x, xk+1) ∈ Rk+1
+ , r ∈ N , A ⊂ M , D ⊂ M and α,

(|α| = r, m(α) = m(A)) the following statements are valid.

1) I(α)
β =

∫
Rm(A)

∂rP (t − x, xk+1)
∂xα

A

t
β
A
dtA = 0, where m(β) = m(α), |β| ≤ |α|,

β 6= α;

2) I(α)
r =

Γ
(

k+1
2

)

π
k+1
2

∫
Rk

∂rP (t − x, xk+1)
∂xα

A

t
α
A
α!dt = 1;

3)
∫

Rk

∣∣∣∂
rP (t, xk+1)
∂xα

A

∣∣∣|t|rdt < C;

4)
∫

Rk

∂rP (t − x, xk+1)
∂xα

A

|tD |rdt < C for
xk+1

|x
D
| ≥ C > 0;

5) sup
|t|>δ>0

∣∣∣∂
rP (t, xk+1)
∂xα

A

∣∣∣(|t|2 + x2
k+1)

k+1
2 |t|v < Cxk+1, v = 0, r.

Proof. The relation 1) is proved by induction. For r = 2, αi = αj = 1, i 6= j,
|β| ≤ 2, β 6= α the equality I

(α)
β = 0 is easy to prove. Assume that for every α

(m(α) = m(A)) and β (m(α) = m(β), |β| ≤ |α|, β 6= α)

I
(α)
β =

∫

Rm(A)

∂rP (t − x, xk+1)
∂xα

A

t
β
A
dtA
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=
∫

Rm(A)−1

t
δ

A|v
dt

A|v

∞∫

−∞

∂rP (t − x, xk+1)
∂xα

A

tsvdtv = 0,

where s ∈ {0, 1, 2, . . . , |β|}, |δ| = |β| − s and show that the equality

I
(γ)
β =

∫

Rm(A)

∂r+1P (t− x, xk+1)
∂xγ

A

t
β

A
dt

A
= 0,

where |γ| = |α| + 1, |δ| ≤ |γ| and β 6= γ, holds.
Indeed, using integration by parts, we have

∞∫

−∞

∂rP (t − x, xk+1)
∂xα

A

tsvdtv = (−1)q

∞∫

−∞

∂rP (t − x, xk+1)
∂xα′

A|v
∂tqv

tsvdtv

=
1

s+ 1

∞∫

−∞

∂r+1P (t − x, xk+1)

∂xα′

A|v
∂tq+1

v

ts+1
v dtv.

Therefore we have

0 =
1

s+ 1

∫

Rm(A)−1

t
δ

A|v
dtA|v

∞∫

−∞

∂r+1P (t − x, xk+1)

∂xα′

A|v
∂xq+1

v

ts+1
v dtv

=
1

s + 1

∫

Rm(A)

∂r+1P (t − x, xk+1)
∂xγ

A

t
β
A
dt

A
.

Hence I(γ)
β , when |β| > 0, and for |β| = 0, I(γ)

β = 0, as well.
The validity of Statement 2) is also proved by induction. For r = 2, αi = αj ,

i 6= j the equality I(α)
2 = 1 follows from the fact (see Lemma 4.4.2) that

I
(α)
2 =

Γ
(

k+1
2

)
(k + 1)(k + 3)xk+1

π
k+1
2

∫

Rk

(ti − xi)(tj − xj)titj
[|t− x|2 + x2

x+1]
k+5
2

dt

=
Γ
(

k+1
2

)
(k + 1)(k+ 3)xk+1

π
k+1
2

∫

Rk

t2i t
2
jdt

[|t|2 + x2
x+1]

k+5
2

= 1.

Assume now that the equality

I(α)
n =

Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂n(t − x, xk+1)
∂xα

A

·
t
α
A

α!
dt = 1
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is fulfilled for r = n and any |α| = r.
Hence we can show that the equality

I
(γ)
n+1 =

Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂n+1P (t− x, xk+1)
∂xγ

A

·
t
γ
A

γ!
dt = 1

holds for |γ| = |α| + 1.
Indeed, using integration by parts, we obtain

1 = I(α)
n =

Γ
(

k+1
2

)

π
k+1
2

∫

Rk−1

t
α′

A|v

α!
dt

A|ν

∞∫

−∞

∂nP (t − x, xk+1)
∂xα

A

tsvdtv

=
Γ
(

k+1
2

)

π
k+1
2

(−1)2(s+1)

∫

Rk

∂n+1P (t − x, xk+1)
∂xγ

A

·
t
γ
A

γ!
dt = I

(γ)
n+1

which was to be shown.
Let us now prove that Statement 3) is valid. We have

|t|r
∂rP (t, xk+1)

∂t
α
A

= |t|rxk+1
∂r

∂t
α
A

[ 1

(|t|2 + x2
k+1)

k+1
2

]

= |t|rxk+1
I(t1, t2, . . . , tk, xk+1)

(|t|2 + x2
k+1)

k+2r+1
2

,

where I(t1, t2, . . . , tk, xk+1) is a homogeneous polynomial of degree r in (t1, t2, . . . , tk,
xk+1).

Passing to the spherical coordinates, we obtain

∫

Rk

∂rP (t, xk+1)
∂t

α
A

|t|rdt < Cxk+1

∞∫

0

T (ρ, xk+1)ρr+k−1

(ρ2 + x2
k+1)

k+2r+1
2

dρ,

where T (ρ, xk+1) > 0 is a homogeneous polynomial of degree r in (ρ, xk+1).
Using the substitution ρ = xk+1ρ1, we obtain

∫

Rk

∣∣∣∂
rP (t, xk+1)

∂t
α

A

∣∣∣ |t|rdt < C

r∑

v=0

∞∫

0

ρk+r+ν−1
1 dρ1

(1 + ρ2
1)

k+2r+1
2

= O(1).

Statement 4) follows from Statement 3) and the fact that

|tD + xD |r ≤ 2r(|tD |r + |xD |r).
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Indeed,
∫

Rk

∣∣∣∂
rP (t − x, xk+1)

∂t
α

A

∣∣∣ |tD |rdt =
∫

Rk

∣∣∣∂
rP (t, xk+1)

∂t
α

A

∣∣∣ |tD + x
D
|rdt

≤ 2r

∫

Rk

∣∣∣∣∣
∂rP (t, xk+1)

∂t
α
A

∣∣∣∣∣ |t|
rdt+ 2r

∫

Rk

∣∣∣∂
rP (t, xk+1)
∂t

α
A

∣∣∣ |xD
|rdt

≤ C + C

∫

Rk

∣∣∣∂
rP (t, xk+1)

∂t
α
A

∣∣∣ |xD |rdt.

Passing to the spherical coordinates, we obtain

I =
∫

Rk

∣∣∣∂
rP (t, xk+1)

∂t
α
A

∣∣∣ |xD
|rdt ≤ Cxk+1|xD

|r
∞∫

0

T (ρ, xk+1)ρk−1dρ

(ρ2 + x2
k+1)

k+2r+1
2

,

where T (ρ, xk+1) > 0 is a homogeneous polynomial of degree r in (ρ, xk+1).
Using the substitution ρ = xk+1ρ1, we obtain

I ≤ C|xD |
rxr+k+1

k+1

r∑

v=0

∞∫

0

ρk+v−1
1 dρ1

xk+2r+1
k+1 (1 + ρ2

1)
k+2r+1

2

= C
( |xD |
xk+1

)r
r∑

v=0

∞∫

0

ρk+v−1
1 dρ1

(1 + ρ2
1)

k+2r+1
2

< C for
xk+1

|xD |
≥ C > 0.

Thus Statement 4) is proved.
Statement 5) follows from the inequality

∣∣∣∂
rP (t, xk+1)
∂t

α
A

∣∣∣(|t|2 + x2
k+1)

k+1
2 |t|v < xk+1

|I(t1, t2, . . . , tk, xk+1)|
(|t|2 + x2

k+1)
r− v

2

, v = 0, r,

since I(t1, t2, . . . , tk, xk+1) is a homogeneous degree polynomial of degree r in (t1, t2,
. . . , tk, xk+1).

Lemma 4.9.1 is proved.

Theorem 4.9.1. Let A ⊂ M , B ⊂ M and B′ ⊂ A. If f(x) has, at the point
x0, a generalized r-th order differential of d(r)

A(B)
f(x0), then for every α (|α| = r,

m(α) = m(A)),

lim
(x,xk+1)

∧−→
x

A|B
(x0,0)

∂rU(f ; x, xk+1)
∂xα

A

= Dα
A(B)

f(x0).
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Proof. Let x0 = 0. By Statements 1) and 2) of Lemma 4.9.1, we have

∂rU(f ; x, xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x, xk+1)
∂xα

A

f(t)dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x+ x
A∩B

, xk+1)
∂xα

A

f(t+ xA∩B)dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t− x+ x
A∩B

, xk+1)
∂xα

A

|tA |
2

[
f(t + xA∩B)

−
r−1∑

i=0

∑

|β|=i

a
β
(x

A∩B
, t

A′ )
β!

t
β
A
−
∑

|β|=r

a
β

β!
t
β
A

]
dt

|t
A
|r

+ D(α)
A(B)

f(0)

= C

(∫

Vδ

+
∫

CVδ

)
+ D(α)

A(B)
f(0) = C(I1 + I2) + D(α)

A(B)
f(0),

where Vδ is a ball with center at the point 0 and of radius δ. Let ε > 0 and choose
δ > 0 such that

∣∣∣∣f(t + xA∩B) −
r−1∑

i=0

∑

|β|=i

a
β
(xA∩B , tA′ )
β!

t
β
A

∑

|β|=r

α
β

β!
t
β
A

∣∣∣∣
1

|t
A
|r
< ε

for |t+ xA∩B | < δ.
Hence

|I1| ≤ Cε

∫

Vδ

∣∣∣
∂r(t− x+ xA∩B ,xk+1

)
∂xα

A

∣∣∣|tA |rdt

≤ Cε

∫

Rk

∣∣∣∂
r(t, xk+1)
∂xα

A

∣∣∣
(√ ∑

i∈A∩B

t2i +
∑

i∈B′

(ti + xi)2
)r

dt

≤ Cε

∫

Rk

∣∣∣∂
r(t, xk+1)
∂xα

A

∣∣∣
(√ ∑

i∈A∩B

t2i +
√∑

i∈β′

(ti + xi)2
)r

dt

≤ Cε

∫

Rk

∣∣∣∂
r(t, xk+1)
∂xα

A

∣∣∣
[(√ ∑

i∈A∩B

t2i

)r

+
(√∑

i∈β′

(ti + xi)2
)r]

dt

≤ Cε
( ∫

Rk

∣∣∣∂
r(t, xk+1)
∂xα

A

∣∣∣|t|rdt+
∫

Rk

∣∣∣∂
rP (t, xk+1)
∂xα

A

∣∣∣|(t+ x)
B′ |rdt

)
,

whence by virtue of Statements 3) and 4) of Lemma 4.9.1 it follows that

|I1| < Cε, for
xk+1

|x
B′ |

≥ C > 0. (9.1)
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Furthermore,

|I2| ≤
∫

CVδ

∣∣∣∂
rP (t − x+ xA∩B , xk+1)

∂xα
A

∣∣∣
[∣∣f(t+ xA∩B)

∣∣

+
r−1∑

i=0

∑

|β|=i

|aβ(xA∩B , tA′ )|
β!

|t|i +
( ∑

|β|=r

|aβ |
β!

)
|t|r
]
dt.

This inequality, by Statement 5) of Lemma 4.9.1, yields

|I2| < Cxk+1 for |x| < δ

2
. (9.2)

From (9.1) and (9.2) (assuming ε arbitrary small), it follows that Theorem 4.9.1.
is valid.

Theorem 4.9.2. Let A ⊂ M , B ⊂ M and B′ ⊂ A. If f(x) at the point x0 has
a generalized symmetric r-th order differential d∗(r)

A(B)
(x0), then for every α (|α| = r,

m(α) = m(A))

lim
(xB+x0

B
,xk+1)→(x0,0)

∂rU(f ; xB + x0
B′ , xk+1)

∂xα
A

= D∗(α)
A(B)

f(x0).

Proof. Let x0 = 0, and r be an even number. We have

∂rU(f ; xB , xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x+ x
B′ , xk+1)

∂xα
A

f(t)dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x+ x
A
, xk+1)

∂xα
A

f(t)dt.

Note that
∂rP (t − x+ x

B′ , xk+1)
∂xα

A

for even r is the even function of variables t
B′ ,

therefore using first the substitution t
B′ = −τ

B′ and then t = τ + x, we obtain

∂rU(f ; xB , xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x+ x
B′ , xk+1)

∂xα
A

f(t − 2t
B′ )dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x+ x
A
, xk+1)

∂xα
A

f(t+ xA∩B − 2t
B′ )dt.
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The above equalities yield

∂rU(f ; x
B
, xk+1)

∂xα
A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t− x+ x
A
, xk+1)

∂xα
A

×
f(t + xA∩B) + f(t+ xA∩B − 2t

B′ )
2

dt.

By Statements 1) and 2) of Lemma 4.9.1, we have

∂rU(f ; xB , xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t− x+ xA , xk+1)
∂xα

A

|t
A
|r

×
[f(t + x

A∩B
) + f(t + x

A∩B
− 2t

B′ )
2

−

r−1
2∑

i=0

∑

|β|=i

b
β
(x

A∩B
, t

A′ )
β!

t
β
A

−
∑

|β|=r

bβ
β!
t
β
A

] dt

|tA |r
+ D∗(α)

A(B)
f(0).

Reasoning as in proving Theorem 4.9.1, from the last equality we conclude that
Theorem 4.9.2 is valid.

Theorem 4.9.3. If at the point x0 there exists an r-th order symmetric differ-
ential d∗(r)

A
f(x0), then for any α (|α| = r, m(α) = m(A))

lim
(x,xk+1)→(x0,0)

∂r(f ; x, xk+1)

∂x
(α)
A

= D∗(α)

A
f(x0).

Proof. Let x0, and r be an even number. We have

∂rU(f ; x, xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t − x, xk+1)
∂xα

A

f(t)dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xα

A

f(t+ x)dt,

and also

∂rU(f ; x, xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xα

A

f(x− t)dt.
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These equalities imply that

∂rU(f ; x, xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xα

A

f(x+ t) + f(x− t)
2

dt.

By Statements 1) and 2) of Lemma 4.9.1, we have

∂rU(f ; x, xk+1)
∂xα

A

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

∂rP (t, xk+1)
∂xα

A

|tA|
r

×
[
f(x+ t) + f(x− t)

2
−

r−2
2∑

i=0

∑

|β|=i

b
β(x)

β!
t
β
A
−
∑

|β|=i

b
β

β!
t
β
A

]
dt

|tA |r
+ D

∗(α)

A
f(0).

Hence by Statements 3) and 5) of Lemma 4.9.1, we obtain that Theorem 4.9.3
is valid.

Remark. The examples in Sections 4.2 and 4.4 show that if the type of a
generalized derivative changes, then the theorems are not true.

4.10 The Generalized Laplace Operator in Rk (k ≥ 2)

In this section, we use the notation introduced in Section 3.1.
Let Ω(t), t ∈ Rk, |t| = 1 be a spherical harmonic, i.e. the restriction on the unit

sphere of a harmonic polynomial Q(x) 6≡ 0 of degree v, v = 0, 1, . . . ; x ∈ Rk. Let
the function f(x) given in the neighborhood of the point x0 be integrable on the
spheres |x − x0| = ρ for all sufficiently small ρ > 0. If in the neighborhood of the
point x0 we have the equality

1
|Sk−1

ρ |

∫

Sk−1
ρ (x0)

f(t)Ω
( t
|t|

)
dSk−1

ρ (t) =
Γ
(

k
2

)

2π
k
2

∫

sk−1

f(x0 + ρt)Ω(t)dSk−1(t)

=
r∑

i=0

aiρ
v+2i + o(ρv+2r) (ρ→ 0+), (10.1)

where dSk−1
ρ (t) is an element of the (k − 1)-dimensional space of the sphere Sk−1

ρ ,
and

ar =
Γ
(

k
2

)

r!2v+2rΓ
(

k
2 + v + r

)Ar, (10.2)
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then the number Ar is called the spherical Laplace Ω-operator of degree r in the
function f(x) at the point x0, and we denote it by Ω∆r

f(x0) (for k = 2 and Ω(t) = 1,
expansions of the form (10.1) are considered in [67], for k = 2 and Ω(t) = t1 + t2 in
[37], for k = 2 and Ω(t) = t1t2 in [38], and in a general case in [39]).

If Ω(t) = 1, the equality (10.1) can be written in the form

1
|Sk−1

ρ |

∫

Sk−1
ρ (x0)

f(t)dSk−1
ρ (t) =

Γ
(

k
2

)

2π
k
2

∫

Sk−1

f(x0 + ρt)dSk−1(t)

=
r∑

i=0

aiρ
2i + o(ρ2r) (ρ→ 0).

It is not difficult to notice that

∆f(x0) = lim
ρ→0

1
|Sk−1

ρ |

∫
Sk−1

ρ (x0) f(t)dSk−1
ρ (t) − f(x0)

1
2kρ

2
.

Let Q(x), x ∈ Rk, k = 1, 2, . . . , be a harmonic homogeneous polynomial of
degree v, v = 0, 1, . . . . We say that an integrable function f(x) in the neighborhood
of the point x0 ∈ Rk has, at this point, a spherical Laplace Q-operator Q∆r

f(x0)
of order r, r = 0, 1, 2, . . . , if

1

2π
k
2

∫

V k

f(x0 + ρt)Q(t)dt =
r∑

i=0

biρ
v+2i + o(ρv+2r) (ρ→ 0+),

where
br =

1

r!2v+2r+1Γ
(

k
2 + v + r + 1

) Q∆r
f(x0).

The derivatives Q∆r
f(x0) are considered in [27] (p. 495). It is shown there that

if an integrable function has a spherical derivative Ω∆r
f(x0) of order r, then it

has a globular derivative Q∆r
f(x0) of order r with the same value. The converse

statement is, generally speaking, invalid, an example of such a function is given.
It is proved in [39] (p. 222), that if a function f(x), x ∈ Rk has in the neighbor-

hood of the point x0 all partial derivatives of order v + 2r + 1, then

Ω∆r
f(x0) = Q(grad)δrfx0), (10.3)

where the operator Q(grad) is obtained by the substitution of operators ∂
∂xi

, 1 ≤
i ≤ k in the polynomial Q(x) instead of the coordinates xi of the point x.

From (10.3) it, in particular, follows ([27], p. 494) that

Ω∆r
einx = Q(n) · |n|2reinxiv+2r.
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Analogously, we can show that

Ω∆r
[ 1

(|t|2 + x2
k+1)

k+1
2

]
= Q(t)

I(t1, t2, . . .tk, xk+1)

(|t|2 + x2
k+1)

k+4r+2v+1
2

, (10.4)

where I(t1, t2, . . . , tk, xk+1) is a homogeneous polynomial of degree 2r in (t1, t2, . . . ,
tk , xk+1).

Here we introduce the notion of a spherical Ω and a globular Laplace operator
Q in a strong sense.

Let f(x) be a given function in the neighborhood of the point x0 that is integrable
on the spheres |x − x0| = ρ for all sufficiently small ρ > 0; B be any subset of the
set M = {1, 2, . . . , k}. If there exist functions ai(xB) (if B = ∅, then ai(xB ) = ai =
const), i = 0, r− 1, given in the neighborhood of x0 and a number ar such that
there exist limits lim

xB→x0
B

ai(xB
) = ai, and in the neighborhood of x0,

1
|Sk−1

ρ |

∫

Sk−1
ρ (x

B
+x0

B′ )

f(t)Ω
( t
|t|

)
dSk−1

ρ (t)

=
Γ
(

k
2

)

2π
k
2

∫

Sk−1

f(xB + x0
B′ + ρt)Ω(t)dSk−1(t)

=
r−1∑

i=0

ai(xB)ρv+2i + [ar + ε(ρ, xB)]ρv+2r,

where

lim
ρ→0

xB→x0
B

ε(ρ, x
B
) = 0,

ar =
Γ
(

k
2

)

r!2v+2rΓ
(

k
2 + v + r

)Ar,

then we call the number Ar a spherical Laplace Ω-operator of degree r in the function
f(x) at the point x0 in a strong sense, and we denote it by Ω∆r

xB
f(x0). It is clear

that if B = ∅, then Ω∆r
x

B
f(x0) = Ω∆r

f(x0), and if B = M , we put Ω∆r
x

B
f(x0) =

Ω∆r
xf(x0).
It is obvious that for Ω(t) = 1 and r = 1 we have

∆xB
f(x0) = lim

ρ→0
x

B
+x0

B′→x0

1

|Sk−1
ρ |

∫

Sk−1
ρ (xB+x0

B′ )

f(t)dSk−1
ρ (t) − f(x

B
+ x

B′ )

1
2kρ

2
.
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Let there exist functions bi(xB) given in the neighborhood of the point x0 (if
B = ∅, then bi(xB ) = bi = const), i = 0, r− 1 and a number br such that there
exist limits lim

xB→x0
B

bi(xB
) = bi, where B is any subset of the set M .

We say that an integrable function f(x) in the neighborhood of the point x0 ∈ Rk

has at that point a Laplace globularQ-operator Q∆r
x

B
f(x0), r = 0, 1, . . . in a strong

sense, if

1
2πk/2

∫

V k

f(xB + x0
B′ + ρt)Q(t)dt =

r−1∑

i=0

bi(xB )ρv+2i + [br + ε(ρ, xB )]ρv+2r,

where

lim
ρ→0

x
B
→x0

B

ε(ρ, x
B
) = 0,

br =
1

r!2v+2r+1Γ
(

k
2 + v + r + 1

) Q∆r
x

B
f(x0).

The notions of Laplace spherical Ω and globular operators Q in Rk are used
when dealing with problems of summability of differentiated multiple Fourier series
and also when studying the boundary properties of differentiated Poisson integrals
in a space Rk+1

+ (k > 1).

4.11 The Boundary Properties of the Integral

Ω∆rU(f ; x, xk+1)

In this section we prove the Fatou type theorem on the boundary properties of
the integral Ω∆rU(f ; x, xk+1) when the Poisson integral density has a generalized
spherical derivative ([93], [105], [108]–[111]).

The following theorem is easy to prove.

Lemma 4.11.1. The following statements are valid:

1)
∞∫
0

3ρ2 − kx2
k+1

(ρ2 + x2
k+1)

k+5
2

ρk−1dρ = 0;

2)
(k + 1)xk+1Γ

(k + 1
2

)

k
√
πΓ
(k

2

)
∞∫
0

3ρ2 − kx2
k+1

(ρ2 + x2
k+1)

k+5
2

ρk+1dρ = 1;

3) xk+1

∞∫
0

|3ρ2 − kx2
k+1|

(ρ2 + x2
k+1)

k+5
2

ρk+1dρ = O(1).
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Theorem 4.11.1. (a) Let B ⊂ M . If at the point x0 there exists a finite
derivative ∆xB

f(x0), then

lim
(x

B
+x0

B′ ,xk+1)→(x0,0)
∆xU(f ; xB + x0

B′ , xk+1) = ∆xB
f(x0).

(b) There exists a function f ∈ L(Rk) for which ∆f(x0) exists, but the limit

lim
(x,xk+1)

∧−→)(x0,0)

∆xU(f ; x, xk+1)

does not exist.

Proof of Item (a). It can be easily verified that

∆xU(f ; x, xk+1) = −∂
2U(f ; x, xk+1)

∂x2
k+1

=
(k + 1)xk+1Γ

(
k+1

2

)

π
k+1
2

∫

Rk

3|t− x|2 − kx2
k+1

(|t− x|2 + x2
k+1)

k+5
2

f(t)dt.

Assume Dk =
2(k+1)Γ

(
k+1
2

)
√

πΓ
(

k
2

) and θ = [0, π]k−2 × [0, 2π].

Passing to the spherical coordinates, we obtain

∆xU(f ; x
B

+ x0
B′
, xk+1) = Ckxk+1

∞∫

0

3ρ2 − kx2
k+1

(ρ2 + x2
k+1)

k+5
2

×
∫

θ

f(xB + x0
B′ + t)ρk−1 sink−2 θ1 . . .sin θk−2dρdθ1 . . .dθk−2dϕ

= Dkxk+1

∞∫

0

3ρ2 − kx2
k+1

(ρ2 + x2
k+1)

k+5
2

ρk−1

[
1

|Sk−1
ρ |

∫

Sk−1
ρ (x

B
+x0

B′ )

f(t)dSk−1
ρ (t)

]
dρ.

Hence, by virtue of Lemma 4.11.1, we find that

∆xU(f ; x
B

+ x0
B′
, xk+1) − ∆x

B
f(x0) = Dkxk+1

∞∫

0

3ρ2 − kx2
k+1

(ρ2 + x2
k+1)

k+5
2

×
[ 1

|Sk−1
ρ |

∫
Sk−1

ρ (xB+x0
B′ )

f(t)dSk−1
ρ (t) − f(x

B
+ x0

B′ )

ρ2

2k

− ∆x
B
f(x0)

]
ρ2

2k
dρ,

whence, with Lemma 4.11.1 taken into account, we conclude Item (a) is valid.
The validity of Item (b) follows from Item (b) of Theorem 4.4.2.
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Corollary 4.11.1. If at the point x0 there exists a finite derivative ∆f(x0), then

lim
xk+1→0+

∆U(f ; x0, xk+1) = ∆f(x0).

Corollary 4.11.2. If at the point x0 there exists a finite derivative ∆xf(x0),
then

lim
(x,xk+1)→(x0,0)

∆xU(f ; x0, xk+1) = ∆xf(x0).

Using the equality (10.4), analogously to Lemma 4.9.1, we prove the following

Lemma 4.11.2. For arbitrary integers v ≥ 0, r ≥ 1 and k ≥ 1 the following
statements are valid

1)
∞∫
0

(
Ω∆r

ρθP

Ω
(

t
|t|

)
)

x=0

ρv+k+2i−1dρ = 0, i = 0, r− 1; ∗

2)
2Γ
(k + 1

2

)

√
πr!2v+2rΓ

(k
2

+ v + r
)

∞∫
0

(
Ω∆r

ρθP

Ω
( t
|t|

)
)

x=0

ρv+k+2r−1dρ = 1;

3)
∞∫
0

∣∣∣∣
(

Ω∆r
ρθP

Ω
( t
|t|

)
)

x=0

∣∣∣∣ρv+k+2r−1dρ < C;

4) sup
ρ≥δ>0

∣∣∣∣
(

Ω∆r
ρθ

Ω
( t
|t|

)
)

x=0

∣∣∣∣ρk+1 < Cxk+1 for every δ > 0.

5)
∞∫
0

∣∣∣∣
(

Ω∆r
ρθP

Ω
( t
|t|

)
)

x=0

∣∣∣∣ρv+k+2i−1dρ < Cxk+1, i = 0, r.

Theorem 4.11.2. Let B ⊂M . If at the point x0 there exists a finite derivative
Ω∆r

x
B
f(x0), then

lim
(x

B
+x0

B′
,xk+1)→(x0,0)

Ω∆rU(f ; xB + x0
B′ , xk+1) = Ω∆r

x
B
f(x0).

Proof. We have

Ω∆rU(f ; xB + x0
B′ , xk+1) =

Γ
(

k+1
2

)

π
k+1
2

∫

Rk

Ω∆rP (t − xB − x0
B′ , xk+1)f(t)dt

=
Γ
(

k+1
2

)

π
k+1
2

∫

Rk

Ω∆P |x=0 · f(t + xB + x0
B′ )dt

∗∆ρθ is the Laplace operator written in terms of the spherical coordinates (ρ, θ1, θ2, . . . , θk−2, ϕ)
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=
Γ
(

k+1
2

)

π
k+1
2

∞∫

0

k−2︷ ︸︸ ︷
π∫

0

. . .

π∫

0

2π∫

0

Ω∆r
ρθP

Ω
(

t
|t|

)
∣∣∣
x=0

Ω
( t
|t|

)
f(t+ xB + x0

B′ )ρ
k−1

× sink−1 θ1 . . . sin θk−2dρdθ1 . . .dθk−2dϕ

=
Γ
(

k+1
2

)

π
k+1
2

∞∫

0

Ω∆r
ρθP

Ω
(

t
|t|

)
∣∣∣
x=0

|Sk−1
ρ |dρ 1

|Sk−1
ρ |

∫

Sk−1
ρ (x

B
+x0

B′ )

Ω
( t
|t|

)
f(t)dSk−1

ρ (t)

=
2Γ
(

k+1
2

)

√
πΓ
(

k
2

)
∞∫

0

Ω∆r
ρθP

Ω
(

t
|t|

)
∣∣∣
x=0

ρk−1dρ
1

|Sk−1
ρ |

∫

Sk−1
ρ (x

B
+x0

B′ )

Ω
( t
|t|

)
f(t)dSk−1

ρ (t).

By Statements 1) and 2) of Lemma 4.11.2, we obtain

Ω∆rU(f ; x
B

+ x0
B′ , xk+1) − Ω∆r

x
B
f(x0) =

2Γ
(

k+1
2

)

√
πΓ
(

k
2

)
∞∫

0

Ω∆r
ρθP

Ω
(

t
|t|

)
∣∣∣
x=0

ρk−1

×
{r!2v+2rΓ

(
k
2 + v + r

)

Γ
(

k
2

)
ρv+2r

[
1

|Sk−1
ρ |

∫

Sk−1
ρ (x

B
+x0

B′ )

Ω
( t
|t|

)
f(t)dSk−1

ρ (t)

−
r−1∑

i=0

ai(xB
)ρv+2i

]
− Ω∆r

xB
f(x0)

} Γ
(

k
2

)
ρv+2rdρ

r!2v+2rΓ
(

k
2 + v + r

)

=
2Γ
(

k+1
2

)

√
πr!2v+2rΓ

(
k
2 + v + r

)
∞∫

0

Ω∆r
ρθP

Ω
(

t
|t|

)
∣∣∣
x=0

×
{r!2v+2rΓ

(
k
2 + v + r

)

Γ
(

k
2

)
ρv+2r

[
1

|Sk−1
ρ |

∫

Sk−1
ρ (x

B
+x0

B′ )

Ω
( t
|t|

)
f(t)dSk−1

ρ (t)

−
r−1∑

i=0

ai(xB )ρv+2i

]
− Ω∆r

x
B
f(x0)

}
ρv+2r+k−1dρ.

Hence, by Statements 3), 4) and 5) of Lemma 4.11.2, we conclude that Theorem
4.11.2 is valid.

Corollary 4.11.3. If at the point x0 there exists a finite derivative Ω∆r
f(x0),

then
lim

xk+1→0+
Ω∆rU(f ; x0, xk+1) = Ω∆r

f(x0).
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Corollary 4.11.4. If at the point x0 there exists a finite derivative Ω∆r
xf(x0),

then
lim

(x,xk+1)→(x0,0)
Ω∆rU(f ; x, xk+1) = Ω∆r

xf(x0).

Remark. An analogue of Theorem 4.11.2 is valid if instead of the Laplace
spherical Ω-operator we use a more general globular Laplace Q-operator.





Chapter 5

Boundary Properties of a
Differentiated Poisson Integral
for a Bicylinder, and
Representation of a Function of
Two Variables by a Double
Trigonometric Series

5.1 Notation and Definitions

Let 2π be a periodic with respect to the variables x and y function f ∈ L(Q),
(Q = [−π, π;−π, π]) and

∞∑

m,n=0

λm,nAm,n(x, y) (1.1)

be its Fourier series, where

λm,n =





1
4
, when m = n = 0,

1
2
, when m = 0, n > 0 or m > 0, n = 0,

1, when m > 0, n > 0,

Am,n(x, y) = am,n cosmx cosny + bm,n sinmx cosny
+cm,n cosmx sinny + dm,n sinmx sinny,

145
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while
am,n =

1
π2

∫∫
Q

f(x, y) cosmx cosnydxdy,

bm,n =
1
π2

∫∫
Q

f(x, y) sinmx cosnydxdy,

cm,n =
1
π2

∫∫
Q

f(x, y) cosmx sinnydxdy,

dm,n =
1
π2

∫∫
Q

f(x, y) sinmx sinnydxdy,





(1.2)

We denote the series (1.1) by S[f ].
In a complex form, the Fourier series S[f ] can be written more concisely,

S[f ] =
∞∑

m,n=−∞
cm,ne

(mx+ny)i, (1.3)

where

cm,n =
1

4π2

∫∫

Q

f(x, y)e−(mx+ny)idxdy

(m = 0,±1,±2, . . . ; n = 0,±1,±2, . . .).

The abelian means of the series (1.1) are denoted by U(f ; r, ρ, x, y) and defined
by the equality

U(f ; r, ρ, x, y) =
∞∑

m,n=0

λm,nAm,n(x, y).rmρn

(0 < r < 1; 0 < ρ < 1)

Taking (1.2) into account, we can easily show that

U(f ; r, ρ, x, y) =
1
π2

∫∫

Q

f(t, τ)P (r, t− x)P (ρ, τ − y)dtdτ

=
1
π2

∫∫

Q

f(x+ t, y + τ)P (r, t)P (ρ, τ)dtdτ, (1.4)

where

P (r, t) =
1
2

+
∞∑

n=1

rn cosnt =
1
2
· 1 − r2

1 − 2r cos t+ r2
.

The right-hand side of the equality (1.4) is commonly called the Poisson integral
of the function f for a bicylinder. Therefore the expressions “Abelian means of the
series S[f ]” and “the Poisson integral of the function f for a bicylinder” are the
synonyms.
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5.2 The Boundary Properties of Arbitrary Poisson
Integral for a Bicylinder

In this section we consider the question on the validity of Fatou results ([33]) for the
Poisson integral in a bicylinder ([87],[88].[90]). We show that in this case no smooth-
ness of density in the neighborhood of some point ensures the existence of boundary
values of derivatives in the Poisson integral at the point under consideration. The
sufficient conditions for the convergence of derivatives in the Poisson integral are
found for a bicylinder. It is proved that the obtained results are unimprovable (in
a definite sense).

The following theorem is valid.

Theorem 5.2.1. No matter what good property the function f(x, y) possesses
in the neighborhood of the point (x0, y0), the limits

lim
(r,ρ)

λ
→(1,1)

∂U(f ; r, ρ, x0, y0)
∂x

, lim
(r,ρ)

λ
→(1,1)

∂U(f ; r, ρ, x0, y0)
∂x∂y

∗ (2.1)

do not, generally speaking, exist for none of λ > 1.

Proof. Let x0 = y0 = 0. Since

∂P (r, t− x)
∂x

=
r(1− r2) sin(t− x)

[1 − 2r cos(t− x) + r2]2
,

therefore

∂U(f ; r, ρ, x0, y0)
∂x

=
r(1− r2)(1− ρ2)

2π2

∫∫

Q

sin(t− x)
[1− 2r cos(t − x) + r2]2

× 1
1 − 2ρ cos(τ − y) + ρ2

f(t, τ)dtdτ,

whence

∂U(f ; r, ρ, 0, 0)
∂x

=
r(1 − r2)(1− ρ2)

2π2

∫∫

Q

sin t
(1 − 2r cos t + r2)2

× 1
1 − 2ρ cosτ + ρ2

f(t, τ)dtdτ.

Let 0 < δ < π. Assume Dδ = [−π, π;−π, δ]∪ [0, π; δ, π] and define the function
f(t, τ) as follows:

f(t, τ) =

{
0, when (t, τ) ∈ Dδ,

1, when (t, τ) ∈ Q|Dδ.

∗The symbol (r, ρ)λ → (1, 1) denotes such tending of r and ρ to 1 under which 1/λ ≤ 1−r
1−ρ

≤ λ,
λ is the given number ≥ 1
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Clearly, the above-constructed function f(t, τ) has in the neighborhood of the
point (0, 0) a derivative of any order, and

∂U(f ; r, ρ, 0, 0)
∂x

= −r(1 − r2)(1− ρ2)
2π2

π∫

0

sin tdt
(1 − 2r cos t+ r2)2

π∫

δ

dτ

1 − 2ρ cos τ + ρ2

= −(1 + r)(1 + ρ)
4π2

π∫

δ

dτ

1 − 2ρ cos τ + ρ2
(1 − r)(1− ρ)

[ 1
(1 − r)2

− 1
(1 + r)2

]
.

Hence the limit
lim

(r,ρ)
λ
→(1,1)

∂U(f ; r, ρ, 0, 0)
∂x

does not exist for λ > 1.
For the constructed function we can also verify that

lim
(r,ρ)λ→(1,1)

∂U(f ; r, ρ, 0, 0)
∂x∂y

does not exist for λ > 1.
There naturally arises the question: what the sufficient conditions are for the

limits (2.1) to exist?
Assume (see Section 4.3)

D2
xyf(x, y) = lim

(t,τ)→(0,0)
∆(f ; x, y, t, τ)

= lim
(t,τ)→(0,0)

f(x+ t, y + τ) − f(x, y + τ) − f(x+ t, y) + f(x, y)
tτ

.

The following lemma is valid.

Lemma 5.2.1. Let the derivative D2
x,yf(x0, y0) exist and be finite. If ∃β < 2,

such that

Sup
2i≤ 2π

γ

2j≤ 2π
δ

1
γδ2β(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)|dtdτ = O(1) (2.2)

(i, j = 0, 1, 2, . . .),

then
lim

(γ,δ)→(0,0)
Aδγ(f ; σ, x0, y0) = 0

for ∀σ > β, where

Aγδ(f ; σ, x0, y0) = Sup
2i≤ 2π

γ

2j≤ 2π
δ

1
γδ2σ(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ.
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Proof. Let β < σ. From (2.2), we have

Sup
2i≤ 2π

γ

2j≤ 2π
δ

1
γδ2β(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ = O(1). (2.3)

In view of (2.3), for ∀ε > 0 we can choose N(ε) > 0, such that

Sup
2i≤ 2π

γ

2j≤ 2π
δ

1
γδ2σ(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ < ε, (2.4)

is fulfilled, when i+ j ≥ N for ∀γ, δ > 0.
Indeed, let i+ j ≥ N . Then

Sup
2i≤ 2π

γ

2j≤ 2π
δ

1
γδ2σ(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ

= Sup
2i≤ 2π

γ

2j≤ 2π
δ

1
2(σ−β)(i+j)γδ2β(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ

≤ 1
2(σ−β)N

Sup
2i≤ 2π

γ

2j≤ 2π
δ

1
γδ2β(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ.

Hence it is clear that for the given ε > 0, we can choose N(ε) > 0, such that
(2.4) is fulfilled.

On the other hand, when i+ j < N , we have

Sup
i+j<N

1
γδ2σ(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ

≤ 1
γδ

γ2N∫

−γ2N

δ2N∫

−δ2N

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ. (2.5)

Taking into account (2.5) and the fact that

lim
(t,τ)→(0,0)

∆(f ; x0, y0, t, τ) = D2
xyf(x0, y0),
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for the given ε > 0 we can choose η(ε) > 0 such that

Sup
i+j<N

1
γδ2σ(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|∆(f ; x0, y0, t, τ)−D2
xyf(x0, y0)|dtdτ < ε, (2.6)

when 0 < γ, δ < η(ε).
The validity of Lemma 5.2.1 follows from (2.4) and (2.6).

Theorem 5.2.2. Let D2
xyf(x0, y0) exist and be finite. If at the point (x0, y0) the

condition (2.2) is fulfilled, then

lim
reix

∧−→ eix0

ρeiy
∧−→ eiy0

∂2U(f ; r, ρ, x, y)
∂x∂y

= D2
xyf(x0, x0). (2.7)

Proof. It can be easily verified that

1
rρ

· ∂
2U(f ; r, ρ, x, y

∂x∂y

=
1
π2

∫∫

Q

tτ∆(f ; x0, y0, t, τ)K(r, t+ x0 − x)K(ρ, τ + y0 − y)dtdτ,

where

K(r, u) =
(1 − r2) sinu

(1− 2r cosu+ r2)2
.

Without restriction of generality, we may assume that x0 = y0 = 0.
By the condition

lim
r→1

1
π

π∫

−π

tK(r, t− x)dt = 1, for ∀x ∈ (−π, π),

we have

lim
(r, x) ∧−→ (1, 0)
(ρ, y) ∧−→ (1, 0)

∂2U(f ; r, ρ, x, y)
∂x∂y

−D2
xyf(0, 0)

=
1
π2

lim
(r, x) ∧−→ (1, 0)
(ρ, y) ∧−→ (1, 0)

∫∫

Q

[∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)]

×tτK(r, t− x)K(ρ, τ − y)dtdτ, (2.8)
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It follows from (2.8) that in order to prove (2.7), it suffices to show that

lim
(r, x) ∧−→ (1, 0)
(ρ, y) ∧−→ (1, 0)

I(r, ρ, x, y)= lim
(r, x) ∧−→ (1, 0)
(ρ, y) ∧−→ (1, 0)

π∫

0

π∫

0

[∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)]

×tτK(r, t− x)K(ρ, τ − y)dtdτ = 0. (2.9)

We have

I(r, ρ, x, y) =
( 1−r∫

0

1−ρ∫

0

+

π∫

1−r

1−ρ∫

0

+

1−r∫

0

π∫

1−ρ

+

π∫

1−r

π∫

1−ρ

)

×[∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)]tτK(r, t− x)K(ρ, τ − y)dtdτ =

4∑

k=1

Ik(r, ρ, x, y).

Using the estimates

|K(r, t− x)| ≤ 2(t+ |x|)
(1 − r)3

, 0 ≤ t ≤ π, (2.10)

we obtain ([35], p.470)

|K(r, t− x)| ≤ π3(1− r)
4r2(t− |x|)3 , 1 − r ≤ t ≤ π, 2|x| < t, (2.11)

|I1(r, ρ, x, y)|<
4[(1− r)(1− ρ) + |x|(1− ρ) + |y|(1− r) + |xy|]

(1 − r)2(1 − ρ)2

×
1−r∫

0

1−ρ∫

0

|∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)|dtdτ < C

4(1 − r)(1− ρ)

×
1−r∫

−(1−r)

1−ρ∫

−(1−ρ)

|∆(f ; 0; 0, t, τ)−−D2
xyf(0, 0)|dtdτ < CA1−r,1−ρ(f ; σ, 0, 0), (2.12)

when
|x|

1 − r
< C,

|y|
1− ρ

< C.

Let µ be an integer satisfying the condition π ≤ (1 − r)2µ < 2π. Next, not
decreasing the generality, we can restrict ourselves to the case

|x|
1 − r

<
1
2
,

|y|
1 − ρ

<
1
2
.
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According to those inequalities, with regard for (2.10) and (2.11) ([35], p.469),
we have

|I2(r, ρ, x, y)|

<
π3(1 − r)[(1− ρ) + |y|]

2r2(1− ρ)2

π∫

1−r

1−ρ∫

0

t

(t− |x|3) |∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)|dtdτ

<
4π3(1− r)[(1− ρ) + |y|]

r2(1 − ρ)2

π∫

1−r

1−ρ∫

0

1
t2
|∆(f ; 0, 0, t, τ)−D2

xyf(0, 0)|dtdτ

<
C

4(1− r)(1− ρ)

1−r∫

−(1−r)

1−ρ∫

−(1−ρ)

|∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)|dtdτ

<
C(1 − r)

1 − ρ

µ∑

i=1

(1−r)2i∫

(1−r)2i−1

ρ∫

0

1
t2
|∆(f ; 0, 0, t, τ)−D2

xyf(0, 0)|dtdt

<
C(1 − r)

1 − ρ

µ∑

i=1

4
(1− r)222i

(1−r)2i∫

−(1−r)2i

1−ρ∫

−(1−ρ)

|∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)|dtdτ

< C

µ∑

i=1

A1−r,1−ρ(f ; σ, 0, 0)
2(2−σ)i

,

whence
|I2(r, ρ, x, y)|< CAr,ρ(f ; σ, 0, 0), (2.13)

when

1 < σ < 2,
|x|

1 − r
<

1
2
,

|y|
1 − ρ

<
1
2
.

Clearly, the same inequality remains for I3(r, ρ, x, y).
Analogously ([35], p.470),

|I4(r, ρ, x, y)|<
π6(1 − r)(1− ρ)

16r2ρ2

π∫

1−r

π∫

1−ρ

tτ

(t− |x|)3(t− |y|)3

×|∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)|dtdτ

< C(1 − r)(1− ρ)
µ∑

i,j=1

(1−r)2j∫

(1−r)2i−1

(1−ρ)2j∫

(1−ρ)2j−1

1
t2τ2

|∆(f ; 0, 0, t, τ)−D2
xyf(0, 0)|dtdτ
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< C(1 − r)(1− ρ)
µ∑

i,j=1

16
(1 − r)222i(1− ρ)222j

(1−r)2i∫

−(1−r)2i

(1−ρ)2j∫

−(1−ρ)2j

|∆(f ; 0, 0, t, τ)

−D2
xyf(0, 0)|dtdτ < C

µ∑

i,j=1

A1−r,1−ρ(f ; σ, 0, 0)
2(2−σ)i2(2−σ)j

< CA1−r,1−ρ(f ; σ, 0, 0) (2.14)

when
1 < σ < 2,

|x|
1− r

<
1
2
,

|y|
1 − ρ

<
1
2
.

By Lemma 5.2.1, it follows from (2.12),(2.13) and (2.14) that the equality (2.9)
is valid, which proves Theorem 5.2.2.

From Theorem 5.2.2 we obtain a number of corollaries, the most characteristic
ones are cited here.

Corollary 5.2.1. Let D2
xyf(x0, y0) exist and be finite. If (2.2) is fulfilled for

1
λ ≤ γ

σ ≤ λ, λ ≥ 1 then

lim
reix

∧−→ eix0

ρeiy
∧−→ eiy0

1
λ ≤ 1−r

1−ρ ≤ λ

∂2U(f ; r, ρ, x, y)
∂x∂y

= D2
xyf(x0, y0).

Corollary 5.2.2. Let for all (x, y) ∈ Q,

|∆(f ; x, y, t; τ)| ≤ ϕ(x, y),

where ϕ(x, y) is finite always everywhere. Then the equality (2.7) is fulfilled almost
at all points Q.

Indeed, by Ward’s theorem ([116], or [57], p. 212), almost at all points Q there
exists D2

xyf(x, y) which is finite. Hence our statement follows from Theorem 5.2.2.

Definition 5.2.1. The point (x, y) is called D-point of the function f(t, τ), if
at that point the conditions

lim
t,τ→0

1
tτ

x+t∫

x

y+τ∫

y

f(u, v)dudv = f(x, y),

Sup
|t|>0

1
t

x+t∫

x

π∫

−π

|f(u, v)|dudv = M1(x) <∞,
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Sup
|τ |>0

1
τ

π∫

−π

y+τ∫

y

|f(u, v)|dudv = M2(y) <∞

are fulfilled.

As is known, if f(t, τ) ∈ L ln+ L, then almost all points (x, y) of the segment Q
are the D-points.

Lemma 5.2.2. If (x0, y0) is the D-point of the function f(x, y), then at that
point the function

F (x, y) =

x∫

−π

y∫

−π

f(u, v)dudv

satisfies the condition (2.2) for ∀β > 1.

Corollary 5.2.3. If (x0, y0) is the D-point of the function f(x, y), then

lim
reix

∧−→ eix0

ρeiy
∧−→ eiy0

U(f ; r, ρ, x, y) = f(x0, y0).

The last statement involves the theorem due to Jessen, Marcinkiewicz and Zyg-
mund ([35] or [36], see also [45]–[47]).

Theorem 5.2.2 is complete in a sense that the following theorem is valid.

Theorem 5.2.3. Let (x0, y0) ∈ Q and 0 < δ < min(π−x0, π+x0, π−y0, π+y0).
There exists the function f(x, y) which is infinitely many times differentiable in the

domain
(
− π, x0 +

δ

2
;−π, y0 +

δ

2

)
, ∗ and ∆(f ; x0, t, τ) ∈ L(Q), however, the limit

lim
(r,ρ)→(1,1)

∂2U(f ; r, ρ, x, y)
∂x∂y

exists at no point (x, y) ∈ {(x0, y), y ∈ (−π, π)} ∪ {(x, y0), x ∈ (−π, π)}.

Proof. Let x0 = y0 = 0, 0 < δ < π. We define the function f(t, τ) as follows:

f(t, τ) =





√
sint, when 0 ≤ t ≤ π, δ < τ ≤ π,

−
√
−sinτ , when δ < t ≤ π, −π ≤ τ ≤ 0,

0, when (t, τ) ∈ Q|{(0, π; δ, π)∪ (δ < t ≤ π;−π ≤ τ ≤ 0)}.

∗We consider the case 0 ≤ x0 < π and 0 ≤ y0 < π.
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For that function ∆(f ; 0, 0, t, τ) ∈ L(Q), in the domain (−π, δ;−π, δ) this func-
tion has derivatives of any order, and for every point (x, y) ∈ (−π, δ;−π, δ), dkf(x, y)
= 0, k ≥ 1 ∗. For every point (0, y), −π < y < π we have

∂2U(f ; t, ρ, 0, y)
∂x∂y

=
rρ(1− r2)(1− ρ2)

π2

{ π∫

0

π∫

δ

sin t
(1 − 2r cos t+ r2)2

× sin(τ − y)
[1− 2ρ cos(τ − y) + ρ2]2

√
sin tdtdτ −

π∫

δ

0∫

−π

sin t
(1 − 2r cos t + r2)2

× sin(τ − y)
[1 − 2ρ cos(τ − y) + ρ2]2

√
− sin τdtdτ

}

=
rρ(1− r2)(1− ρ2)

π2

{ π∫

0

sin
3
2 tdt

(1− 2r cos t + r2)2

π∫

δ

sin(τ − y)dτ
[1− 2ρ cos(τ − y) + ρ2]2

+

π∫

δ

sin tdt
(1 − 2r cos t+ r2)2

π∫

0

√
sin τ sin(τ + y)dτ

[1 − 2ρ cos(τ + y) + ρ2]2

}
.

Consider the integral

I =

π∫

0

sin
3
2 xdx

(1− 2r cosx+ r2)2
=

π∫

0

sin
3
2 xdx

[
(1− r)2 + 4r sin2 x

2

]2 .

By the substitution t = tg x
2 , we obtain

I = 2
5
2

∞∫

0

t
3
2dt

(1 + t2)
1
2 [(1 − r)2 + (1 + r)2t2]2

=
2

3
2

(1 − r)
3
2

∞∫

0

t
1
4dt√

1 + (1 − r)2t[1 + (1 + r)2t]2
.

Hence it is not difficult to see that the limit

lim
(r,ρ)→(1,1)

∂2U(r, ρ, 0, y)
∂x∂y

does not exist.
Analogously, we can show that for every point (x, 0), −π < x < π the limit

lim
(r,ρ)→(1,1)

∂2U(f ; r, ρ, x, 0)
∂x∂y

∗Where dk(f(x,y) is the total k-th order differential of the function f(x, y)
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does not exist.
Assume now (see Section 4.3)

g(f ; x, y, t, τ)
f(x+ t, y + τ)− f(x+ t, y − τ) − f(x− t, y + τ) + f(x− t, y − τ)

4tτ
.

If there exists the limit limt,τ→0 g(f ; x, y, t, τ), then this limit is called a sym-
metric derivative of the function f(x, y) at the point (x, y), and we denote it by
D∗

xyf(x, y).

Reasoning as above, we can prove the following theorems.

Theorem 5.2.4. (a) Let D∗
xyf(x0, y0) exist and be finite. If ∃β < 2, such that

Sup
2i ≤ 2π

γ

2j ≤ 2π
δ

1
γδ2β(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|g(f ; x0, y0, t, τ)|dtdτ = O(1), (2.15)

then

lim
(r,ρ)→(1,1)

∂2U(f ; r, ρ, x0, y0)
∂x∂y

= D∗
xyf(x0, y0).

(b) There exists the function f(t, τ), such that D∗
xyf(x0, y0) = 0, and the condi-

tion (2.15) is fulfilled, however, there is no limit

lim
reix

∧−→ eix0

ρeiy
∧−→ eiy0

∂2U(f ; r, ρ, x, y)
∂x∂y

.

Theorem 5.2.5. Let

lim
(x,y)→(x0,y0)

f(x, y)− f(x0, y)
x− x0

= Dxf(x0, y0).

exist and be finite. If ∃β < 2, such that

Sup
2i ≤ 2π

γ

2j ≤ 2π
δ

1
γδ2β(i+j)

γ2i∫

−γ2i

δ2j∫

−δ2j

|f(x0 + t, y)− f(x0, y)
t

|dtdy = O(1), (2.16)

then
lim

reix
∧−→ eix0

ρeiy
∧−→ eiy0

∂U(f ; r, ρ, x, y)
∂x

= Dxf(x0y0).
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Theorem 5.2.6. (a) Let

lim
x→x0

f(x, y)− f(x0, y)
x− x0

=
∂f(x0, y)

∂x

uniformly with respect to
∂f(x0, y)

∂x
∈ L(−π, π) in some neighborhood of the point y0,

and y0 is the Lebesgue point of the function
∂f(x0, y)

∂x
. If, moreover, the condition

(2.16) is fulfilled, then

lim
reix

∧−→ eix0

ρeiy
∧−→ eiy0

∂U(f ; r, ρ, x, y)
∂x

=
∂f(x0, y0)

∂x
.

(b) Let (x0, y0) ∈ Q and 0 < δ < min(π − y0, π + y0). There exists the function
f(x, y) which is infinitely many times differentiable in the domain

(
− π, π;−π, y0 +

δ
2

)∗ and
f(x, y)− f(x0, y)

x− x0
∈ L(Q), however, the limit

lim
(r,ρ)→(1,1)

∂U(f ; r, ρ, x0, y)
∂x

exists at no point (x0, y), −π < y < π.

Remark. Theorem 5.2.2 and Item (a) of Theorem 5.2.4 are valid, respectively,
for the derivatives

C1D
2
xyf(x, y) = lim

h→ 0
l→ 0

4
h2l2

h∫

0

l∫

0

[f(x+ t, y + τ) − f(x+ t, y)

−f(x, y + τ) + f(x, y)]dtdτ,

C1D
∗
xyf(x, y) = lim

h→ 0
l→ 0

1
h2l2

h∫

0

l∫

0

[f(x+ t, y + τ) − f(x− t, y + τ)

−f(x+ t, y − τ) + f(x− t, y − τ)]dtdτ.

∗We consider the case 0 ≤ y0 < π.
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5.3 Representation of a Function of Two Variables by a
Trigonometric Series in the Case of Spherical Con-

vergence

This section is devoted to the consideration of the problem of representability of
a measurable and always everywhere finite function of two variables by a double
trigonometric series in the case of spherical convergence; namely, we prove the the-
orem, analogous to that proven by N.N. Luzin ([43], p.236) for the function of one
variable.

The spherical δ order Riesz means of the series (1.3) are called the sum

Sδ
R(f ; x, y) =

∑
√

m2+n2≤R

(
1− m2 + n2

R2

)δ
cm,ne

(mx+ny)i (δ ≥ 0, R > 0).

If lim
R→∞

Sδ
R(f ; x, y) = S, then they say that the series (1.3) at the point (x, y) is

summable to the number S by the Riesz method with exponent δ.
Assume

Aε(f ; x, y) =
∞∑

m,n=0

cm,ne
[(mx+ny)i−ε

√
m2+n2 ].

If there exists a finite limit

lim
ε→0

Aε(f ; x, y) = S,

then they say that the series (1.3) at the point (x, y) is summable to the number S
by the Abel–Poisson method.

From the theorem proven in [117], as a consequence we obtain the following

Theorem A. Let f(x, y) ∈ L(Q) (Q = [−π, π,−π, π]) be of period 2π with
respect to every argument, and at the point (x, y) have a total differential, then

1) lim
ε→0

∂

∂x
Aε(f ; x, y) =

∂f

∂x
and lim

ε→0

∂

∂y
Aε(f ; x, y) =

∂f

∂y
,

2) lim
R→∞

∂

∂x
Sδ

R(f ; x, y) =
∂f

∂x
and lim

R→∞

∂

∂y
Sδ

R(f ; x, y) =
∂f

∂y
for δ >

3
2
.

The following theorem is valid ([94]).

Theorem 5.3.1. Let f1(x, y) and f2(x, y) be arbitrary measurable and almost
everywhere finite functions on Q. Then there exists the continuous function F (x, y),
such that if (1.3) is its Fourier series, then almost everywhere on Q we have

1) lim
ε→0

∂

∂x
Aε(F ; x, y) = f1(x, y) and lim

ε→0

∂

∂y
Aε(F ; x, y) = f2(x, y),

2) lim
R→∞

∂

∂x
Sδ

R(F ; x, y) = f1(x, y) and lim
R→∞

∂

∂y
Sδ

R(F ; x, y) = f2(x, y) for δ >
3
2
.
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Proof. Let f1(x, y) and f2(x, y) be arbitrary measurable and almost everywhere
finite functions on Q. By A. Jvarshishvili’s theorem ([14]), there exists the contin-
uous function F (x, y), such that almost everywhere on Q,

dF (x, y) = f1(x, y)dx+ f2(x, y)dy.

Let (1.3) be the Fourier series of the function F (x, y), then by Theorem A, almost
everywhere on Q:

1) lim
ε→0

∂

∂x
Aε(F ; x, y) = f1(x, y) and lim

ε→0

∂

∂y
Aε(F ; x, y) = f2(x, y),

2) lim
R→∞

∂

∂x
Sδ

R(F ; x, y) = f1(x, y) and lim
R→∞

∂

∂y
Sδ

R(F ; x, y) = f2(x, y) for δ >
3
2
.

Thus Theorem 5.3.1 is complete.

5.4 On One Method of Summation of Double Fourier

Series

In this section we consider the method of summation of double Fourier series. The
method allows one to establish not only summability almost everywhere, but also
to show a set of points of total measure at which the summability takes place.

Let the function f(x, y) be summable on Q = [−π, π;−π, π], and 2π-periodic
with respect to every variable. Assume (see Section 4.10)

∆r(f ;P ) =
1

2πr

∫
C(P ;r) f(t, τ)ds(t, τ)− f(x, y)

1
4r

2
,

where C(P ; r) is the circumference of radius r, with center at the point P (x, y).
The generalized Laplace operator ([74], p.61; [55], p.279) ∆f(P ) of the function
f(P ) = f(x, y) at the point P (x, y) is defined by the equality

∆f(P ) = lim
r→0

∆r(f ;P ).

The operator Ω on Q is defined ([55], p.281); [56],p.293) by the equality

Ωf(x, y) = ΩQf(x, y) = − 1
2π

∫∫

Q

f(t, τ)g(x, y; t, τ)dtdτ,

where g(x, y; t, τ) is the Green’s function on Q.
The point P (x, y) is called the L-point of the function f(t, τ), if

∫∫

I(P ;r)

|f(t, τ)− f(x, y)|dtdτ = o(r2) for r → 0,
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where I(P ; r) is a circle of radius r, with center at the point P (x, y).
As is known, if f ∈ L(Q), then almost all points (x, y) of the segment Q are the

L-points of the function f(t, τ).
The following lemma is valid ([55], p. 282; [56], p. 296).

Lemma A. Let f ∈ L(Q) and P (x, y) be the L-points of the function f(t, τ).
Then Ωf(x, y) is finite almost everywhere on Q, and

∆Ωf(x, y) = f(x, y).

Further,

∆(sinmx cosny) =
∂2

∂x2
(sinmx cosny) +

∂2

∂y2
(sinmx cosny)

= −(m2 + n2) sinmx cosny,

whence ([56], p.294)

Ω∆(sinmx cosny) = −(m2 + n2)Ω(sinmx cosny) = sinmx cosny.

Consequently,

Ω(sinmx cosny) = − 1
m2 + n2

sinmx cosny.

Consider the double trigonometric series (1.1). Of the terms of the series (1.1) we
compose the series

−1
2

∞∑

m=1

am,0 cosmx+ bm,0 sinmx
m2

− 1
2

∞∑

n=1

a0,n cosny + c0,n sinny
n2

−
∑

m,n=1

Am,n(x, y)
m2 + n2

. (4.1)

Assume that (4.1) is the Fourier series of the function F ∈ L(Q).

Definition 5.4.1. We call the series (1.1) R∗ summable to
1
4
a0,0 + S(x, y) at

the point P (x, y), if
∆F (x, y) = S(x, y).

The following lemma is valid.
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Lemma 5.4.1. Let f ∈ L(Q) and

S[f ] =
1
2

∞∑

m=1

(am,0 cosmx+ bm,0 sinmx)

+
1
2

∞∑

n=1

(a0,n cosny + c0,n sinny) +
∞∑

m,n

Am,n(x, y), (4.2)

then Ωf ∈ L(Q), and the series (4.1) is its Fourier series.

Proof. Indeed, as is known ([56], p.294), Ωf ∈ L(Q), and hence
∫∫

Q

Ωf(x, y) sinmx cosnydxdy

= − 1
2π

∫∫

Q

sinmx cosnydxdy
∫∫

Q

f(t, τ)g(x, y; t, τ)dtdτ

= − 1
2π

∫∫

Q

f(t, τ)dtdτ
∫∫

Q

sinmx cosnyg(x, y; t, τ)dtdτ

=
∫∫

Q

f(t, τ)Ω(sinmt cosnτ)dtdτ

= − 1
m2 + n2

∫∫

Q

f(t, τ) sinmt cosnτdtdτ.

Consequently,

bm,n(Ω, f) = − bm,n(f)
m2 + n2

.

Equalities for another coefficients are proved analogously. Thus the lemma is
proved.

Theorem 5.4.1. For every summable function f(x, y), the series S[f ] is R∗-
summable at all L-points of the function to f(x, y).

Proof. Let (4.2) be the Fourier series of the function f . Then according to
Lemma 5.4.1, the series (4.1) is the Fourier series of the function Ωf .

Assume now that the point (x, y) is the L-point of the function f(t, τ). Then by
Lemma A,

∆Ωf(x, y) = f(x, y).

Thus the theorem is complete.
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5.5 Representation of a Function of Two Variables by a
Double Trigonometric Series in the Case of Pting-

sheim’s Convergence

In this section we consider the problem of representability of a function of two
variables by a double trigonometric series, and also in the case of Pringsheim’s
convergence.

Regarding this problem, the function of many variables is, as L. Zhizhiashvili
says in his review paper ([29], p. 76), very little studied.

The question on the representation of measurable functions of two variables by
a double trigonometric series has been considered by A. Jvarsheishvili ([11]. O.
Dzagnidze’s work [16] deals with the same problem.

In this section, we establish the existence of a continuous function F (x, y) of two
variables, whose differentiated Fourier series is, depending on a way of differentia-
tion, summable almost at every point to different arbitrarily fixed and independent
of each other measurable functions.

We will use the following derivatives of the function of two variables f(x, y):

Dx(y)f(x0, y0) = lim
(t,y)→(0,y0)

f(x0 + t, y)− f(x0, y)
t

,

D(x)yf(x0, y0) = lim
(x,τ)→(x0,0)

f(x, y0 + τ)− f(x, y0)
τ

,

D∗
x(y)f(x0, y0) = lim

(t,y)→(0,y0)

f(x0 + t, y)− f(x0 − t, y)
2t

,

D∗
(x)yf(x0, y0) = lim

(x,τ)→(x0,0)

f(x, y0 + τ)− f(x, y0 − τ)
2τ

(see Section 4.1),

D2
xyf(x0, y0)

= lim
(t,τ)→(0,0)

f(x0 + t, y0 + τ) − f(x0 + t, y0) − f(x0, y0 + τ) + f(x0, y0)
tτ

(see Section 4.3),

∆f(x0, y0) = lim
r→0

1
2πr

∫
C(x0,y0;r)

f(t, τ)ds(t, τ)− f(x0, y0)
1
4r

2

(see Section 4.10).
Assume

∆22(f ; x, y, h, l) =
1
h2l2

h∫

0

l∫

0

[f(x+ t, y + τ) − f(x+ t, y − τ)
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−f(x− t, y + τ) + f(x− t, y − τ)]dtdτ,

∆21(f ; x, y, h, l) =
1

2h2l

h∫

0

l∫

0

[f(x+ t, y + τ) − f(x− t, y + τ)

+f(x+ t, y − τ) − f(x− t, y − τ)]dtdτ,

∆12(f ; x, y, h, l) =
1

2hl2

h∫

0

l∫

0

[f(x+ t, y + τ) − f(x+ t, y − τ)

+f(x− t, y + τ) − f(x− t, y − τ)]dtdτ.

Let

D22f(x, y) = lim
(h,l)→(0,0)

∆22(f ; x, y, h, l),

D21f(x, y) = lim
(h,l)→(0,0)

∆21(f ; x, y, h, l),

D12f(x, y) = lim
(h,l)→(0,0)

∆12(f ; x, y, h, l),

We can easily verify that the following lemma is valid.

Lemma 5.5.1. 1) From the existence of Dx(y)f(x0, y0) (D(x)yf(x0, y0)) fol-
lows that of D∗

x(y)f(x0, y0) (D∗
(x)yf(x0, y0)), and D∗

x(y)f(x0, y0) = Dx(y)f(x0, y0)
(D∗

(x)yf(x0, y0) = D(x)yf(x0, y0)).
2) From the existence of D∗

x(y)f(x0, y0) (D∗
(x)yf(x0, y0)) follows that of D21f(x0,

y0) (D12f(x0, y0)), and D21f(x0, y0) = D∗
x(y)f(x0, y0) (D12f(x0, y0) =

D∗
(x)yf(x0, y0)).

3) From the existence of D2
xyf(x0, y0) follows that of

D22f(x0, y0) and D22f(x0, y0) = D2
xyf(x0, y0).

Analogously to Theorem 3.6.3, we can prove the following ([84])

Theorem 5.5.1. Let fi(x, y), i = 1, 2, 3, 4, be arbitrary measurable and almost
everywhere finite function on Q = [0, 2π; 0, 2π]. Then there exists the continuous
function F (x, y), such that almost everywhere on Q,

Dx(y)F (x, y) = f1(x, y); D(x)yF (x, y) = f2(x, y);

D2
xyF (x, y) = f3(x, y); ∆F (x, y) = f4(x, y);

Assume there is a double trigonometric series

∞∑

m,n=0

λm,nAm,n(x, y), (5.1)
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where

λm,n =





1
4

for m = n = 0,

1
2

for m = 0, n > 0, or m > 0, n = 0,

1 for m ≥ 1, n ≥ 1,

Am,n(x, y) = am,n cosmx cosny + bm,n sinmx cosny
+cm,n cosmx sinny + dm,n sinmx sinny,

The series (5.1) is called R(αβ)-summable (α and β are natural numbers) to S(x, y)
at the point (x, y), if

lim
(u,v)→(0,0)

Rα,β(x, y, u, v) = S(x, y),

where

Rα,β(x, y, u, v) =
∞∑

m,n=0

λm,nAm,n(x, y)
(sinmu

mu

)α(sinnv
nv

)β
.

We will consider the methods R(2, 2), R(2, 1), R(1, 2) and R∗. The method R(2, 2)
has been considered in [7], [11], [12], [28], [72] and [73].

Of the terms of the series (5.1) we compose new double series

a0,0

16
x2y2 − y2

4

∞∑

m=1

Am,0(x, y)
m2

− x2

4

∞∑

n=1

A0,n(x, y)
n2

+
∞∑

m,n=1

Am,n(x, y)
m2n2

; (5.2)

a0,0

8
x2y − y

2

∞∑

m=1

Am,0(x, y)
m2

+
x2

4

∞∑

n=1

a0,n sinny − c0,n cosny
n

+
∞∑

m,n=1

(−am,n cosmx sinny − bm,n sinmx sinny + cm,n cosmx cosny
m2n

+
dm,n sinmx cosny

m2n

)
; (5.3)

a0,0

8
xy2 +

y2

4

∞∑

m=1

am,0 sinmx− bm,0 cosmx
m

− x

2

∞∑

n=1

A0,n(x, y)
n2

+
∞∑

m,n=1

(−am,n sinmx cosny + bm,n cosmx cosny − cm,n sinmx sinny
mn2

+
dm,n cosmx sinny

mn2

)
; (5.4)

a0,0(x2 + y2)
16

− 1
2

∞∑

m=1

am,0 cosmx+ bm,0 sinmx
m2
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−1
2

∞∑

n=1

a0,n cosny + c0,n sinny
n2

−
∞∑

m,n=1

Am,n(x, y)
m2 + n2

. (5.5)

If (5.1) is the Fourier series of the function f(x, y) ∈ L2(Q), then in view of the
inequality ∣∣∣ a

m

∣∣∣ ≤ 1
2

(
a2 +

1
m2

)
,

all the above-mentioned series (5.2), (5.3), (5.4) and (5.5) converge absolutely and
uniformly, and hence they define continuous functions which we denote, respectively,
by φ22(x, y), φ21(x, y), φ12(x, y) and φ(x, y).

Assume

∆22(F ; x, y, 2u, 2v) = F (x + 2u, y + 2v) + F (x+ 2u, y − 2v)
+F (x − 2u, y + 2v) + F (x− 2u, y − 2v) + 4F (x, y)− 2F (x+ 2u, y)

−2F (x− 2u, y)− 2F (x, y + 2v)− 2F (x, y − 2v),

∆21(F ; x, y, 2u, v) = F (x+ 2u, y + v) + F (x− 2u, y + v)
+2F (x, y − v) − 2F (x, y + v)− F (x+ 2u, y − v)− F (x− 2u, y − v),

∆12(F ; x, y, u, 2v) = F (x+ u, y + 2v) + F (x+ u, y − 2v)
+2F (x− u, y)− 2F (x+ u, y)− F (x− u, y + 2v) − F (x− u, y − 2v).

Lemma 5.5.2. The equalities ([7])

R22(x, y, u, v) =
∆22(φ22; x, y, 2u, 2v)

16u2v2
,

R21(x, y, u, v) =
∆21(φ21; x, y, 2u, v)

8u2v
,

R12(x, y, u, v) =
∆12(φ12; x, y, u, 2v)

8uv2
,

∆φ(x, y) = S[f ]

are valid.

Let (5.1) be the Fourier series of the continuous function F (x, y). Consider the
following series:

∞∑

m,n=0

λm,n
∂

∂x
Am,n(x, y), (5.6)

∞∑

m,n=0

λm,n
∂

∂y
Am,n(x, y), (5.7)

∞∑

m,n=0

λm,n
∂2

∂x∂y
Am,n(x, y), (5.8)
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∞∑

m,n=0

λm,n∆Am,n(x, y). (5.9)

Of the terms of these series we compose the series

F22(x, y) =
∞∑

m,n=1

(am,n sinmx sinny − bm,n cosmx sinny − cm,n sinmx cosny
mn

+
dm,n cosmx cosny

mn

)
,

F21(x, y) =
y

2

∞∑

m=1

am,0 sinmx− bm,0 cosmx
m

+
∞∑

m,n=1

(am,n sinmx sinny − bm,n cosmx sinny − cm,n sinmx cosny
mn

+
dm,n cosmx cosny

mn

)
,

F12(x, y) =
x

2

∞∑

n=1

a0,n sinny − c0,n cosny
n

+
∞∑

m,n=1

(am,n sinmx sinny − bm,n cosmx sinny − cm,n sinmx cosny
mn

+
dm,n cosmx cosny

mn

)
.

The functions F22(x, y), F21(x, y) and F12(x, y) are continuous, and ([12], p. 14)

F22(x, y) =

x∫

0

y∫

0

F (t, τ)dtdτ + yϕ(x) + xψ(y),

F21(x, y) =

x∫

0

y∫

0

F (t, τ)dtdτ + xψ1(y),

F12(x, y) =

x∫

0

y∫

0

F (t, τ)dtdτ + yϕ1(x).

Lemma 5.5.3. The following equalities are valid:

∆22(F22; x, y, 2u, 2v) =

2u∫

0

2v∫

0

[F (x+ t, y + τ)



−F (x− t, y + τ) − F (x + t, y − τ) + F (x − t, y − τ)]dtdτ

= ∆22(F ; x, y, 2u, 2v)16u2v2,

∆21(F21; x, y, 2u, v) =

2u∫

0

v∫

0

[F (x+ t, y + τ)

−F (x− t, y + τ) + F (x + t, y − τ) − F (x − t, y − τ)]dtdτ

= ∆21(F ; x, y, 2u, v)8u2v,

∆12(F12; x, y, u, 2v) =

u∫

0

2v∫

0

[F (x+ t, y + τ)

−F (x+ t, y − τ) + F (x − t, y + τ) − F (x − t, y − τ)]dtdτ

= ∆12(F ; x, y, u, 2v)8uv2.

This lemma and Theorem 5.5.1 lead immediately to

Theorem 5.5.2. Let fi(x, y), i = 1, 2, 3, 4 be arbitrary measurable and every-
where finite functions on Q = [0, 2π; 0, 2π]. Then there exists the continuous func-
tion F (x, y), such that if (5.1) is the Fourier series, then almost everywhere on Q,
we have:

1) The series (5.6) is summable by the method R(2, 1) to f1(x, y);
2) The series (5.7) is summable by the method R(1, 2) to f2(x, y);
3) The series (5.8) is summable by the method R(2, 2) to f3(x, y);
4) The series (5.9) is summable by the method R∗ to f4(x, y).

There are no answers to the questions ([29], p. 78) 1) whether Theorem 5.5.2
remains valid for the case, where f(x, y) = +∞ or f(x, y) = −∞ on a set of positive
measure; 2) whether the analogous theorem is valid for the Abelian method, or for
another methods of summation, as well as for ordinary convergence in Pringsheim’s
sense.
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